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A S a consequence of the development in recent years of the cathode- 
L ray tube, new types of thermionic valve, and many related devices, a 
physicist is now introduced very early in his career to the controlled use of 
electron beams. Such apparatus is not only widely employed in industry 
ind the Services, it has also become a necessity for research and advanced 
reaching in every laboratory. As always it is desirable that the student or 
•esearch worker should be aware of the principles on which his instruments 
ire based, but in this field theoretical development has lagged behind 
ipplication, many electronic devices having been conceived and practically 
'ealized long before a fundamental explanation of their operation was avail - 
ible. A position has now been reached, however, where an adequate 
)xplanation of most of the phenomena concerned may be given in familiar 
ierms and the path to a more comprehensive treatment indicated. 

It has thus become possible, and important for the training of the applied 
physicist in particular, to include in an Honours Physics Course the subject 
)f Electron Optics : the study of the production, propagation, and focusing 
)f electron and ion beams. This book is the result of a series of lectures 
pven at Oxford to undergraduates in their final year. The course has now 
}een repeated four times and has accommodated itself progressively to its 
ludience. It was early obvious that none of the existing works on Electron 
Dptics was suitable for the average student. The short monograph by 
ilemperer is excellent for physicists in the research stage, who already 
mow their way in their subject, but it is too concise for beginners. On 
he other hand, Myers’s book is too compendious for them, although 
rery valuable for reference. Picht’s treatment, apart from the language 
lifficulty, is highly theoretical and omits all discussion of practical appli- 
sations; it is commendable primarily for its mathematical rigour. The 
)resent text has therefore been prepared as an introduction to the subject, 
ntermediate in length and level of treatment, in the hope that it may meet 
latisfactorily a growing need in universities and research laboratories. It 
Las drawn considerably upon the work of the authors mentioned, to whom 
he writer desires here to express his acknowledgement. 

Throughout the book an effort has been made to keep mathematical 
ixposition subordinate to the description of physical principles. Never- 
heless the investigation of electron lenses has now so far progressed that 
t full treatment of aberrations cannot be omitted, and this necessarily 
nvolves more complicated mathematical discussion. A good grounding in 
he calculus is accordingly required of the earnest student, including some 
acquaintance with partial differential equations and preferably a know- 
edge of the nature of Bessel’s functions. At a first reading, however, a 
ufl&cient survey of the subject may be obtained if sections 7, 12 (d) and 36, 
tnd all but the first section of Chapter V be omitted ; the relevant sections 
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are marked Tnth an asterisk (*). Duplication of material has not been 
avoided where it seemed likely to smooth the path of the indifferent 
mathematician, especially when an approximate treatment could be given 
before the full theoretical discussion, bringing out more clearly essential 
physical principles. 

A comprehensive treatment of Electron Optics, and the most elegant 
approach to aberrations of the image, is afforded by Hamiltonian methods ; 
but a knowledge of these can hardly be demanded of those to whom this 
‘Introduction’ is addressed, and the author has been content to indicate 
the main principles in an Appendix. The body of the text employs the 
trigonometrical approach, which is closely related to the usual methods of 
light optics. 

Opportunity has been taken to widen the scope of the lecture course 
by adding descriptions of the more important electronic apparatus as 
well as by more detailed discussion of theory. In this laboratory a separate 
course of lectures on the cathode-ray tube follows that on Electron Optics, 
and moreover there now exist a number of excellent introductory manuals 
on this instrument. Hence only the fundamentals of its construction and 
operation are dealt with here, together with a short sketch of its origin 
and an account of some special types of tube. 

The literature of Electron Optics is large and rapidly growing. In 
order to assist the student in more detailed exploration than this book 
can afford, a list of ‘Further Reading* has been given at the end of each 
chapter, in addition to the Bibliography of major works. In selecting 
references for inclusion in these lists the criterion has been conciseness and 
clarity of treatment rather than priority of publication; whenever avail- 
able a summarizing article has been quoted, such as appear in the annual 
Reports cm Progress in Physics. No attempt has been made to exclude refer- 
ences in German or other foreign languages, but for the convenience of the 
average student a source in English has been included wherever possible. 

It is at the same time a pleasure and an obligation to express my thanks 
to all those at the Electrical Laboratory who have in greater or less degree 
assisted with the production of this work: in particular to R. T. Lattey 
and M. S. Wills, who have read parts of the manuscript, for constructive 
criticism by which a number of errors have been corrected and obscurities 
removed ; to Dr. F. B. Pidduck and Dr. A. v. Engel, for helpful discussion 
on particular points ; to Dr. R, Sas-Kulczycki and Dr. H. Motz (of the 
Engineering Laboratory, Oxford), for permission to include unpublished 
work ; and to my wife, Dr. A. Cosslett, for continuous aid and encourage- 
ment, without which the book could hardly have been written. 

In a work of this t3q)e, prepared amid the preoccupations of war-time, 
errors are only too probable of occurrence. The author will be greatly 
obliged for information of such as come to the notice of discerning readers. 

V. E. C. 


XLECT910AL LABORATORY, OXFORD 

April 1945 
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CHAPTER I 
INTRODUCTORY 
1. Omeral 

E lectron optics is that branch of electronics which deals with the 
production, propagation, and focusing of beams of ions and electrons. 
It may be regarded as ‘intemal* electronics in contrast to the ‘external* 
electronics of circuit engineering. The subject is sometimes also referred 
to as ‘electron ballistics’, but the title of electron optics now generally 
preferred is justified not only by the formal similarity of much of 
the subject to light optics but also by the de Broglie wave properties 
of electron beams. The defiexion and focusing of a beam is effected by 
electric and magnetic fields produced by suitable arrangements of 
electrodes and magnets, which are referred to as ‘electron lenses’. Their 
focusing properties, as distinct &om the details of their construction, 
are treated in essentially the same way as glass lenses in the study of 
light ; they are found to obey the ordinary lens formulae and to suffer 
from similar aberrations. 

The study of the path of a charged particle in an electromagnetic field 
began with the first experiments on cathode rays in the 1890’s, reference 
to which will be found in the next section. Although considerable practical 
developments took place during the succeeding thirty years, it was not 
until 1926 that the general theory of the motion of ions and electrons was 
formulated by Busch. Prompted by de Broglie’s hypothesis, made two 
years earlier, he laid the basis of electron optical theory and derived the 
conditions in which electric and magnetic fields, separately or together, 
could exert a focusing effect on trajectories and thus act as electron lenses. 
Although his treatment is based on the wave analogy, it employs the 
familiar methods of classical mechanics and not wave mechanics. This 
book follows in the main Busch’s treatment, as further elaborated by 
Scherzer. It uses the same line of reasoning as the usual treatment of 
geometrical optics in the study of light, and is consequently spoken of as 
the theory of geometrical electron optics. 

The development of a wave theory of electron optics was due to Glaser 
(1932-6), who utilized Hamiltonian methods. A century earlier Hamilton 
had worked out the theory of the passage of light through anisotropic 
heterogeneous media and a closely related treatment of particle trajectories, 
employing the ‘characteristic functions’ now named after him. The 
electromagnetic field acts as a medium of this type towards a charged 
particle, since the deviating effect or ‘refractive index ’ is found to depend 
on the direction as well as the position of the particle. Glaser was therefore 
able to transfer Hamilton’s treatment directly to the electron of^ical case. 
A concise and elegant treatment of lens aberrations is then possible (see 
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Appendix), in contrast to the laborious method of Scherzer given in 
Oiapter V, 

Although the electron mechanical treatment foUowed in the body of the 
book was inspired by de Broglie’s hypothesis, very little use need 1^ made 
of his theory in the discussion. It is helpful, however, to have in mind the 
general nature of the analogy between particle and wave motion, which 
derives from Hamilton’s idea of the equivalence of the passage of a light 
ray through an optical medium and that of a mass point through a poten- 
tial field. Otherwise, except in regard to electron diffraction, the wave 
properties of the electron are invoked only in the discussion of certain 
phenomena which can so far be satisfactorily treated from the corpuscular 
standpoint. 

The growth of electron optical theory has been closely bound up with 
the devetopment of its applications. The empirical construction of electron 
lenses stimulated theoretical investigation, and on the other hand deduc- 
tions from theory led to the rapid improvement of focusing systems. 
Electrostatic and magnetic lenses were used to improve greatly the early 
cathode-ray tube, to construct electron microscopes of higher resolution 
than the best light microscopes, and to develop television apparatus for 
transmitting and reproducing images of high definition. The diffraction 
of electrons gave valuable information on the structure of crystals and of 
molecules in the gaseous state, where X-rays could not be employed. The 
design and performance of thermionic valves and X-ray tubes have been 
improved, and special types of high-frequency oscillators developed. 
Other applications have been made in atomic physics, especially to beta- 
ray spectrometry and to the design of high-voltage machines such as the 
cyclotron and betatron. In a very short time, therefore, electron optics 
has arisen as a new and extensive branch of physics ; it is barely twenty 
years old, and there can be lit|il6 doubt that the controlled use of electron 
bourns is only in its beginnings. 

•fhe major applications u^eutioned above and a number of others are 
described in later chapters, the first half of the book being devoted to 
theoretical exposition. The source of the electron beam is an important 
part of any application aud usually involves special electron optical pro- 
blems of its own. A chapter has therefore been devoted to the discussion 
of the various means of producing electrons ; as in light, the production, 
propagation, and focusing of the beam all form part of the study of the 
subject. In many places the optical analogy will be directly invoked, and 
throughout the terms ‘ray’, ‘path’, and ‘trajectory* are used synony- 
mously. In the same way, in the discussion of deflexion and focusing, 
the word ‘electron’ must be understood to include ‘ion’, with the appro- 
priate change in sign of the charge and of the direction of the electric 
and magnetic force on a positive ion ; in a number of places special prob- 
lems concerning the use of ion beams have also been treated. In the 
feneral discussion of theory a particle of positive charge has been assumed, 
but in many special casM, especially of applications where Electrons alone 
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oome in question, the negative sign for the charge (e) is inserted ; this 
should be clear frcrn the context even when no specific statement to the 
effect is made. 


2 . Early Experimental Work 

In the fourth quarter of last century great interest was taken in the 
phenomena of electrical discharges between two metal electrodes main- 
tained at a high potential difference in a partially evacuated tube. Obser- 
vation showed that, under conditions of very low pressure, a well-defined 
beam was produced, which was propagated apparently in a rectilinear 
manner and which transmitted momentum to solid objects in its path. 
Crookes, Perrin, and J. J. Thomson showed that these ‘cathode rays’ 
were essentially the same whatever metal was used in the electrodes, that 



Fig. 1. Braun cathode-ray tube. 


they carried a negative charge and could be deflected by both magnetic 
and electric fields. The term ‘electron’ was first used for the individual 
corpuscles by Johnstone Stoney in 1890, and the first practical ‘cathode- 
ray tube’ for their investigation was devised by Braun in 1897 (Fig. 1). 
This was the prototype of the apparatus used by Thomson, Townsend, 
and others in subsequent experiments. 

It consists of two electrodes E—), usually of aluminium, placed 
some 20 cm. apart in a glass envelope carrying at its farther end a coating 
of fluorescent material such as calcium tui^tate or zinc sulphide. The 
tube is evacuated and sealed off permanently, the residual pressure being 
of the order of 10”^ mm. Hg only, and a potential difference of some tens 
of thousands of volts is applied between the electrodes. Under this intense 
field (see Chapter VI) electrons leave the cathode and pass down the tube 
towards the anode. The field strength being very high near the surface 
of the disk cathode, the electrons are accelerated rapidly to a very high 
velocity in practically straight-line paths and are very little affected by the 
curved field near the off-set anode. They are limited to a beam of small 
cross-section by mica diaphragms and pass between a pair of 

metal plates P before striking the screen 8y where they give rise to a 
bright spot of light. An electric field applied between the plates P will 
result in the deflexion of the (negatively charged) beam, and hence of iihe 
light spot, in the direction of the positively charged plate. A transverse 
magnetic field applied in the same region gives rise to a deflexion at right 
angles to the axes of both beam and magnetic field, as required by elemen- 
tary electro-magnetic theory (‘Left-hand Rule’). By applying magnetic 
and electric fields in opposing directions and of such magnitude riiat 
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the ramlting deflexion of the beam was zero, J. J. Thomson was able to 
determiiM the ratio of charge to mass for the electron (of. p. 7). 

This type of tube was used for many years in experimental work, being 
unproved by the substitution of a heated oxide-coated cathode (1905) and 
an electrostotio concentrating electrode around the cathode (1908), both 
due to Wehnelt. Wieohert in 1 899 observed the concentrating effect on the 
beam-spot of a short axial magnetic field produced by a current-carrying 
coil wound round the tube, and this form of focusing was subsequently 
much used, but the reasons were neither appreciated nor investigated. 
Otherwise the tube remained substantially unchanged until Zworykin’s 
work in 1928-9 (cf. Chapter VII). 

3. Deflexion in a Transverse Magnetic Field 

The passage of an electron beam through a transverse magnetic or 
electric field results in a defiexion which can readily be treated. In the 
first case, suppose electrons moving with velocity v to enter a trans- 
verse magnetic field of strength ££ as in 
Fig. 2, where the field lines are assumed 
to be perpendicular to the plane of the 
diagram. (Here, as elsewhere in this 
book, we assume a perfect vacuum to 
exist, so that H = the magnetic 
induction.) If the electronic charge is 
e, the beam will be equivalent to a 
current etw, when vn electrons pass per 
second, and the magnetic force on the 
current will be Hevn. On a single elec- 
tron the force is Hev, at right angles 
to both field and the original direction 
of motion of the electron, which will thus be defiected in the plane of the 
diagram and continue to intersect the field lines at right angles. The elec- 
tron in this way experiences a constant force in a direction perpendicular 
to its motion at any moment, and therefore describes in the field a circular 
path of radius r determined by the equivalence of the centripetal and 
deflecting forces: 

Hev = mv*/r, 

where m is the mass of the electron, or 

Hr = mr/e, (I.l) 

the so-called electronic momentum. This quantity, being readily deter- 
minable by direct experiment, is frequently used to specify the velocity 
of an eleot^ beam. 

If ^ fleld is uniform and sufficiently great in relation to the velocity 
of the deotron, the resulting path will be a closed circle in which the 
ileotron will ccmtinue to revolve until disturbed by 8|}me other force. 


LunLt of field 

xxxxxxxxxxx 



Fio. 2. Circular paths of electrons in 
a transverse magnetic field H (directed 
into the diagram). 
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This type of oiroular deflexion is utilized in the operation of the magnetron 
valve, the cyclotron, and other devices (see Chapter IX). If the field is 
limited in extent, the electronic path will be a more or less sharply curved 
arc of a circle, according to the strength of the field ; a munber of possible 
trajectories are shown in Eig. 2. If the field is not uniform, the path will 
be of continuously varying radius and can then only be determined by a 
point-to-point evaluation, based on detailed exploration of the field. 

Again, if the field is uniform and the incident electron does not enter it 
normally but with a component of velocity in the direction of the field, the 
path will be more complex. The velocity component normal to the field 
will give rise to a rotational defiexion, and the projection of the path on a 
plane at right angles to the field will be a circle. In the absence of an 
electrostatic field the velocity along the field will be unaltered, causing 
the actual path to be a helix of constant pitch in the surface of a cylinder 
of radius given by relation 1. 1, if the normal velocity component is written 
for V (Fig. 4, full line). 

4 . Defiexion in a Transverse Electric Field 

Suppose now the electron beam to enter the space between two charged 
parallel plates (Fig. 3), in the absence of a magnetic field. If a 



Fiq. 3. Parabolic path of an electron in a transverse electrostatic field. 


potential difference V is maintained between them and their normal 
separation is d, the electric field E in the gap will be 

E = VId, 

The force on the moving electron will be given by the product Ee, acting 
transversely to its initial path, which is assumed to be parallel to the 
plates. It ^ therefore experience a constant acceleration in this direction, 

a = Eelm, 

and will suffer a transverse displacement given by if < be the time 
measured from the instant of entry into the field. 'Die forward velocity 
of the electron will be unchanged, and its path in the field will th]ue be 
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parabolic ; its motion is entirely analogous to that of a material particle in 
a uniform gravitational field. 

The electric field between the plates will not, in fact, be uniform, mainly 
on account of distortion at the edges of the plates (‘fringing'). The de- 
flexion in, for instance, a cathode-ray tube consequently departs slightly 
from the theoretically parabolic path (cf. section 56). 


6. Deflexion in Coincident Electric and Magnetic Fields 

T^en an electron is exposed to the simultaneous action of electric and 
magnetic fields the total force on it will be the sum of the forces exerted 
by each field independently. In general they will not be in the same 
direction and the addition must be made vectorially, remembering that 
the magnetic force is perpendicular both to the initial path of the electron 
and the magnetic field. The total force F on the electron may then be 
expressed a8 F = e(E+vxH) = wa, 


e and £ being in electromagnetic units. The resultant path of the electron 
is difficult to evaluate except when the directions of the two fields are 
simply related. In doing so, it must be remembered that the magnetic 
field does not affect the kinetic energy of the electron, since its effect is 
always perpendicular to the electron path. Hence any changes in velocity 
and kinetic energy in crossed fields are due to the electric field alone. 
In general, as the velocity changes the radius of the path described in the 
magnetic field varies accordingly (see equation I.l), and the path wiU not 
be circular. 

The simplest configuration is that in which both fields have the same 
direction as the moving electron. It is then unaffected by the magnetic 



Fio. 4. Spiral paths of electrons in concurrent electric and magnetic fields. 

field and suffers uniform acceleration in the electric field. If the fields are 
parallel but the electron has an initial velocity component perpendicular 
to their direction, it will move in a circular orbit under the action of the 
magnetic field whilst being accelerated in the electric field. The resultant 
path will then be a helix with a pitch that increases or decreases with rime 
according as riie acceleration is positive or negative. Since the perpendi- 
cular component of velocity ib unchanged by either field, the diameter of 
the helix remidns constant ; that is, the electron describes a path on the 
surface of a oylinder of radius given by equation 1, 1 (see Fig. 4, broken line)* 
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6. Fields Crossed at Bight Angles: Determination of e/m‘ 

Befeiring again to Fig. 3, we now suppose both a magnetic field per- 
pendicular to the plane of the diagram and the electric field between the 
plater/^, to act together on an electron beam entering parallel to the 
plates and normal to the direction of the magnetic field. The respective 
deflexions wifi be in the same plane (that of the diagram) and may 
reinforce or counteract each other, according to the relative directions of 
^ the fields. If the upper plate is positively charged, and the magnetic field 
is directed into the diagram, their action on the electron beam will be in 
opposite senses. Either field may then be varied until the resultant de- 
fiqxion is zero. 

This null arrangement of orthogonally crossed fields was originally 
devised by J. J. Thomson in order to determine the ratio of the electronic 
charge and mass. The electric deflecting force is ESy the magnetic force 
is Hev ; in the critical condition when no deflexion results, 


eE^ = evH^y or v = EJH^y (1.2) 

ij^re the subscript c indicates the critical value of the fields. By accurate 
measurement of the fields the value of Vy the velocity of the electron, may 
thus be found and substituted in expression I.l, giving ^ ^ ! 


elm=^EJrHl 

tvhere r, the radius of curvature of the electron path in the critical field 
Hf,y is known from observations in the magnetic field alone. By this means 
Thomson found a value of 7*7 x 10* e.m.u./gm. for c/m, which is in the same 
Drder of magnitude as the result of modem work: 1*758 X lO’' e.m.u./gm. 
From experiments which will not be described the charge on the electron 
is known to be very near to 4*803 X 10-^® e.s.u., and hence its mass proves 
bo be 9*02 x lO'^s gm. 

Crossed fields of this nature are not of value in electronic practice ; in the 
3ase of the cathode-ray tube one or the other type of field is used to impose 
two independent deflexions at right angles upon the electron beam. 


*7. Crossed Fields: Electrons emitted from Plate 

With electric and magnetic fields crossed orthogonally as before, we 
now suppose electrons to enter them not in a plane parallel to the deflecting 
plates but by emission from the inner surface of one of the plates. Such 
emission may occur simply under the influence of the electric field, or by 
the photo-electric effect of incident X-raiys or light (see section 45). 

Let electrons emerge, with zero initial velocity, from the negatively 
charged plate and pass towards the positively charged plate (Fig. 5) 
across a magnetic field directed into the plane of the diagram. The a;-axis 
IS taken normal to the plates, the y-axis in their surface, and -th^ z-axis 
along the magnetic field, the value of which is accordingly given as As 
Wore, the electric field is given by the quotient of the normal separa- 
tion of the plates into the potential difference maintained between them. 
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1£ knitted in the x-y plane, the motion of a charged particle will be 
cxmfined to thw plane sinoe there is no force acting normally to it ; i.e, 
dHjdfi = 0. In such conditions it is convenient to consider the displace- 
ment of the electron in the x and y directions in turn. At right angles to 
tiie electric field (y-axis) the only effect is that of the magnetic field in 
relation to the motion of the electron in the a;-direction, and we have 

md^ldt^ = eH,dxldL ( 1 . 3 ) 

The resulting motion in the ^-direction is also normal to the magnetic 
field, giving rise to a magnetic force in the 2 :-direction (Left-hand Buie) 



FlO. 6. Cycloidal path of electron in electric and magnetic fields crossed at 
right angles. H directed into diagram. 

which must be added to the electric force, The equation of motion 
along the x-axis is then 

mdh^ldt^ = eEg^—eHgdyldL (1.4) 

As there is no motion in the z-direction, the position of the electron in the 
x-y plane can be specified by a complex number of the form 

u = x+iy. 

By this substitution, equations 1.3 and 1.4 can now be combined in a 
single expression for the motion of the electron. Multipl 3 dng i.3 by i and 
adding to 1.4 we have 

d^x/dt^+id^ldt^ = (elm)(Eg,--Hgdyldt+iHgdxldt), 

Substituting for u: 

dhijdfi = (elm){Eg,-\-iH^duldt), 

Tl^ is a differential equation of familiar type,^.with the initial boundary 
condition that when t = 0, = 0, and dujdt = 0. The solution is of 

exponential form : 

Since 6^ = cosa-fisina, 

we have 

Equating reid and imaginary parts in this equation, 
a; = (mJ^jp/ifj€)(l— cos^fe/m), 
aaild y = 
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These are the equations of a cycloid generated by a circle of diameter 
2E mleHl, rolling along the line a; = 0. The maximum possible excursion 
in the ®-direction is thus also given by 2Eg^mleHl, the distance along the 
y-axis between the cusps of the cycloid is n times as great, being equal to 
the circumference of ike generating circle, and the average velocity in this 
direction is given by EJH^. 

The cycloidal path (Fig. 6) will only be realized if the separation (d) of 
the plato is greater than the maximum excursion in the a;-direction ; the 
value of the field required to ensure this is = *J(2Ej, mied). For lower 
values of the field, electrons will arrive at the positively charged plate on 
their first excursion. By determining the critical value of the magnetic 
field which sufficed to interrupt the current between the plates, J. J. 
Thomson was able to measure by this method the value of e/m for the 
particles emitted from a photo-electric surface, and thus to show that 
they were electrons. More recently the principle has been applied to the 
design of electron multipliers, a number of plates at increasing potential 
along the y-axis being used instead of one continuous plane ; the field dis- 
tribution is thereby distorted, but the electron paths are still to a first 
approximation cycloidal (see p. 170). Similar conditions obtain also in the 
magnetron thermionic valve (section 66). 

8 . Refraction of Electron Beams 

The types of transverse fields so far discussed are employed for controlled 
deflexion of electron beams and not for concentrating them. The condi- 
tions are relatively simple, and the electron trajectories can be exactly 
calculated. In electron lenses, on the other hand, the field distribution 
cannot normally be expressed in terms of an exact function, nor is it 
possible to deduce mathematically the electron paths even when the field 
has been experimentally mapped; it is usually necessary to resort to 
point-to-point plotting. It is essential in these circumstances to introduce 
the idea of refraction of an electron beam at a potential boundary ; this is 
an alternative and more useful formulation of the elementary rule, already 
illustrated in dealing with transverse fields, that electrons moving in an 
electric field tend towards the direction of the lines of force. We now 
transfer attention to the equipotential lines (or surfaces) and discuss the 
defiexion of electrons in terms of successive stages of refraction in passing 
from on^ supposed equipotential region to the next. The field will, in 
reality;^ always vary smoothly between its boundary values without dis- 
continuities, and the insertion of equipotential lines represents an arbitrary 
subdivision for convenience of treatment. A medium of continuously 
varying refractive index is not easy to discuss, until it is replaced by a 
wries of layers of regularly increasing ‘density*, as in treating refrac^on 
in the atmosphere. 

The space between any charged electrodes is therefore represented a« 
covered by a set of equipotential surfaces whose density of distribution may 
be adjusted to the accuracy of treatment required ; at all points the lines 

4914 > 
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of foroe will be at right aqgles to them. The problem then is to find the 
path taken through this sy^m by an electron of given velocity and given 
initial direction. The deviation suffered at each successive equipotential 
is evaluated and a point-to-point plot made on the assumption of recti- 
linear propagation between them, the accuracy increasing with the degree 
of subdivision of the field. 

Suppose an electron of velocity Vq to approach an equipotential specified 
by the constant potentials Vq and on either side of the surface (Fig. 6). 
The angles of incidence i and re&actiou r are defined as in optics with 
respect to the perpendicular at the point of incidence, 0. The energy of 
the electron measured in kinetic and electrical terms must be the same, 



Fio. 6. Refraction of an electron beam at a potential discontinuity ( > F,,), 


assuming it accelerated from rest through the potential difference Vq ; that 


is to say, 


cVq = or vcc VF. 


( 1 . 6 ) 


In crossing the surface the tangential velocity of the electron will be 
unchanged, there being no electric force in this direction, but the normal 
component will instantaneously increase from Vgcost to a larger value 
v^oosr in the region of higher potential. (In practice, the transition will 
not be abrupt, as assumed here, but will take place over a finite region of 
varying potential with a finite acceleration.) Then, since 


Vi, sin t = sin r, 

edn ileinr = V»o = sliWo) = (I.«) 

where Nq and may be termed ^e refractive indices of the respective 
spaces. This ratio is constant for all incident electrons, and a law equi- 
valent to Snell’s law of optical refraction is found to be obeyed. Hie 
process is in every way similar to the refraction of a corpuscle in Newtonian 
optics at the boundi^ between two media, whose refractive indices now 
depend on the potentials applied. For all practical purposes^ set the 
refractive index of a potential space equal to the root of the prevailing 
yeUage* In contrast to wave optics, thmfore, an electron increases in 
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velocity on entering a mediuni of high ‘densi^* and is refracted towards 
the normal. In passing into a region of low^ voltage the reverse is the 
case and, when the local potential falls bdow that of the origin of the 
electron, reflection will occur. 

Practical electron optics thus becomes a matter of determining the con- 
figuration of the equipotentials of a given field and of plol^ting step by step 
the paths of electrons through it, as is indicated in some detail in the next 
chapter. With magnetic fields this procedure becomes more complex but 
fundamental analysis proves to be rather easier, with the result that the 
plotting of trajectories is only necessary in special cases. Here it will be 
enough to say that, by proper design of the electrodes or pole-pieces (as 
the case may be), fields may be set up that act upon electrons in an 
analogous manner to prisms, mirrors, and lenses in optics. Indeed, the 
transverse electric (or magnetic) field already discussed forms a simple 
prism for electrons, since the resulting deflexion varies in magnitude 
with the velocity of the beam, corresponding to the dependence of devia- 
tion on wave-length in the case of light. The production of a lens is then 
the problem of producing a field in which the deviation of an electron 
increases in proportion to its distance from the axis ; this is not so simple 
of solution as in light optics. 

In light optics the density and boundary shape of the material media 
are the variables, whereas in electron optics we are concerned with ibhe 
much less obvious equipotential systems ; the important factors now are 
the shape and separation of electrode surfaces and the ratio of voltages 
applied to them. For the most part, we shall limit our considerations to 
paraxial beams moving in fields of circular symmetry, in which the same 
paths are followed in any plane containing the axis. The charges giving 
rise to the fields will normally be supposed confined to the electrode sur- 
faces. In a later section, however, the importance in many circumstances 
of distributed space charge will be indicated (section 44) ; one or two appli- 
cations involving cylindrical fields will also be described (Chapter IX). 

9 . Limitations of the Optical Analogy 

Although the analogy with optics is of the greatest value in reaching an 
understanding of electronic phenomena, it must be constantly borne in 
mind that it has very definite limitations. The most important difference 
has already been mentioned: that in electrical and magnetic fields there 
are no sharp changes in refractive index but a continuous variation, and 
o^y as a matter of convenience is the inter-electrode space imagined as 
divided up by equipotential lines. This becomes an even more com- 
plicated matter in magnetic lenses, where the refracting field proves to be 
anisotropic and deviation depends on the direction of the beam as well as 
on its velocity. Comparable cases are met with in optics, but only in 
advanced work. 

A second fundamental difference is the lack of different media in elec- 
tronics, in contrast with the diversitv of materisJs with TanriTiff rmtiAai 
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properties. In optics it is a comparatively simple matter to select the right 
type of glass, quartz, or other transparent substance for use in a particular 
case or for building up a corrected lens to a given specification. In elec- 
tronics we have only the electric and the magnetic field : however much we 
vary ^ shape of electrodes and their potentials, the basic interaction of 
electrod and field remains the same. Hence it is impossible to devise 
one field configuration to correct completely the aberrations of another. 
Worse still, the aberrations of magnetic fields are in the main of the same 
sign as those of the electric field so that correction cannot be achieved by 
combining them. Indeed, the only possibility of full correction would 
appear to be offered by controlled use of space charge, a difficult technique 
in which practically no work has yet been done. 

Fundamentally for the same reasons it is only possible to construct 
electrostatic lenses of concavo-convex form (or the converse), including 
the limiting piano-types : that is to say, meniscus lenses in which the refrac- 
tion in the two halves is in opposite senses. The convergent effect is always 
found to predominate, except in one electrostatic type of weak negative 
power. Biconvex or biconcave systems have not yet been discovered ; the 
symmetrical three-electrode lens (section 26) is equivalent to a combination 
of two meniscus lenses. 

It must be remembered also that an electron path is rarely as free as is 
the case with light. For the latter, propagation is normally rectilinear and 
it is the exception for deviation to be introduced, since it occurs only at 
the boundary between media or by variation in density of a given medium. 
In electronics there are almost always electric or magnetic fields acting at 
all points of the electron path, which is, therefore, usually curved and with 
a continuously varying radius. The path will only be rectilinear where the 
field lines happen to be straight and the electron is projected along them, 
or after it has emerged from a field and continues under its acquired 
momentum in field-free space. Such a region in any case will not be exten- 
sive, owing to the physical limitation of having to maintain the experi- 
mental S 3 rstem in vacvo, on account of the rapid absorption and scattering 
of electrons by gases. The curvature of the path carries with it, of course, 
possibilities not present in light optics ; these have been exploited in many 
practical devices (cyclotron ; electron multipliers). 

On the other hand, both electric and magnetic fields have the great 
advantage of flexibility. Refractive indices can be varied at will by simple 
control of voltage or current in a way that is almost impossible in optics. 
This makes the experimental investigation of electronic systems a com- 
paratively rapid matter, and is the reason why so many problems have 
been solved empirically whilst theoretical treatment has developed slowly. 
In addition, the range of refractive indices available by variation of the 
field is ezmnnouB, in comparison with optical media, liie marimnni lens 
voltage BO fcr is in the nei^bourhood of 300,000 V., giving An equiva- 

lent r^fractivo index (over-aH) of about 560 as compared with an upper 
litnit of About 2*6 in optics. In an ordinary cathode-ray tube the postiUe 
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range is firom 1 to 60 or 60. As a oonseqnenoe there is normally no 
necessity to have interchangeable lenses of vanons powenl, as in optics. 

Furthermore, by applying pulsating fields it is possible to achieve a type 
of focusing unknown in optics, whereby electrons from an initially uniform 
beam are * bunched * into pulses of large charge density separated by spaces 
of almost zero current. This so-called ‘phase-’ or ‘space-time* focusing 
will be mentioned in more detail in Chapter X. 

10. Beam Parameters 

Before proceeding farther it will be helpful to explain the different 
methods in use for specifying the velocity of an electron beam. In the 
case of electric fields this is usually done by reference to its energy, and in 
magnetic fields to its momentum, these being the practically measurable 
quantities in the respective cases. 

The energy of an electron moving with velocity v is frequently expressed 
in terms of the voltage V that would accelerate it from rest to this velocity. 
One electron-volt (e.V.) is, therefore, the energy that an electron acquires 
when accelerated by a potential difference of one volt. The energy in 
electron volts is directly related tp^^ie kinetic energy in ergs : 

\mv^ = J^e^/300 = Ve^ lO®, (1.7) 

using the conversion factors into electrostatic and electromagnetic units 
respectively. When it is stated simply that v = ^(2 Vejm), F will be under- 
stood to be in absolute umts; e is similarly measured, unless otherwise 
stated, in electromagnetic units. As an example, an electron accelerated 
from rest through a potential difference of 1,000 V. will emerge with an 
energy of lO^x lO^x 1-601 X lO"*® = 1-601 X 10"® ergs and a velocity of 
1-87 X 10® cm. sec.“i One e.V. is thus equivalent to 1‘601 x 10-^® ergs. If 
particles of other kinds are in question, regard must be had to both their 
mass and charge: under the same accelerating voltage a proton would 
reach a velocity of 4-38 x 10’ cm. sec.-^, its mass being 1,839 times that 
of the electron and its charge the same, whilst an alpha particle with twice 
the charge and 3*97 times the mass of a proton would reach 3-11 x 10’ 
cm. 8ec.“^ 

At higher accelerating potentials account must be taken of the rela- 
tivistic increase in mass over the rest-mass wi^, given by 

where c is the velocity of light ; vjc is usually denoted by /3. The kinetic 
energy is then given as 

on binomial expansion. The resulting correction to the velocity calculated 
from the classical expression (1.6) is less than | per cent, up to 3,000 V. 
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and less than 1 per cent, at 7,000 11^. Practically, the correction is only of 
importance in high-voltage cathode-ray tubes, electron diffraction appara- 
tus, and electron microscopes, where voltages of over 10kV.|ire in question. 
At 260 kV. an electron beam will have 0*75 of the velocity of light, whereas 
in elementary theory it should be travelling faster than light under this 
acoelerttting potential. 

In magnetic fields the radius of the defiected electron path is the experi- 
mental quantity, and its momentum is quoted in terms of equation I.l : 
Hr = mvle, with the relativistic correction for mass at high velocities. If 
^ ^ is in electromagnetic units, then Hr will be in oersted-centimetres. Thus 
the (Hr) value for a beam of 1,000 e.V. electrons will be 107 , and for a 
, 260 e.kV. beam will be 1,926 oersted-cm. 

The equivalent wave-length (A) of an electron is given (cf. section 68) by 
de Broglie’s relation 

h/X = mv = eHr, (1.8) 

where h is Planck’s constant (6‘624x 10"®’ erg-sec.). Inserting the values 
of the constants, and neglecting relativity effects, this takes the useful 
practical form 

A = V(160/F), (1.9) 

giving A in angstrom units when V is in volts. Thus the 1,000-V. beam will 
have an equivalent wave-length of 0*387 A. and the 260-kV. beam a 
value of 0*0213 A., in each case much smaller than atomic dimensions. 

It follows that inhomogeneities of velocity in an electron beam are 
exactly equivalent to variety of wave-length in a light beam and will 
result in dispersion effects in electric or magnetic fields. The analogue to 
a * monochromatic beam’ will be a beam in which all electrons have the 
same velocity; near-monochromatic sources are the rule in electronics, 
as fiuctuations in accelerating voltage make it difiicult to obtain a truly 
uniform beam otherwise than by controlled dispersion. 

FURTHER READING 

J. J. Thomson, Phil. Mag. 44, 293, 1897. 

ibid. 48, 547, 1899. 



CHAPTER II 


THE ELECTROSTATIC FIELD 
11. General 

T he fundamental problem in an electron optical system is to devise an 
arrangement of electrodes and applied potentials which will cause 
electrons to travel along predetermined paths, and usually to a sharp 
focus in a point or plane. It was solved in a certain degree by empirical 
methods before a basis for theoretical procedure was set out by Busch in 




1926. A number of experimenters had found that an electrode assembly 
similar to Fig. 27 gave good focusing of the electrons emitted from a 
cathode C. <? is a negatively biased shield and A an anode, positively 
charged mth respect to the cathode; in practice A was usually earthed 
and G maintained at a high negative potential. 

Busch discussed the far-reaching analogy between light and electron 
optics and succeeded in evaluating the trajectories of elections, by 
rathw laborious methods, in both electrical and magnetic Hie 

obvious arrangement of convex equipotentials, analogic to the glm. lens, 
was at once tried by applying a potential difforence between two shaped 
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graticules (Fig. 7). It was found to give a focus and to obey to a con- 
siderable degree of accuracy tbe simple lens formula relating object, 
image, and focal distance {Iju+llv = l/f). The gauze frameworks, 
however, are found to interfere with the electron beams both by direct 
collision and by distortion of the ‘spherical* field in the neighbourhood 
of the wires ; they are also unsuited to the application of high voltages, 
and hence their effective refractive index is limited. In practice they have 
been superseded by tube lenses, with or without the addition of diaphragms. 
Fig. 8 shows the distribution of equipotentials, in any plane containing 
the axis, between two cylindrical electrodes maintained at different 
potentials Vj and TJ. The similarity between these ‘refracting surfaces’ 
and the spherical form of optical lenses is evident and, in fact, the system 
behaves in every way as a lens for electrons. The deviation produced is 
closely proportional to the distance of an electron from the axis and 
paraxial beams are brought to a sharp focus ; marginal rays suffer a degree 
of spherical aberration dependent on the construction of the lens tubes 
and the ratio of the applied voltages. The different arrangements that have 
been found practically useful will be described in the next chapter. In this 
chapter we deal with the determination of field distributions and with the 
methods that have been devised for tracing experimentally the paths of 
electrons through them. 

In theory it should be possible to calculate the solution to any electro- 
static focusing problem ; that is, given the origin and end of an electron 
path, to find the shape of the electrodes and the applied potentials 
necessary to yield the path. In the present state of mathematical technique 
this proves to be impossible except in the simplest cases, the solutions to 
the appropriate differential equations being lacking. The converse pro- 
blem is only slightly more amenable to treatment: given an electrode 
configuration (i.e. the boundary conditions), to find the equipotential 
surfaces and hence the paths of electrons through them. The strict solution 
of a few simple oases will be given here ; in practice, methods of progressive 
approximation are generally used, both in calculation and in experiment. 


12 . DetermincUion of the Potential Field 

Qhren an electrode system, from which space charge is absent, the essen- 
tial first ste^ is to determine the position of the equipotential surfaces 
in the space between them. Formally this is a matter of finding a solution 
to the general equation of Laplace, 


a** + 0y*^0z* ’ 


(n.i) 


with known boundary conditions, V being the potential at any point (xyz) 
in the space under investigation, as described in rectangular coordinate, 

TSbeMdinthed^directionisthendvenbyatermi?^ = —■^V(xyz)fWith 

oX 
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equivalent expressions, and Eg, far the field in the y- and z-diiectionB. It 
follows also that 


dEg dEy • dEg 
8x'^ dy'^ dz 


= 0 , 


(n.2) 


which is essentially an equation of continuity and is equivalent to the 
statement that as many lines of force enter any volume of free space as 
leave it. Such an expression is termed the divergence of the vector 
quantity concerned, written (in this case) as divE or Vi?; the field being 
the rate of change of potential, V^F is then tl^e divergence of the gradient 
of the potential (divgrad F). 

When space charge is present, of density p per unit volume, we have the 
more general Poisson’s equation 


VE = = 4^ 

8x^ By ^ dz 

indicating a net outward flux of ^irp lines from each unit volume. 

Complete solution of these equations would give the potential V{o£yz) at 
any point and hence make possible the exact delineation of equipotential 
surfaces. An analytic solution is possible only in 
the geometrically most simple cases, and in the 
absence of space charge, where the problem is 
essentially the same as the determination of the 
capacity of a given arrangement of conductors 
considered as a condenser : for parallel infinite 
planes, concentric spheres, sphere and plane, and 
the analogous cylindrical systems. 

(u) Parallel Plane Electrodes, Considering the 
planes (Fig. 9) to be of infinite extent and at 
potentials Vq and the boundary conditions are 
Ey = Eg = 0 in both electrode surfaces, i.e. when 
X = 0 and when x = d, the separation of the planes 
(the ^-direction being normal to the planes). The solution of Laplace’s 
equation then has the simple form 



Fio. 9. Field and elec- 
tron trajectories between 
plane parallel electrodes. 
(Lines of force shown 
dotted.) 


V = V,+Ax. 

Then the field strength in the a;-direction will be 




dx 



and in the two dimensions parallel to the planes will be 




dV_ 


0 . 


Henw the eqni^tential surfaces will be equaUy spaoea^planes paraUel to 
n^electrodes. Electrons emitted normally to one of the latter will follow 

D 
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gtraig]|t-line paths to the opposite electrode, that is to say, will travel 
along the lines of force at right angles to the equipotential surfaces. The 
equation of motion is 

— — 

dt^ ~~ m* 


and hence at any instant t, for an electron starting from rest at 2 ; = 0 
when i = 0, we have v = —{eEJm)t, and x = — The complete 

path is therefore known, and the transit time may at once be evaluated. 

For the general case, when an electron is emitted at an angle to the lines 
of force, its path wiU be parabolic and finally as 3 miptotic to a line of force 
as indicated in the diagram. This is approximately the state of affairs 
when a plane cathode is arranged parallel to a disk anode which has a small 
aperture at its centre. 

(6) Concentric Spheres. The solution of Laplace’s equation in this case 
wiU be F = --A/r+lo> ^ terms of spherical coordinates, so that 




dr 


= -Alr\ 


At right angles to the radius at any point the field strength will be zero, 
and the equipotentials will be concentric spheres. 
Electrons emitted normally from one surface 
will travel along the radial lines of force to the 
other surface (Fig. 10). Only in one practical 
case, the so-called ‘point-projector microscope*, 
is this condition approximately met (see section 
49). 

(c) Concentric Cylinders. In this case the 
solution is F = Aloggr-flJ; hence the radial 

Fio. 10 . Field between two field strength is E,. = — A/r. The equipotential 
oonoentrio qpheree. (Lines of surfaces are concentric Cylinders and the lines 
force rfiown dotted.) radii. Such a system is approxi- 

mately that obtaining in a triode thermionic valve with a rod cathode 
and cylindrical grid and anode. In the absence of space charge (i.e. with 
positive grid potential) the electrons will then follow nearly radial paths 
from filament to anode. 

*{d) Coaxial Cylinders. The arrangement of two cylinders on a common 
axis and at different potentials, constituting ss it does the simplest 
electron lens (Fig. 8), is of especial interest. It does not yield a simple 
solution, as in t^e oases just discussed ; a number of attempts have been 
made by the method of series expansion, and the most successful treat- 
ment w^ be giv^ here. 

In oylindiioal coordinates (r, s, 0) Laplaee’s equation become 



7*7 1.(97 e*F ie*F. 


0 . 
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The last term will be zero in lenses of rotational symmetry, as in the present 
case, and we may write 


^ . 1^/ m 

dz^'^rdr[ dr j 


= 0 . 


(n.3) 


Assuming that the gap between the two cylinders is infinitely small, it is 
legitimate to consider the potential as a linear combination of functions, 
in which the variables are separated, writing 


V(r,z) = Pi+F,+...F*+..., 
where Ti(r, z) = Fi,(z)Of,(r); 

that is to say, when r is constant the potential is a function of z only, and 
when z is constant it is a function of r only. On substitution in equation 
II. 3 the result is two ordinary differential equations : 


1 d^F 


^ ^ ^ — 1.2 
‘tt “JIa — ^ * 




F dz* rGdr\ dr) 

The general solution of the first is of exponential form 
jP*(2) = ae*^+be-^^. 

The second may be rewritten as 

«+Jg+TO_«, 

Sr* r Sr 


k*. 


which is a Bessel’s equation ; its general solution involves Bessel ( Jg) and 
Neumann ( Yq) functions : 

0^(z) = AJ^{ikr)-\-BY^(ikr). 

The solution of Laplace’s equation may then be written 
V(r,z) = j A(k)F{zk)G(rk)dk, 

integrating over the entire complex domain, since k does not necessarily 
have discrete values. The coefficients A{k) are now found from the given 
boundary conditions by the usual method for Fourier coefficients. Since 
the potential must remain finite as z increases, all terms with complex Jc 
values are eliminated from both .^( 2 ) and Oj^(r), Further, as the potential 
must be finite along the axis, the coefficient of the Neumann function 

F4-F F4-F 

prove to be zero. Since F — ^ (where ^ is the potential at the 

origin) is an odd function of z, it also follows that the only trigonometrical 
functions to be considered are sines. The solution finally has the form 

F(r,z) = J B{k)J„(ikr)^htdk+^^. (11.4) 

0 

We now take the radius of the cylinders as the unit of length, and find the 
coefficients B{k) using the boundary conditions for r = 1 : 

F(l,z) = Vi, for 2 < 0, and F(l, 2 ) = TJ, for z > 0, 
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We get 


, 0 00 V 

B(1c)jQ{ik) = - 1 J — + J ^ sinfcg&j 


and 

Equation II.4 then becomes 


B{k) = • ■ (1 " lim cos kz)» 





As the potential at (r,z) is related to the axial value (cf. equation 11.12), 
it is enough to know the potential along the axis and its first and second 
derivatives in order to plot electron trajectories through the lens. In this 
case we have 


00 





where primes indicate derivatives with respect to 2 . Unfortunately, how- 
ever, it is still impossible to solve these integrals analytically ; in practice, 
they are evaluated by quadrature in order to get numerical values for the 
axial potential. Having done this, it is possible^q plot the paths of repre- 
sentative electrons through the lens, determine the principal planes, and 
find the focal lengths in the manner described later. The method is obvi- 
ously extremely laborious, and usually resort is had to direct experimental 
i^ve8tigation of the potential distribution with the aid of an electrolytic 
tank,, as describe below. 

When the gap between the cylinders is not negligible the problem 
becomes still more difficult, although Bertram has obtained solutions for 
special forms of the potential distribution in such a lens. 

(e) Conformal Mapping. In oases where the variation of potential is 
confined to two dimensions, the whole field being described by moving 
a plane parallel to itself, a simpler solution is sometimes possible ; this 
condition obtains in the space between defieoting plates and in most types 
of deotron multiplier. Laplace’s equation then reduces to 


^+^ = 0 


Simoe lines of f(»oe aie 


(n.6) 

to equipotratial lines, the 
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system can be represented electrostatically by a suitable complex function 
of the form =/(a:+iy), 


it being known that such functions satisfy the Laplace condition. Here 
^ represents the potential and ift the equation of a line of force, or vice 
versa, since they are conjugate quantities. 

Straightforward solution of this general equation is again impossible 
except with the simplest boundary conditions. The usual procedure is, 
in fact, to work backwards by taking some tractable function of the com- 
plex variable and plotting the families of curves that result for the ^ and 0 
functions. Since any curve of either function can be taken as a fixed 
boundary, it may then be possible to fit some of the configurations obtained 
to practically significant arrangements of electrodes. As an illustration 
we may examine the simple form 


= (x+iy)^ = x^+2ixy-~y^. 


On separating real and imaginary quantities, we have ^ and 

0 = 2ocy. The equipotential curves will then be rectangular hyperbolas 



Fiq. 11. Equipotential and field lines for the two-dimensional distribution 

with the X- and y-axes as their axes, and the lines of force will be rect- 
angular hyperbolas with these lines 6ts asymptotes (or vice versa). The 
resulting families of lines are shown in Fig. 11. From this system we have 
at once the solution to the field between two charged planes interseoting 
at right angles and inclined at 46® to the x- and j^-axes. Or, by taking 
corresponding lines of force in each quadrant, we have the configuration 
of the field in the space formed by the ftmction of four channels. 
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Other systems to which comparatively simple conjugate functions can 
be fitted are the single conducting plwe and ‘two parallel cyhndrical 
wires. It has long b^n a standard method in electrostatic theory for 
finding field distributions ; unfortunately it has no general validity, and is 
distinguished more for its elegance than for any great practical importance. 

13 . Direct Calculation of Fidd Distribution by the Bdaxation 

Method 

Most of the electrode systems employed for focusing electrons are more 
complex than the simple forms considered above for which a rigorous 
analytic solution is possible. Even in the case of two coaxial cylinders of 
equal diameter the solution of Laplace’s equation led to a result which is 


Vi=-^10v Pi 


ati 


1 U 


iS' 


% 




Vi 


Fiq. 12. Formation of grid between plane parallel plates for calculation of field 

distribution. 


difficult to apply in practice ; when the gap between them is finite, or when 
they are of different diameters, then analysis fails and reliance has hitherto 
been placed on practical measurements of field distribution by one of the 
methods described later. Very recently, however, Motz has shown that 
the relaxation method due to Southwell can be readily used to calculate 
the field in all cases where definite boundary conditions exist. Starting 
with these known conditions, usually the form and potentials of the 
electrodes, a method of successive approximation allows the field distribu- 
tion to be calculated to any si)ecified degree of accuracy by arithmetical 
processes only. The case of two concentric cylinders of unequal diameter is 
fully described by Motz and Klanfer, but the principles of the method are 
better explained by taking a simpler example, for which an analytical 
soluwn is available. 

Suppose a slot 88 of negligible width to be cut in two infinite parallel 
plates, thus dividing them into two symmetrical pairs, PiPi and ^ 
which different potentials Vi and are applied (Fig. 12) ; the field will be 
symmetrical also about the median plane Jf , and therefore calculation 
need only be made for one quarter of it. Accprding to the degree of 
accuracy "deilied, the space between ^t|je plates is divided into a grid of 
l^ter or less upiesh-length. for eas^ pi treatment we here take a large 
mesh and ccmvementvali^ for the pot^t^ -f 10 V.,^ 10 V.; 

tiic potenrifld Mi ihe gap-|ilaue 88 will then be zero. In this system the 
pot^rial is n^penden^jOf the ar-coordinate and we need only find the field 
diftributiim in <me y-z plane; that is, at the lattice points A, B, D,... 



28 


13 ] THE ELBCTROSTATIC FIELD 

only. liplaoe^fl equation for the two-dimensional case, as already stated 
(II.6), is of the form dW jdy^+dW jdz^ = 0. 

A solution may be obtained in the form of a series of even derivatives of 
the potential at a given point, the odd powers vanishing on account of 
symmetry. From this expression it is shown that the potential Vq at any 
point 0 is given by the arithmetic mean of the values at its immediate 
neighbours P, Q, i?, S, in the y- and z-directions, if their spacing is small 
enough to allow terms of higher order than the second to be dropped from 
the expansion. Thus 

(Ti+F,+F,+F,)-4Fo = 0 (II.7) 

to the second order of approximation. 

The method consists in assuming initially an arbitrary distribution of 



Fio. 13. First approximation to potential distribution. 


potential over the lattice points and then adjusting the values successively, 
until the residual differences obtained by the application of II.7 vanish 
or are reduced below an assigned limit at every point. It is usually con- 
venient to start from a point such as A next to two known potential 
boundaries, and with the assumption that the potential has a uniform 
value at all lattice points : in this case, say, -f 10 V. The first application 
of the criterion 11.7 shows that the residuals are zero at all points save 
those such as which are near the zero equipotential of the gap-plane 
(Fig. 12). We try the effect on of reducing its assigned potential by 
1 V., and note alk) the effect on neighbouring points: its own (negative) 
residual is reduced by 4 and those of B and D are changed by —1. We 
proceed to adjust the values at B and G similarly, noting that a change in 
doubly affects the potential at G since the same change must be made 
at the symmetrical point B' ; this is true for all points next the axis. The 
same process is applied in turn tp ^ints D, E, F, etc., recording always 
the effect of a change at any point upon its immediate neighbours, and 
returning to make adjustments in a potent^ whenever its residual 
exceeds an assigned value, which may be ±2 a first trial. In this way 
the approximate potential distribution within tys sector laay be rapidly 
determined, as in Fig. 13, where the final xesiduw are shown in brackets. 
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For higher accuracy the potential at every point in the first solution is 
now multiplied by 10, as are also the corresponding residuals, and the 
process of trial repeated. The distribution is found to be that shown in 
Fig. 14 ; comparison with the analytical solution shows the error now to 
be about 2 per cent. In regions where the potential gradient, and there- 
fore also the effect on an electron, is greatest, it is desirable to explore the 
field with higher accuracy : the lattice interval is halved and the process 
of trial repeated. The student should check for himself that the potentials 



Fio. 14. Second approximation to potential distribution. 


of points {Af Bf C) near the gap are rarely changed, except in the residuals, 
as a result of this process. In this way a complete map of the field may be 
obtained to any required degree of accuracy, if the grid is made smaller 
and smaller in mesh. The final refinement is to observe the effect of the 
neglected fourth-order terms, using an expression corresponding to II.7 ; 
the new values of the residuals thus obtained are then reduced by further 
adjustment of the potentials, using the second-order equation. The greater 
the refinement of the investigation, the greater is the labour involved, and 
a calculating machine is then employed ; but a general picture of the form 
of the equipotentials may be gained very quickly by simple arithmetic, 
employing 11.7 only. 

The method is readily extended to three dimensions and therefore to 
practical electron lenses. It is then more convenient to use cylindrical 
rather than rectangular coordinates, the corresponding condition to II.7 

Fp(l-a/2r)+Fo+F^(H-a/2r)+Fs-4Fo = 0, 

where a is the mesh-length and r the radial distance of 0, Q and S from 
the axis; the radial distance of P is r— a and that of P is r-fa. 
The method may also be employed in the reverse sense: to determine 
necessary form and potential of the bounding electrodes required to 
produce a given axial potential distribution. A linear rise in axial polential 
between two regions of zero field, for instangp, may be quickly shown to 
require the complicated electrode form of Fig. 15, in which alt€hiate ring 
seigments are ||t ^sitive and negative potential, f Scherzer has obtained 

t Mctx (unpublished). 
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a s imil a r result analytically (of. p, 128). The relaxation method may be 
applied also to magnetic fields, and to combined electrostatic and magnetic 
fields, and thus constitutes one of the most powerful means yet devised 
for the investigation of electron optical systems. 

14 . Experimental Delerminatum of the Potential Fidd 
An analytic solution for the field distribution is only obtainable in such 
simple boundary conditions as have been discussed above; the case of 
coajdal cylinders of equal radius is already difficult to handle mathe- 
matically. In practice, the electrode arrangements are almost always 
much more complex, the cylinders being fitted with diaphragms, having 
differing radii, and sometimes bemg more than two in number. It is then 


2 




Pio. 16. Form of elsotrodes required to produce a linearly increasiiig axial potential. 

helpful to make use of the analogy between electrostatic fields and those 
that can be wtablished electrolyticaUy or gravitationally. By this means 
the distribution of the field can be experimentally explored to a hi gh 
degree of accuracy. ® 

The complete analogy between the electrostatic field around electrodes 
m vacuum and that existing around electrodes of similar shape and rela- 
tive potentials immersed in a conducting solution has been appreciated 
and utilized for many years. It was first described in 1913 by Fortescue 
Md FarMworth, and has recently been appHed by many investigators 
TO the rotation of electron optical problems. The basis of the anidogy is 


- Avrxw'wi vrxuxj. UUO UUW U 1 UurrCuT; 

in an elec^lyte.. The field strength at any point in the latter, betag an 
ohmic ronductor, is directly proportional to the current density, which in 
urn otoys an equation of continuity: as much current leaves as enters 
any volume element in the rotation. The divergence is zero, and Laplace's 
^nation is satisfied for the potential distribution around the eleotrodes 
^t^tial at any point^tween them is then proportional to the 
powntial at the correspondihg point in the electron optical system. 

in “ » large-scale model of the eleotrodes 

TO an electrolytio trough', as it is called, to charge them from a battery 
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or generator to the same relative potentials as in the original, and to 
investigate the potential distribution with a conducting probe. The trough 
(T, Fig. Id) shoidd be made of glass or impregnated wood to ensure that 
the equipotentials are perpendicular to the walls, which then do not afFeot 
the field to be measured. It must also be large enough in relation to the 
electrode model to avoid disturbance of the field, say 2 ft. broad by 2 ft. 
deep and 4 to 6 ft. long, covered on the outside with sheet metal as an electro- 
static shield. As very small currents are adequate, ordinary tap-water is , 
usually found to be sufficiently conducting, or a standard copper-sulphate 
solution of a few milligrams per litre may be preferred. The probe P is a 
short metal wire, preferably platinum, of about 0*02 mm. diameter, con- 
nected to a wire or an arm so that it can be lowered into contact with the 



Fig. 16. Electrolytic trough for measuring potential distribution. 

surface. Variable potentials are supplied to the electrode models from two 
tapping-points on a potentiometer, which may consist of two variable 
resistances of the order of 10,000 ohms each. This potential difference is 
applied also across two arms Pi, P 2 ^ Wheatstone’s bridge, the other 
two arms being formed between the probe and the two electrodes 
and in the solution. The source of potential should be an A.C. genera- 
ton rather than a battery, in order to avoid electrolysis and polarization 
troilbles; a valve oscillator working at 400-1,000 cycles per second is 
frequently used. The detector D will then be not a galvanometer but a 
telephone receiver. When minimum sound is heard, the probe wiU be at a 
point whose potential is given by the ratio of the values of Pi and P 2 . 

If the electron optical system has no simple symmetry, then complete 
eoale models of the electrodes must be made and totally immersed in the 
solution, mcddng the exploration of the space between them a matter of 
some diffieultyr Most lenses, however, possess some degree synunetry 
and can be c^iSded by a plane through the axis into two symmetricid 
portioits; across this plane there will thus be no current fiow when the 
iQhrtm is (A^uged, or, in other words, the equipotentials must be perpen- 
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dicular to the plane of symmetry. The same condition holds at any 
insulating surface, such as the base of the tank or the surface of the liquid 
(since the conductivity of the air above it is negligible). It is, therefore, 
justifiable to make a model of half the electrode system only, divided 
longitudinally by a plane pp' through the axis (Fig. 17). The model is 
placed with this plane in the surface of the solution, and the potential 
distribution in it then investigated by exploring it with the probe, which 
just makes contact with the surface. When, as in most cases, the lens has 
full rotational symmetry there are an infinite number of equivalent planes 
that could be chosen to bisect the system. It is then enough to take as 
model not one-half of the original, but only a wedge-shaped segment S 
formed by two intersecting planes embracing a few degrees of angle (see 



Fio. 17. CrosS'SOotion of modol of cylindrical cloctrodo. 

Fig. 17). Both sides of the wedge must be enclosed by insulating barriers, 
of course, and this is achieved by using a tank with a sloping bottom of 
glass on which the model segment rests, its other edge being in the surface 
of the solution ; the thin end of the wedge A, corresponding to the axis of 
the original system, must then coincide with the line of junction of the 
liquid surface with the trough bottom. Since the angle 6 of the wedge can 
be made small, and the form of the field near to the electrode surface is 
usually not required, the curvature of the latter is often neglected and 
flat strips of metal (bent, if need be, to or from the axis when the electrodes 
are not of constant radii) are taken, as indicated by the dotted line in 
Fig. 17. The preparation of models and the trial of various forms is by this 
means greatly simpHfied. The method is valuable for obtaining a general 
pict^ of the field in the plane of symmetry. On account of surface 
tension effects, however, it does not give a reliable indication of the field 
near the axis, which is of first importance for the plotting of electrmi 
trajectories. 

For accurate investigation, complete half-sections of the electrodes 
must be employed. If an extensive exploration of the field is required, it 
18 then convenient to set the ratio of the resistances and R, at some 
ample value, such as 1 : 9, and to trace with the probe across the surface 
ot toe hquid the path for which zero deflexion (or sound) is recorded by the 
detector ; this path will be the corresponding equipotential of the Arid, in 
t^ caM at 10 per cent, of the potential difference between the electrodes. 
11 toe first were at 600 V. and the second at 3,000 V., the 10 per cmt.' 

correspond to a voltage of 600-|-(l/10 x 2,600), 

* The ratm of to iZg can then be adjusted to correspond to further 
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equipotentialfi at any desired intervak, according to the degree of accuracy 
requi]^. In order to plot the shape of the lines directly, the probe P is 
often fixed to one end of a pantograph linkage with a pencil or stile Z at 
the other end, as shown in Fig. 16 ; as each equipotential is traced out in 
the surface, the corresponding plot is made on the drawing-paper. In 
t.Viia way the field distribution is rapidly obtained, in the form shown in 
Fig. 18. This method is preferable to fixing uniform steps of subdivision 
in hundreds or thousands of volts, since the shape of the field is deter- 
mined by the shape of the electrodes and will not change if the voltages 
are altered. A general plot in terms of percentages of the potential differ- 
ence allows the designer to use it for any other voltage ratio as required. 



50% 

FiO. 18. Potential distribution in the symmetrical two -cylinder lens. 


It will be seen , that the field, in this case of two identical electrodes, 
is entirely symmetrical about the median plane. Rotation of the dia- 
gram about the axis will give the complete distribution of the field in 
space. The potential gradient is clearly greatest near the middle of the 
lens, where the lines are closest together; the 97*6 per cent, equipotential 
is roughly twice as far from the median plane as the 90 per cent. line. If a 
closer investigation of any part of the field is necessary, then thin metal 
sheets bent to the appropriate shape can be inserted in place of any two 
equipotentiak, and the corresponding potentiak applied to them. They 
can be made as large as the trough will allow, and hence a large-scale 
plot of the field in any part of the lens can be readily conducted. 

Frequently it k student to know the axial variation of the field, and 
not the complete map in a plane of symmetry. It k then only necessary 
to find the ratio of the resktances needed to balance the circuit for suc- 
cessive positions of the probe along the axk, the intervak depending on 
the accuracy required. Alternatively a voltmeter can be used to give 
direct readings. As it draws no current a cathode-ray tube of known 
^ deflexion sensitivity k to be preferred for thk purpose, one pair of defleot- 
j]tg plates bei^ connected between the probe and one of the electrodes: 
A oun^ suck as that shown in Fig. 19 k obtained for the simple two- 
ISDS, fix»m which the first derivative F' of the axial potenUal can 
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be at onoe measured (dotted line). For many methods of finding trajeo- 
tories it is also necessary to know the second derivative V"y but graphical 
evaluation from the ^t derivative is not sufficiently accurate. If, how- 
ever, a plot of the equipotentials in the neighbourhood of the axis is made 
and their radius (p) measured directly, assuming them to be circular in 
this plane, then it can be deduced from Laplace’s equation that 

p = 2F7F", 

allowing the second derivative to be found with sufficient accuracy. The 
variation of the two derivatives along the axis is shown in Fig. 19. 



Fio. 19. Variation of axial potential, uid of its first and second derivatives 
{V\ V*) in two-cylinder lens. 

15 . Motion of Electrons in a Potential Field 
Theoretically, once the distribution of the field has been found either 
by calculation or in the electrolytic trough, it remains to determine the 
motion of an electron in it from the elementary equations of motion : 

mdhldt^ = —eE^ = edVjdx, 
md^ldt^ = --eEy = edVIdy, 
mdh/dt^ = —eEg = edVjdz. 

Formally it is only necessary to insert values for the potential and elimi- 
nate t in order to find the path of the electron. In the case of plane parallel 
electrodes in crossed electric and magnetic fields (p. 8) it was possible to 
apply this method because of the simple geometrical conditions and the 
uniformity of the fields. In practical oases, however, we usually cannot 
represent the potential distribution by any simple mathematical function, 
and no analytic solution is possible. The trajectory can only be found by 
adopting simplifying approximations or by graphical methods. For rough 
working it is often accurate enough to assume thp lens to be composed of a 
number of lens segments of increasing refractive index, and to plot the 
electron path firom surface to surface using the analogous equation to 
Snell’s law (1.6). At each surface the reftactive index for the electron is 
given by the root of the voltage ratio, Having drawn the normal 

at the point of incidence of the electron and measured fhe angle of inci- 
dence (»), the angle of refraction (r) can be calculated and traced on the 
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diagram, giving the path of the electron (assumed ^rai^ht) to the next 
equipotential surface. Such a plotted trajectory is shown in Fig. 20. The 
accuracy of the method, however, is very low owing to the difficulty of 
exact measurement of the angles with the normal and of exact construc- 
tion of the normals themselves. The errors are cumulative, and the image 
point nmy be inaccurate by as much as 30 or 40 per cent. It is more 
usual to use either the type of graphical plotting developed in light optical 
practice, or an approximate method of calculation from the axial potential 
and its first and second derivatives. 


Fig. 20. Electron trajectory plotted from refraction at equipotential surfaces. 



16. Trigorumdrical Ray-tracing 

The method long used in light optics for ray-tracing has been adapted 
by Klemperer and Wright to electron optical problems. The lens is 
supposed divided into n sections, bounded by the equipotentials, Vi, 
liv'j Ki* is assumed that the initial direction of the electron is known 
and that the radius of curvature p of the equipotentials at the axis has 
been measured, assuming them to be of spherical shape in this region. 
Consider the first equipotential, of radius pi and centre of curvature 
encountered by an electron starting in a direction making an angle di 
with the axis (Fig. 21) ; let this direction intersect the axis at A and meet 
the equipotential at X, Drop a perpendicular from Ci on to AX to meet 
it at Y. Then (7iZ is a radius of the surface and defines the angle of 
incidence i, which can be evaluated from the simple relations 

sint = OiF/pi, sinSi = C^TKAE+p^), 

or sini = ^^i^sin^i, (II.8) 

Pi 

writing u for the distance of the object point from the refracting surface, 
as in optics. 

The direction of the refracted ray is given by Snell's law: 

Aisini = ^Tjsinr, 

wbae Ni and aie the refiractive indioee on the two sides of the eqtd* 
pwtawiiaid- LetiUliB diieotkm XZ be {nmluoed backwards to out the a^ at 
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B, giving the image point and the image distance v. By geometry we then 


have 


r = 


whence the direction 9^ of the refracted ray with respect to the axis can 
be found ; for this a similar expression to II.8 obviously exists: 


v^+Pi _ sinr 
Pi sin ^2* 


The image distance v can thus be calculated, and all the data necessary 
are now available for repeating the process at the next equipotential 
surface. 



Fiq. 21. Trigonometrical ray-tracing at spherical equipotentials. 


In this way it is possible to follow the path of an electron through a 
field that has been mapped in equipotentials in the electrolytic trough. It 
is convenient for calculation, however, to divide the field by surfaces of 
equal refractive power and not by regular steps of 5 or 10 per cent, of the 
total potential difference — 1^. That is to say, the ratio of the root of 
the voltages at each step should be constant, since (by 1.6) the refractive 
index depends on this ratio. The field is therefore divided by a number 
(w) of equipotentials, depending on the degree of accuracy required, so that 

m, = V(K/Ti) = = WJK). 

The procedure becomes more laborious as n is increased, and it is usually 
accurate enough to take n = 20. The position of these equipotentials can 
be readily found from the data obtained with the electrolytic trough by 
plotting log V against 2 , the axial coordinate, and dividing off log V into 
n equal steps. 

For paraxial rays, for which the assumption of a spherical form for the 
equipotentials is allowable, the trigonometricid method gives an accux^cy 
of a few per cent, when compared with the results of direct experiment on 
the paths of electron beams in the same field. The chief source of ertor is 
in determining, with templates, the radii of curvature of the equipotentials 
obtained by the electrolytic trough method. With less accuracy the same 
procedure can be used to trace rays farther removed from the axis, in 
order to invest^te the spherical aberration of a lens (cf. section 89).. 
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17. Bay^tracing by Other Methods: Autornaiic Tracing 

A number of methods have been devised for finding electron trajectories 
from the difiPerential equations of motion by introducing simplifying 
approximations. When the distribution can be analytically derived but 
direct integration turns out to be impossible, as in the case of the treat- 
ment of the two-tube lens (section 12 (d) above), then graphical methods 
can be used. Conversely, the axial distribution of the field, experimentally 
found, can sometimes be roughly represented by a function which allows 
of integration. A more general method of approach has been to assume 
the path of the electron in the plane of investigation to consist of arcs of 
circular, or parabolic, shape so that calculation of the steps in refraction 
are simplified. Alternatively, the curve for the axial distribution of 
potential, and its derivatives, can be broken up into short segments of 
simple shape so that a step-by-step solution of the differential equation 
of the rayris practicable. An example of this latter procedure wiU be given 
in the next section. 

SfiJinger’s method is typical of the former approach : it assumes the path 
of the electron to be comprised of arcs of circles of varying radius, the 
radius remaining constant between any two consecutive equipotentials 
assigned to the field. If in this region the component of the potential 
gradient normal to the path is then the local radius of curvature R 
must be given by 

eEn = mv^lR; 

and if F is the local potential with respect to the origin of the electron, we 
also have eV = Jwv*. Hence R is given by 

R = 2VIE^, (II.9) 

A path segment of this radius is now drawn between the two equipotentials 
considered, being joined tangentially to the preceding segment, and the 
procedure is repeated from equipotential to equipotential through the 
whole field. This graphical method allows of rapid plotting of approximate 
trajectories, but is open to errors (which will be Qumulative) in the junction 
of successive segments. For greater accuracy the whole process may be 
canned out numerically, but then becomes very laborious. 

The chief interest of the method lies in its utilization as the basis of 
a machine for automatic tracing of trajectories, in conjunction with an 
dectrolytio trough. In principle the proc^ure is to steer a trolley carrying 
the scribe X (Fig .16) in such a way that its path is always of ra^us 
R 2VIE^t whilst it is moved forwazd in correspondence with the motion 
of the probe in the electrolytic tank. Ifthis control can be smoothly main- 
tained, the scribe will trace out the path of an electron in the given field. 

As first described by Gabor, the scribe 8 was linked to thb^probe by 
a panfr^graplv^tsmework (Fig. 22). In order to measure the potential 
gtadinoit nm^mal to the path, two auxiliary probes and Pgare arranged , 
eqaidistaat on side of the usual probe F; they are kept alined 
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parallel with the edge of the trolly T by the parallel link system shown. 
The central probe measures the lo<^ potential F, and the two outer probes 
measure the potentkl difference, and hence the gradient, normal to the 
electron path. The trolly is carried on twO fixed wheels Wi and on a 
common axis, and a third wheel on a movable axle. When in operation 
the wheels will be moving always parallel to the tangents to the instan- 
taneous path, which has some point C as its centre of curvature. C may 
be found by producing the axis WiW^to intersect the bisector of the angle 
between the plane of the wheel and the line joining 8 and FJ. If the 



Fio. 22. Automatic ray-tracing machine (Gabor). 


angle between the two axles of the trolly is then 2a, it follows that 
B = )SW^cota. If, therefore, the steering angle can be correctly related 
to the potential conditions, the path traced by 8 will have the radius of 
the trajectory ; this will be so, from II.9, if 

2VIE^ = 8W^oota. (II.IO) 

The necessary control of the steering is achieved by applying both V and 
E^toa, special bridge which shows a balance when II.IO is satisfied. The 
arm of this so-called ‘tangent bridge’ is connected by differential gearing 
to the wheel so that it is steered automatically as balance is maintained. 
The experimental procedure is to assume a direction for the incident 
electron and to start the probe moving into the field in tbe sur&oe of the 
tank in this direction, the line PjPj kept normal to it ; for instance, 
the path may initially be parallel to the axis. As soon as the field becomes 
measurable a normal gradient E^ will be detected, depending in amount 
on the curvature of the equipotentials. The bridge is adjusted to balance 
and the trolly and scribe correspondingly steered along the electron 
trajectory ; and so on through the entire extent of the field. 

Langmuir has devised a fully automatic version of this tradng 
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in which th^ trolly is driiren by two synoh^nous motors mounted on it. 
One motor drives tiie nxed wli^ls, moving the trolly forward ; the other 
drives a pin P that controls the steering angle of the third wheel (or bogie, 
as it is here) by varying the distance X (see Fig. 23). The motors are con- 
trolled by special potentiometer circuits actuated by the potential difier- 
enoes of the probes. Accuracy of the order of 1 per cent, is claimed, the 
chief error being in the determination of the gradient, E^. 



Fio. 23. Motor-driven ray tracer (Langmuir). 


18. Deduction of Trajectories from Axial Potential Distribution 
It will be understood from previous discussion that the focusing action « 
of 4n electrostatic lens is determined by the potential gradient in the space 
between the axis and the bounciing conducting surfaces ; at any point this 
gracfient will ustially have components both parallel and normal to the 
axis. The shape of the bounding surfaces and the potential differences 
applied between them will determine the variation in the gradient from 
point to point, in much the same way as, in the analogous gravitational 
case, the rate of fall of a river and the general shape of its valley is related 
to the height and shape of mountain chains on each side. It should there- 
fore be posrible to calculate the field distribution around the axis from a 
knowledge of the symmetry conditions and the axial potential distribu- 
fion ; kxmwledge of the boundary conditions klone is, as a rule, ffisuffictont 
for wa exact sqliittion, as idready explamed. Several attempts have been 
meAs to obtain trajectories by this method, but exact solutions are only 
posstMe when some tractable i^otkm cw be fitted to the experimentally 
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determined axial distribution. In general, more or Jess drastic approxima- 
tions have to be made according to the accuracy desired ; usually the field, 
and therefore also the path of the electron, is considered as divided into a 
number of sections, as in the previous methods described. The variant 
given below has been in. use in this laboratory for some time; it was 
developed by Dr. R. Sas Kulczycki, to whom the author is indebted for 
permission to include this unpublished work. It has the advantage of 
simplicity and speed in computation as compared with other methods.f 
It is first necessary to obtain an expression for the field at any point off 
the axis in terms of the axial potential distribution and its derivatives. 
By neglecting higher derivatives than the second, and using approximate 
methods to find the first two, it is then possible to calculate the path 
through the lens of an electron entering in any given direction. 

We start with an expression for the potential at any point (r, z) : 

2‘n 

^r,.) = ^ J Bin a) da, (11.11) 

0 


which is a solution of Laplace’s equation. That this is so may be shown 
by writing z = (^o+a), expanding the function /(z+iVsina) as a power 
series, and finding the divergence of the gradient for the nth term : 


a being set equal to zero. 
Then integration gives 


V*(a-ftVsina)" = 

= n(tV)"-2^(cosasin”“^a), 
doL 


n(ir)^-^ 

277 


2ir 

J d(cosasm”"^a) = 0, and therefore 


Laplace’s condition is satisfied by the sum of all the terms, that is, by 
equationII.il. 

We now expand the function/(z+*rsma) as a Taylor series: 

/(z+irBina) = fiz)+irBmaf'(z) + 


n\ 


which on integration term by term gives 

2ir 

sincd all the odd terms are zero. As before, primes indicate derivatives 
with respect to 2. We thus have the potential at any point (r, z) in terms 
of the axial distribution and its dmvatives: 





{n.i2) 


t A Bifioilar method has recently been described by Qoddaid, in which, however, 
tune-derivatives instead of z-derivatives are employed (cf. section 34 ' 
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The racial eleotrio field is at onoe found by differentiation with respect to r : 


When r is small, that is, when dealing with paraxial rays, only the first 
term need be considered for all practical purposes, so that 

(n.l3) 

The radial force on the electron is then 


mr = 

and the radial acceleration 

f = —^erVlglm. 
But 


(n.i4) 


= d^rldfi = —£(—^\= 

‘ dtdz\dzdt} \dz*^dzdz)’ 


whilst from energy considerations the axial velocity z is given by equa- 
tion 1.5: 


whence 


M _ TT s At « t 

m m dz 


(11.15) 


Combining 11.14 and 11.15 we get an equation containing only r and 
Pfle and their derivatives with respect to z: 

4Fa.f"-f 2Fo,r'+Fir = 0, (11.16) 

which is frequently referred to as the ‘ray equation’. In theory the 
radial distance of the electron corresponding to any axial position z can 
then be found by integration: 

In practice, solution is attempted either by graphical integration and the 
use of methods of successive approximation, or by finding some integrable 
function that fits the axial potential distribution (usually of the form 
e”^/«*). We prefer to use an arithmetical step-by-step method of solution, 
afteif fi nding the axial potential distribution in the electrolytic trough; 
in the two-cylinder lens the distribution will be of the form shown in 
Kg. 19. The values of being thus .known at intervals Aa; along the axis 
(uau^y 1 cm.), its derivatives F’ and V are then found from the first 
and second differences of this series of values, using expressions given by 
the calculus of finite differences; omitring the subscript. Oz the complete 
expresrions are: 


r ^ 1«.2« »AF3+W4 

2A« t\ 2A« ‘5! 2As 

_ 2 2 *AFa^2.2* «AFs 

^ 2! As* 4! ei As* 


(n.l7) 

(n.i8) 
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only the first term of each actually being employed. Here ATJ, ATJ, ATJ,... 
are the successive first differences in axial potentials (TJ— Ta*— )> 
and ®APi, ^ATJ,.-.. are the successive second differences (AT^— Al^, APJ— AIJ, 
...etc.), and so on for ®AI^ *A1^ etc. The initial direction of an electron 
entering the lens being given, Ti and are known, and r'" can then be 
found from 11.16. For finding the values r 2 and at the end of the interval 
we have expressions corresponding to those for F' and V: 


/ _ Ari+Arg _ 2Arj-f^i, 

® 2A2 2A2; * 


t [ = 2Ari/(A:)2; 


giving fa = fi+KAg+JrKA^)*, (11.19) 

and fa = K+rJAz. (11,20) 


These values of and are then the commencing point for carrying out 
the same procedure in the next interval A 2 . In this way the variation in r 
from segment to segment of the path can be calculated through the whole 
field ; the greater the number of segments, that is, the smaller the interval 
A 2 , the greater the accuracy of the result. When this is expressed in 
graphical form, a trajectory such as that shown in Fig. 31 is obtained. 

For ease of working it is convenient to draw up the experimental data 
in tabular form and enter the values of F', V% r, r', and r'" as evaluated. 
An example is given in Table I, where values of the potential are given at 
intervals of 0*2 cm. along the axis of a two-cylinder lens of radius 1*0 cm. 
and length 3*0 cm. per cylinder, the voltages applied being 100 V. and 
600 V. respectively. An electron is supposed to enter the low-voltage side 
parallel to the axis and at a distance of 0*08 cm. from it ; that is, r = 0*08 
cm. and r' = 0*0, as shown by the initial entries in columns 7 and 8. Then 
equation 11.16 gives the value of r'" (column 9), and equations 11.19 and 
n.20 pve r and r' at the end of the segment, and so on. The values for r 
obtained in column 7 of the table are plotted against z in Fig. 31, and 
the trajectory produced to find the^ image point ; this proves to be at 
2 = 4-98 cm. The trigonometrical method of Klemperer and Wright gives 
the image point at 2 = 6-2 cm. The image actually found by Klemperer by 
direct experiment with such an arrangement was at 4*4 cm. The student 
will find it a valuable exercise to work out the path of an electron entering 
from the high-voltage side parallel to the axis and 0*08 cm. from it, as 
before, and then to plot both trajectories on the same graph. It will be 
found in this case that the image point occurs at 6*07 cm. ; Klemperer 
found it at 6*2 cm. by experiment and at 6*7 cm. by the trigonometrical 
method of calculation. Experimentally the image distance for an acceler- 
ating ratio is always found to be smaller than for the cdresponding 
decelerating 0 ^. The method of approximate calculation just described 
indicates that this should be so, whereas the method of l^mperer and 
.Wright gives a result in the converse sense (6*2 and 6*7 tn the present 
example). Mention will be made in a later section of 1/he, use of the two 
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methods in oaloolating the spherical aberration of subh lens systems by 
tracing the paths of rays starting at various radial distances ; the dis- 
tribution of potential away from, as well as on, the axis must then be 
measured or calculated (of. equation 11.12). 

Table I 


0<mput4ition of Electron Trajectory in Ttuo-Cylinder Lens for an Incident 
Beam parallel to the Axis at a distance of 0-08R, where R is the radius of the 
cylinders; = 100 F., Fg = 500 F., A^/i? = 0-20. 


z/R 

V { volts ) 

^V 

»AF 

V ' 


r/R 

r ' 


100 

1060 





0-0800 

0-0000 

0-0000 

MO 

106>3 

0-3 

0-6 

3-0 

16-0 

0-0800 

0-0000 

-0-0029e 

1-30 

106-2 

0-9 

2-6 

10-8 

62-5 

0-0799 

-0-0006 

-0-0123* 

1-50 

109-6 

3-4 

3-8 

26-6 

95-0 

0-0796 

-0-0031 

-0-0177o 

1-70 

116-8 

7-2 

4-4 

47-0 

110-0 

0-0786 

-0-0066 

-OOI8O0 

1-90 

128-4 

11-6 

4-4 

69-0 

110-0 

0-0769 

-0-0102 

-0-0143* 

210 

144-4 

16-0 

6-4 

96-0 

160-0 

0-0746 

-0-0132 

-00177o 

2-30 

166-8 

22-4 

7-3 

130-0 

182-5 

0-0716 

-0-0167 

-0-0134, 

2-50 

196-6 

29-7 

7-3 

167-0 

182-6 

0-0680 

-0-0194 

-0-0077* 

2*70 

233-6 

37-0 

7-0 

203-0 

176-0 

0-0640 

-0-0210 

-0-0029, 

2-90 

277-6 

44-0 

1-0 

223-0 

25-0 

0-0697 

-0-0216 

+0-0074, 

, 310 

322-5 

45-0 

-1-0 

223-0 

-260 

0-0666 

-0-0201 

0-0081, 

3-30 

366-5 

44-0 

-6-6 

206-0 

-137-6 

0-0617 

-0-0184 

0-0101, 

3-60 

406-0 

38-5 

-6-0 

178-0 

-160-0 

0-0482 

-0-0164 

0-0081, 

3-70 

437-6 

32-5 

-120 

133-0 

-300-0 

0-0461 

-0-0148 

0-0100, 

3*90< 

458-6 

20-5 

-6-9 

85-3 

-172-6 

0-0423 

-00128 

0-0062, 

410 

471-6 

13-6 

-3-8 

68-6 

-96-0 

0-0399 

-0-0117 

0-0027, 

4-30 

481-4 

9-8 

-2-9 

41-8 

-72-6 

0-0376 

-0-0112 

0-0019, 

4-50 

488-3 

6-9 

-2-6 

28-0 

-66-0 

0-0364 

-0-0108 

0-0016, 

4-70 

492-6 

4-3 

-2-6 

15-3 

-62-6 

0-0333 

-0-0106 

0-0012, 

4-90 

494-4 

1-8 

-0-9 

6-8 

-22-6 

0-0312 

-00102 

0-0004, 

^ 510 

496-3 

0-9 

•• 1 

•• 

•• 

0-0292 

-0-0101 

•• 


Then, mid-focal length MF ^ = ~ 


19 . Direct Determination of Trajectories mth a Gravitational 

Mod^ 

It Ipijas abieady been indicated that there is an analogy between the 
motion of a charged particle in a plane electrostatic field and that of a 
material body under gravitational forces. This analogy is exact, and the 
same methods can be used in both cases for determining field distributions 
and trajectories. Difierenoe in height corresponds to potential difference, 
and mass to charge ; the scale of the two systems is very different, but in 
principle there is complete correspondence. In a gravitational field {in 
vacuo) all particles of whatever mass have the same trajectory. It will be 
seen that equation 11.16, for the path of the electron in electtostatic 
^fiekl, does not contain either e, its charge, or m, its mass. As was to be 
Expected) there&ze, all charged particles will follow the same path in 
mek fields whatever their vahle of e/m. 
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It follows that reference to a gravitational model of any electrostatic 
field will give direct insight into its deflecting properties ; it is easy to 
visualize the path of a particle down a material slope, and also experi- 
mental tests of trajectories can be made directly. Working on any con- 
venient geometrical scale from the electrode system, it is only necessary 
to ensure that the height of the model at any point is proportional to the 
potential of the corresponding point in the electrostatic field. The model 
may be built up from sheets of cardboard cut to the correct shape of the 
equipotentials, the thickness of a sheet corresponding to the potential 
interval. Alternatively, continuous slopes can be cast in plaster of Paris 
or a low-melting alloy. A photograph of a gravitational model of this type 
is shown in Plate I. 

A much simpler and more adaptable procedure, when the field is two- 
dimensional, is to use a stretched rubber membrane to form the slope 
between points or surfaces at different gravitional potentials, as Kleynen 
first demonstrated. The paths taken by metal balls released from appro- 
priate points can be observed or photographed, and the focusing pro- 
perties of the system investigated directly. It is then an easy matter to 
vary the potentials, or even the shape, of the different electrodes and 
observe the effect on a trajectory. 

The conditions which must be satisfied if the rubber model is to give a 
true reproduction of the motion of electrons in the parent electrostatic 
field have been thoroughly discussed by Zworykin and Raj chmann. They 
are : (a) that the slope of the surface must everywhere be small, and (6) 
that the tension of the rubber must be uniform over the whole surface. 
In addition, the radius of the rolling ball should be small compared with 
the radius of curvature of the surface, and its coefficient of friction with 
the surface should be as small as possible. It is convenient to reverse all 
potential differences, since the electron is a negative particle, and to make 
the height of any point in the model proportional to its negative potential. 

Stout surgical rubber is used for the surface, about 1 mm. thick, stretched 
with tapes on a metal hoop, or pulled over and pinned to a square wooden 
frame (Plate II). Observation is assisted, and the uniformity of stretch 
readily tested, if squares are marked out on the surface in blue pencil 
before mounting it. When recording the trajectories photographically, 
contrast ia improved by using black rubber. The electrode models are 
shaped firom lead, or light-gauge aluminium, to the form of a longitudinal 
section of the lens system. The model of the Uens ' of Fig. 12 will therefore 
consist of two identical pairs of parallel plates, but necessarily of finite 
length ; for accurate reproduction of the field the length ehould be large 
compared with their separation. Each pair is mounted firmly on a base 
plate and raised beneath the rubber surface to a height proportional to 
the negative potential applied to the original electrode, according to the 
scale adopted in the investigation. The longitudinal gap i^tween 
the two pairs will likewise be equal to the separation of the two sets of 
plates in the original. More usually the dimensions of the model will be 
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Beveial times those of the electrode system, to scale, in order to allow of 
more detailed investigation; the rubber model can readily be made 
2-3 ft, each way. 

For convenience of working, the models of the electrodes are first dis- 
posed at the appropriate heights on a level surface, such as a stout sheet of 
glass, and the rubber surface then pressed down upon them. To ensure 
close contact of the rubber with the edges of the model at all points it is 
frequently necessary to employ counterparts pressing down from above, 
especially on the more positive lower electrodes, or suction tubes. The 
surface then takes the shape corresponding to the potential distribution 
between the real electrodes, the slope at any point being proportional 
to the field strength, and the force exerted by an electrode on the rubber 



Fio. 24. Trajectories of ball-becu’ings (= electrons) in rubber model 
of plane 3 -electrode system (after Kleynen). (Original is photograph 
obtained with intermittent illumination.) 

being proportional to the capacity of that electrode. If a steel ball is now 
released at the highest end of the system, or projected into it from a chute, 
on or near the axis, its trajectory over the surface can be observed ; care 
has to be exercised that it is not given an unintentional initial velocity 
transverse to the axis, as this would produce considerable error in the 
path. 

It is often sufficient to note only the point at which the particle crosses 
the axis in the lower half of the ‘lens’, and to mark this ‘image point* on 
the surface for several initial directions of projection ; the approximate 
focal length and total aberration of the system is thus obtained. If a 
stu^ of the whole path is required, the surface is illuminated from above 
with lamps lit from the 60-cycle mains. When a camera is exposed over 
the surface during the motion of the steel ball across it, its path wiU be 
recorded as a series of dashes of light produced by the reflection from it 
of the intermittent illumination. The separation of these dashes will 
increase with the speed of the ball, so that the photograph gives useful 
information as to its velocity in different parts of the lens, as well as the 
complete path (Fig. 24). Steel ball-bearings of 4 or 6 mm. diameter are of 
suitable size for this purpose. , 

The accuracy of such a gravitational investigation is naturally lessiihan 
that of the best numerical methods of ray-tiding, but it gives the main 
properties of any system direOtly and with little labour. Its main advan- 
tage is the speed with which the variation of potent and electrode form 




h. General view, showing arrangements for photography 
of tracks. The ‘anode’ bar is also visible. 

Plate II. RUBBER MODEL OF POTENTIAL FIELD IN A (PLANAR) PENTODE. 
{The MuUard Radio Valve Co. Ltd.) 
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in complicated systems can be investigated. As an instance, Zworykin and 
Bajchmann used it to find the form of electrode required in a multi-stage 
secondary emission electron multiplier in order to bring all the electrons 
from each surface on to the next, under the infiuenoe of electrostatic 
fields alone. The final arrangement is described later, and shown in Fig. 
100; it will be appreciated that the mathematical solution of such a 
problem would have been impossible, even by approximate methods. 

The rubber model, therefore, offers a most fiexible and rapid means of 
investigating electron trajectories. For many purposes it will give suffi- 
ciently accurate results even if no great care is taken to ensure uniform 
stretching of the surface, and if the slopes are made as steep as 30® to 40®, 
in order to increase the speed of the steel ball. 
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CHAPTER III 
ELECTROSTATIC FOCUSING 
20. Types of Lenses 

I N principle, any arrangement of electrodes will function as an electron 
lens if they produce regular curvature of the equipotential surfaces. The 
arrangement of two identical coaxial cylinders separated by a small gap, 
which has been discussed above, is the simplest t 3 rpe of focusing system. 
Many v^iriations of the two-cylinder form are possible, and other types 
have also been devised. They differ primarily in the general form of the 
equipotential map, which is essentially determined by the geometry of the 
electrodes. They are therefore usefully classified as follows : 

(a) Tv)o-cylinder Lenses, Some of the possible forms are shown in 
Fig. 26. The cylinders may be of different diameters, may be fitted with 
diaphragms pierced by apertures of various sizes, and may interpenetrate 
each other. The equipotentials are symmetrical in appearance only, and 
not quantitatively. It is this type which is most used in the focusing 
systems of cathode-ray oscilloscopes. The optical analogue is the meniscus 
lens. 

(6) Aperture Lenses are distinguished by the existence of uniform fields 
on either side of an aperture, within which a transitional region is pro- 
duced. When the electron approaches from the side of lower field strength 
the action is converging ; and, vice versa, it is diverging when the electron 
moves in the opposite sense. The latter arrangement is the only system 
that, over all, has a diverging effect on an electron beam ; its power, how- 
ever, is very limited. These forms, and the shape of the equipotentials 
near the aperture, are shown in Fig. 37 ; they are sometimes referred to as 
* pinhole’ lenses, and are usually employed in conjunction with one of the 
other types of lens. 

(c) Symmetrical^ or * Univoltage \ Lenses, This type is a development of 
the two-cylinder system, a third cylinder being introduced between two 
identical cylinders, which may be longer or shorter than the middle one 
(Fig. 26). As shown, the cylinders are sometimes reduced to simple 
apertures. The central element may be at higher or lower potential than 
the outer two, which are maintain^ at the same potential. If this com- 
mon potential is zero (earth) and the central element is connected to the 
cathode of the system, then only a single (negative) voltage need be applied, 
and the arrangement is known as a ‘univoltage’ or ‘einzel’ lens; or, of 
course, the cathode and central element may be earthed, and the other 
two electrodes kept at high positive potential. The equipotentials are 
entirely symme^cal about the mid-plane of the system, and hence it is 
sometimes also known as the ‘symmetrical’ lens; the refractive indices 
on the two sides of the lens are iden#oal. The optical equivcdent is a 
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oombination of two concave with a convex lens, or vice versa, depending 
on whether the central element is at lower or higher potential than the 
other two ; in either case the total effect is convergent. Its most important 
application is in the electron microscope. 


M 

I 



Fig. 25. T 3rpea of two-cylinder lens. 



Fig. 26. Types of symmetrical lens. 



Fig. 27. Types of immersion lens. 


(d) Immemon Lenses, Properly speaking, an immersion lens is formed by 
any system in which object and image are in regions of different rehraotive 
index, and in this sense both the two-cylinder lens and the aperture lens are 
of the immersion type. In general usage, however, the term is applied 
to arrangements of three electrodes at different potentials, one of which is 
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the source of electrons, the cathode. One of the electrodes must be 
at higher potential (anode, A), and the other at intermediate or lower 
potential (grid, (?), than the cathode G. The ‘ object ’ is thus well immersed 
in the focusing held of the 'electron gun’, as it is often called (Fig. 27). 
Optically it is equivalent to a meniscus lens ; but its power may be so great 
that the rays cross over within the lens field itself. It constitutes the usual 
source of electrons in the cathode-ray tube and many other devices. In 
a special form the grid may be joined to the cathode, giving effectively a 
two-cylinder system, as with the early Wehnelt cylinder and in Zworykin’s 
image converter. 


21 . Cardinal Points 

In considering the imaging of objects by a lens of whatever type, it is 
inconvenient to have to trace the ray-paths from a particular position of 
the object in order to find the resulting position and size of the image. 
As in light optics, a set of six points may be defined from a knowledge of 
which it is immediately possible to calculate the solution to such a prob- 
lem. These are the cardinal points of the lens system, being the two focal 
points, the two principal points, and the two nodal points. When they 
have been found, either by tracing representative rays by the methods 
given in Chapter II or by direct experiment, the position and size of the 
image may be deduced for any position and size of the object, no matter 
what the number of the components of the lens system or the complexity 
of the refracting field. The procedure, however, is only exact for paraxial 
rays: that is, for conditions in which the formative rays are inclined at a 
small angle Q to the axis. In such circumstances the higher terms in the 
expression for the sine of the angle 

may be neglected and the angle equated to its sine. A powerful method is 
then available for describing the characteristics of lens systems. In this 
approximate form the treatment is usuaUy called Gaussian optics, after 
its origmator, or alternatively the ‘first-order theory’, in contradistinction 
to a more rigorous -third-order theory’ which attempts to include the 
second term of the sine series. The nature of the cardinal points wiU be 
briefly recapitulated here and the formulae expressing their interrelation- 
ship stated ; the derivation of the latter will be found in any standard 
work on optics. The sign convention used will be that of the normal 
Cartesian system: distances measured to the right from any reference 
pdnt or plane will be positive and to the left negative. As in glaE^ optical 
practice, a converge lens will be positive in power and a diverging lens 
negative. 

^ SVippose some lens system to be located on the axis z and to possess 
rotational symmetry about it (Fig. 28); it is usual to spedfy its position 
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by its geometrioal mid-plane M, or some such convenient plane of refer- 
ence. The exact form of the lens or of its components is immaterial, but 
for simplicity it may be assumed to be convergent. Now suppose a ray 
AB, parallel to the axis, to enter the lens from the left. It will be refracted 
and emerge in some direction cutting the axis at F^. On being pro- 
duced backwards it will intersect its initial direction in some point P'. 
Then the plane through P' normal to the axis is the principal plane, and 
its point of intersection (Pj) with the axis is the principal point, of the image 
space ; by convention they are styled the second principal plane and point. 
For all rays entering from the same direction the refracting influence of 
the lens may be supposed to be concentrated in this plane. In the flrst- 



Fio. 28. Principal points of a lens. 


order theory, or, in other words, in the absence of aberration, all ray6 
parallel to AB will cut the axis in the point Pg after refraction. This is the 
focal point, and the plane through it normal to the axis is the focal plane, 
of the image space. Alternatively we may say that the image will lie in this 
plane when the object is infinitely distant from the lens. 

By considering a second ray CD entering parallel to the axis from the 
other side of the lens we define the focal point (P^) and focal plane, and the 
principal point (P^) and plane of the object space. Let these two rays 
intersect on the one side of the lens at O' and on the other side at F ; drop 
perpendiculars O'O and FI respectively on to the axis. Then IF can be 
considered to be the image of an extended object situated at 00'. The 
graphical construction of an image of a given object, given the position 
of the principal planes and focal points, should now be clear. The ray from 
0' parallel to the axis will leave the second principal plane at the same 
distance from the axis as that at which it intersects the first, passing then 
through the second focal point. The ray from 0' through the first focal 
point will proceed parallel to the axis from the point at which it intersects 
the first principal plane. The intersection of these two rays gives the 
image point F corresponding to O'. Any other ray O'F will intersect the 
principal planes according to the same general rule : it will out the second 
principal plane at the same distance from the axis as that at which it met 
the first principal plane. In other words, these are planes of unit lateral 
mi^gnification, and this constitutes their simplest definition. 

The distance FiPi is known -as the first focal length and F^Pt as the 
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Beoond focal length. Then if F^O = p and F^I = q, we have for the 
lateral magnification 

y, OO'-p-f,’ 

whence = pq, (in.2) 


Fig. 29. Angular magnification and equivalent thin lens of a lens system. 



as was originally shown by Newton. Measuring the object and image 
distances, u and v, from the principal planes we also have 


= 1 . 

u V 


(ni.3) 


Either of these relations allows us to calculate the position of the image, 
in preference to its graphical location. It is also of value to define a 
quantity named the angular magnification, in terms of the angles 6i and 
made with the axis at the object and image respectively by any ray passing 
from 0 to / (see Fig. 29) : 


(ni.4) 


Bi V /, q' 

It may be shown that the angular and the lateral magnification are inter- 
related, as expressed in Lagrange’s law: 


= . (in.6) 

where is the refractive index of the object space and that of the image 
spade; in electron optics they are usually not the same, ^ing proportional 
to the square root of the respective potentials ( Fj, V^) in the two spaces. It 
follows, by combining the above expressions, that 


(in.6) 


f, N, Vw’ 

^80 that in a lens of given voltage ratio the measurement of one focal length 
allows of the calculation of the other (cf. p. 66). It follows also, from 
ni.6 and 111.6, that the lateral magnification is given by 

. y, uN, «VW’ 

and depends on tiie root of Ihe voltage ratio applied to the electrodes. 
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For some pui^ses it is convenient to think in terms of the equivalent 
thin lens which would have the same refracting effect as the ‘thick* lens 
under consideration. The position of this equivalent lens is given by the 
plane E (Fig. 29), drawn normal to the axis through the point of inter- 
section of the directions on either side of the lens of any ray passing from 
the axis at 0 to the axis at /. Obviously the position of this lens will vary 
with the position of the object and image, but it always lies between the 
two principal planes. From Fig. 29 it will be seen that 


^ _ OPj _ w 
EI~ IP^ 


(m.7) 



from which the position of the equivalent thin lens may be calculated 
corresponding to any position of the object. 

In many practical applications it is necessary to have a ready indication 
of the position of the focal points with respect to the geometry of the 
electrode system. For this purpose the ‘mid-focal length * is utilized, being 
the distance from the focal point to the mid-plane of the lens (iff, Fig. 28). 
When the distance MF is quoted, it is usually expressed as a multiple of 
the radius of the lens cylinder in which it falls ; it should also be stated 
whether it is obtained with the electron beam accelerated or decelerated by 
the potential ratio applied to the lens. 

It remains to define the nodal points and planes. As the principal planes 
are planes of unit lateral magnification, so the nodal planes are of unit 
angular magnification. An incident ray that is directed towards the first 
nodal point on the axis in Fig. 30) will leave the lens in a direction 
passing through the other (N^), and parallel to the incident ray; the ray 
will emerge in the parallel direction It will be seen that these 
two points now share the property of the single ‘optical centre’ of a thin 
lens. The planes normal to the axis through and are the nodal 
planes. They may be used, instead of one of the focal points, in constructing 
the image as shown. With respect to the position of the corresponding 
focal points, they lie in the same direction as the principal points but the 
separations are interchanged : 

NiFi = P^F^ and (ni,8) 

Therefore the nodal points may be located as soon as the other four car- 
dinal points have been found. Further, just as the angular magnification 
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pi 

is related to the distance of object and image from their respective prin- 
cipal points, it can be seen that the lateral magnification is related to their 
distance from the respective nodal points : 




(m.9) 


Finally it may be mentioned that when the indices of refraction of the 
object and image space are the same, as in most light-optical problems and 
in the case of the univoltage lens of electron optics, we have/i = —/g = /, 
and l/v—l/u 1//, as in a thin lens; also the nodal and principal points 
coincide. 



Fio. 31. Trajectories and cardinal points in a two-cylinder lens (r|> Vi), 


22. Cardinal PoirUs of Electron Lenses 

The position of the cardinal points for any lens, whether in light or 
electronics, may be found by ray-tracing methods. It is only necessary to 
trace the path through the system of two representative rays, incident 
parallel to the axis from opposite directions. These serve to locate the 
two focal points and the two principal points ; the nodal points may then 
be located by the use of expression III.8. Once these have been found it 
is possible to draw directly, or to calculate, the paths of any other rays 
through the lens ; or, rather, to find the emergent direction for any incident 
ray, as the detailed path in the lens is not determinable. 

Ii[we draw in this way the representative trajectories for the simple two- 
cylinder lens we find the positions of the cardinal points to be as shown in 
31. The principal and the nodal points are crossed over with respect 
to the corresponding focal points. This situation follows from the 'menis- 
cus* character of the lens: the ray entering irom the low potential side 
sufFers deviation away from the axis in the second half of the lens, and, 
therefore, must be pt^uced backwards correspondingly farther before it 
interseots its initial direction, to give the position of the second principal 
|dane. Consequently this plane falls in the object space, and -not in the 
image space, as m usual. On the other hand, a ray approaching from the 
hj|^ potenttelllde is first deviated from the axis, and then towards it in 
the laiterpart of its path; it soon huts its initial direolion when produced 
backwards, and tiie first principal plane falls in the object space, in the 
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usual way, but not so near the object as the second plane. It follows that 
the nodal planes are similarly crossed over in the image space. This 
condition is found in all two-cylinder lenses: the principal planes are 
crossed over on the low-voltage side of the lens, and the nodal points are 
crossed over on the high-voltage side. The expressions I1I.2 to III.9 given 
above are unaffected, of course, and may be used as indicated to locate the 
image. 

In discussing the focusing power of such a lens it is useful to consider it 
as composed of two semi-lenses of opposite power. When the voltage ratio 
is greater than unity, the first cylinder has a converging and the second 
a diverging action on the electron beam, the optical analogue being a 
meniscus lens. At first sight it might be thought that the two semi-lenses 
would neutralize each other, since the equipotential plot is symmetrical, 
and it is important to understand why this is not so. The power of any 
lens component depends on the voltage ratio across it, and the potential 
in the mid-plane is = Fi+ Fg), if the overall voltage ratio of the system 
is Fg/Fj. Hence the power of the positive semi-lens depends on the ratio 

Vm Vi+y^ 

K ” 2F, ’ 

and that of the succeeding negative semi-lens on the ratio 

J?L 

VAf~Vi+V,‘ 

Clearly, eis the voltage ratio is increased, the first expression increases 
without limit, whereas the second approaches the value 2. Thus the 
positive component is always stronger than the negative, and the power 
of the whole system increases with the voltage ratio. When the ratio has 
passed the value 10:1, the second component has little further infiuence 
on the focusing power of the lens as a whole. 

23 . Experimental Location of Cardinal Poinla 

However accurate ray-tracing methods may be, it is essential to check 
the information which they yield by direct investigation of the paths of 
electron beams through the given lens system. Experimental work of this 
nature is made difficult by the necessity of maintaining the whole of the 
electron path in high vacuum. Attempts have been made to follow the 
trajectories by using such a pressure in the tube (of the order of 10~‘ to 
IQ-* mm. mercury) that they are rendered visible by the luminous excita- 
tion of gas molecules. Whilst such methods are of value for qualitative 
examination of electron paths in various devices, they are of doubtful 
validity when it is a question of the location of cardinal points. 

Experimental arrangements of some accuracy have been devised, how- 
ever, by Epstein and by Klemperer and Wright, among others. The 
apparatus of the ktter workers will be (tescribed here. It consists essen- 

4014 


n 



50 


ELECTROSTATIC FOCUSING 


[29 

tially of an evacuated glass tube 0 (Fig. 32 a), which contains the electrode 
system to be investigated, an eleetron gun to project parallel beams into it, 
and a ^target* or viewing screen. In order to protect the beams from 
distuibance by external magnetic fields (including that of the earth) the 
apparatus is surrounded, when in use, by an outer tube of a material of 
high permeability, such as Mumetal. The electron gun E is specially 
designed to give a parallel beam of large diameter from the concave surface 
;of a hot cathode C, Smaller pencils of rays are then selected by means of 
a ^pepper-pot’ diaphragm D, shown to a larger scale in Fig. 32 6. The 
sets of holes situated at different distances from the axis may be uncovered 
as desired by manipulating the fiap By connected to a rotatable ground- 
glass joint. Parallel pencils of paraxial, marginal, or intermediate character 
can be produced by this means for investigating the aberration of the lens. 
They pass through the focusing cylinders and and impinge on the 
target T, which consists of a glass plate coated with a fiuorescent screen 
that can hd moved to and fro along the axis by magnetic control. When 
accurate measurements are needed a graticule of wire gauze is embedded 
in the glass plate of the target. This is viewed from the side, through a 
right-angled prism fixed to the glass end-plate that seals the tube, by 
means of a microscope M having a scale in its eyepiece. 

The procedure with each set of rays, and with a given potential ratio 
on the electrodes, is to move the target until the sharpest focal spot F is 
observed in the eyepiece. By careful measurement of the size of the spot 
as the target is moved towards the lens it is then possible to determine 
l&e emergent direction of the rays. These readings are plotted to scale 
oh a longitudinal section of the lens system, and by producing the rays 
backwards through the khs the points of intersection with the incident 
pencils (i.e. the principal planes) are located. The second focal point 
and principal plane being thus determined, the voltage ratio can then be 
reversed and the corresponding points for the image space found, sup- 
posing the geometry of and L 2 to be symmetrical ; otherwise the whole 
lens system would have to be reversed. The position of the nodal points 
can then be oalculatedlErom equation III. 8. 

A number of precautions must be observed if reliable results are to be 
0bt5&ed. In the first place, the gap between the electron gun and the lens 
must be electrostatically shielded, a cage being fitted around it as shown 
in the diagram* (iS). Similarly it is necessary to shield the gap between the 
two elements of the lens, and L^, and this is achieved by fitting a 
'skirt* to the fiirst cylinder. This gap diould in any case be small, and 
preferably less than one-tenth the radius of the cylmders, otherwise the 
potential field within lens departs appreciably from that assumed in 
ray*tracing methods. For the same reason the cylinders must be su^ioiently 
long for the focusing fi^ld not to be influenced by either the pepper-^pot 
dia^urapn or the ta^t. If the lengtii is not appreciably greater than the 
nkfius, pouter equipo^tiab are distorted, and these are most important 
in detennming the abortion of ^ system. It is found that ^ intnr- 
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fetenoe is negligible if the length of each cylinder is made at least three 
times the radius. The chief source of error ties in the great depth of focus 
of paraxial rays, under an accelerating potential ; it is obvious from Fig. 31 
that the emergent ray in this case crosses the axis at a very small angle. 
Consequently the diameter of the spot on the target varies but little over 
an appreciable axial distance, and the position of the focus is difficult to 
determine exactly. For rays entering the lens at a greater radial distance, 
and for all rays in a decelerating system, the agreement between experi- 
ment and ray-tracing is better. In strong lenses, with a high voltage ratio, 
the focal point may lie within one of the lens cylinders, which must be 
kept long for the reason given above. In such a ceuse no attempt may be 
made to follow the beam back into the cylinder with the target, as the 
field would be greatly disturbed in the process. The procedure used is to 
take accurate readings of the divergence of the beam beyond Lg, and then 
to plot thq values to scale and extrapolate to minimum diameter of beam. 

Details of the results obtained with this apparatus will be given in the 
next section, and later in connexion with lens aberrations. It is usually 
sufficient to record the variation of the mid-focal distance only {MF), and 
not of all the cardinal points, for different rays and focusing ratios. 

24. The Two-cylinder Lena 

This type of lens was first devised and investigated by Zworykin and 
his collaborators. The nature of its field and of representative trajectories 
in it have already been indicated. It remains to discuss the focusing 
oharacteristios of the system and their dependence on the geometrical and 
electrical variables. 

A number of attempts have been made to derive theoretically an 
expression for the focal length in terms of the voltage on one or other of 
the electrodes and the potential variation along the axis. Unfortunately 
a simple result can only be obtained by applying approximations that are 
valid only for voltage ratios little greater thau one ; the full expression, 
on the other hand, is unwieldy (see section 26). 

For a given pair of electrodes, of the form shown in Fig. 25, the focal 
leugtfi is found to depend on the voltage ratio applied to them and on their 
radii. If the actual voltages are varied, but the ratio kept the same, the 
focus also remains the same. If the ratio is kept constant for systems of 
different radius, the focal length changes in proportion to the raffius. The 
cardinal positions and the mid-focal distance, therefore, are usually given 
in terms of the tube radius ; so that, for instance, a second focal length of 
2*5JS would correspond to an actual distance of 5 cm. in a lens of 4 cm. 
diameter and to 10 cm. in one of twice the size. 

^ The essential characteristic of any lens is, therefore, the relation 
between the voltage ratio and ^ focal length or mid-focal distance. 
Fig. 38 shows form of curve as the ratio is varied, both when 

tlie deotrons are being accelerated {A) and decelerated (D). The mid- 
focal distance cm the high-voltage side is found always to be less tiian on 
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the low side, and the difference increases with the voltage ratio. As Fig. 
31 shows, however, the second focal length proper (/a) will be much larger 
than the first (/i), even though the mid-focal distances are nearly equal, 
because the principal planes are crossed over. In Fig. 34 this is shown by 
plotting fi and /a against the voltage ratio. All these curves show very 
little further decrease in focal length above a ratio of 5 or 6. This property 
is even more evident in the case of the principal planes (Fig. 35) in both 



Fig. 33. Mid-focal length {MF) of two- 
oylinder lens, with varying voltage ratio 
(Klemperer). 


Fig. 34. Focal-length (/| and A) of 
two-cylinder lens, with varying voltage 
ratio (after Epstein). 

(di = diameter of first cylinder.) 


the accelerating and decelerating cases. The lens cylinders in these 
experiments having a length of at least three times their radius, it follows 
from the curves that both the first focal point and the second principal 
plane fall well back in the low- voltage cylinder or even beyond it. On the 
high-voltage side the focal point lies outside the lens for low voltage ratios, 
but retreats into the tube for ratios above 5 or 6. When the ratio is very 
high, the rays may cross over so close to the mid-plane that the beam 
leaves the lens more divergent than on entering ; if it reaches values of 
the order of 1,000, as in sonie electron guns, the beam may in fact cross the 
axis twice within the lens. 

The effect of increasing the diameter (dj) of the second cylinder, the 
diameter (d^) of the first being kept constant, is much the same as that 
shown on decreasing the voltage ratio. Typical curves of the focal length 
against the ratio of the diameters, for a constant voltage ratio of 1 : 4, are 
reproduced in Fig. 36. In experimente^^h this type of lens, where there 
is no mid-plane of symmetry, the mouth of the smaller cylinder is taken 
&s the plane of reference for measuring the *mid-focal* distance, MF. 
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Qeariy ,the propertm of the different possible variants of the symmetrical 
two-cylinder lens are not essentially different from those of the parent. 
However, if we f^nsider the lens as composed of a positive and negative 
semi-lens, it is surprising tiiat the change in focal length is as g^t as 
indisated by these curves. As was shown in section 22 the first, low-voltage. 



Fig. 36. Variation of position of principal planes with voltage ratio in 
two-cylinder lens (Klemperer). 



CHiml-lens increases in power without limit as the voltage ratio rises, whilst 
th6 second semi-lens, on the high-voltage side, tends to a limiting ratio of 2. 
The focusing action of the lens thus depends largely on the first semi-lens, 
on the assumption that the^ pei^oent. equipotential lies in the mid-plane. 
It might be expected,^ tnmCore, that increasing the diameter of the 
^ second cylinder would have little effect on the power of the system ; if 
anything, a small increase in the second focal Iragth would ber expected, 
on account of the general rule of increase in focal length with diameter in 
the syimetri^ lens. The curves show, however^ ^at not only does 
increa^ ll|nu:lb^ (from 5*S to 10 , as djdi rises from 1 to 3*5), but/^ 
(negatively) that proportionately is as great (fitnn 
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—2*7 to —4*9). The divergent semi-lens has increased, and the conver- 
gent decreased, in power on increasing the diameter of the former. 
E^emperer has pointed out that this is due to the equipotentials bulging 
farther into the larger tube in such a case. The 50 per cent, surface, which 
lay close to the end of the low-voltage tube in the S3mimetrical arrimge- 
ment, now lies well inside the other tube. On doubl^g the voltage ratio 
the 31 per cent, equipotential is found at M, and at four times the ratio 
the 13 per cent, surface lies there. The positive power in the smaller tube 
is decreased, and the negative power of the larger increased, by this change 
in the voltage ratio in each semi-lens. Conversely, on decreasing the 
diameter of the low-voltage cylinder the focal length is not decreased in 
exact proportion, for the same reason; but the change is considerably 
greater than that produced by a similar decrease in the diameter of the 
high-voltage cylinder alone. Detailed information on the focal curves 
obtained with various relative dimensions and dispositions of the electrode 
system will be found in MaloflF and Epstein’s book. Electron Optics in 
Television^ and will not be further discussed here. 

The lateral magnification M produced by such lenses is given by 



Since the principal planes are crossed over well back in the object space, 
V is considerably greater than the image distance measured to the mid- 
plane, and u is much less than the object distance from this plane. How- 
ever, the inverse of the root of the voltage ratio enters into the expression 
for AT, and the result is that the magnification is not very different from 
the simple ratio of the image and object distances measured from the 
mid-plane: MljMO = [(MF^-{-q)j(MFy\-p)'\. Klemperer states that the 
measured magnification is usually about 70 per cent, of this ratio; Spangen- 
berg and Field give a figure varying from 60 to 82 per cent, for different 
forms of the two-cylinder lens, and as high as 95 per cent, for some t 3 q)es 
of aperture lens. 

Lenses composed of more than two flinders have much the same pro- 
perties as the simple parent type, so long as the potential is applied in 
successive steps from eskch tube to the next. The focal length of a chain tijF 
n tubes, however, is found to be longer than that of a two-cylinder lexis to 
which the same total voltage ratio, is applied. As the number of 
electrodes is increased, the focal length continues to increase indefinitely ; 
in the limit, with an infinite number o{%ib^ th^ will be acceleration 
without focusing of the beam. This oonditionmay be reached by coating 
the interior of a glass tube with a thin layer of metal or of graphite, the 
high resistance of which 4ill produce a uniform potential gradient between 
contact electrodes applied at either end. The system is then no longer a 
lens but an accelera^ tube. On the other hand, if in a multi-cylinder 
lens one of the inton^^^te tubes is set at a lower potential than both its 
^^lE^inodiate neighbours, a different equipotential distriblt%ii In fiteed 
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from tiiat described above, and the focusing action differs correspondingly. 
The lens is then similar in character to the ‘symmetricar or saddle-field 
lenses discussed in section 26. 

26. Aperture Lenses 

An aperture lens is formed whenever a diaphragm, pierced by a small 
hole, is inserted into the previously uniform field existing between two 
electrodes at different potentials. The diaphragm may be at the same 
potential as one of the electrodes, or at some intermediate potential. If it 
had no aperture, it would have the effect of producing a uniform field on 
either side, and the equipotentials would still be straight ; in general the 
two parts of the field would now have different gradients, so that the equi- 
potentials would be differently spaced on the two sides of the diaphragm. 
The presence of the aperture results in the stronger field exerting an infiu- 
ence over a small region on the farther side, into which its equipotentials 
now protrude. The two most usual arrangements are shown in Fig. 
37 (a and li), together with the variation of the potential and of its first 
derivative (bVjdz = — j®) along the axis. The characteristic feature is 
that the field rises sharply over a small distance about the aperture. 
Frequently in case (a) Fj is made equal to and in case (h) is made 
equal to 0 ; the essential action of each lens is not thereby altered. It is 
possible, of course, for the central or final electrode to be negative, as 
indicated in Fig. 37 (c and d). These arrangements would be ineffective 
for electrons emitted from the first electrode, owing to the large decelerating 
field, but they can be used when the beam has been previously accelerated 
and enters th^ system with a high velocity. In these cases, however, 
where the field iias opposite directions on the two sides of the aperture, the 
equipotential distribution is similar rather to the saddle-field type dis- 
qiueed under 63mimetrical lenses (section 26) than to the simple Q*perture 
tend shown in Mg. 37 (a and 6). Attention will be confined here to tiie two 
latter arrangements, and we shall assume that electrons originate from the 
first electrode, which is accordingly the cathode (C), 

When the firiit potential gradient is (negatively) greater than the 
second (Fig. 37 a), the equipotentials bulge into the second region and an 
elec^on beam is refracted away from the axis ; in other words, the lens is 
divergent when the second derivative of the potential is negative. Con- 
versely (Fig. 37 6) the tens is convergent when the second derivative is 
positive and the equipotentials bulge in the sense opposed to the incident 
. If now the diaphragm is made slightly negative, the positive field 

^ Gtill penetrate to the cathode and extract electrons. In this case the 
convergent action may be so strong that the beam crosses over the axis 
Within the aperture, forming a ‘virtual object’ of smaller dimensions than 
the cathode, and this circumstance is put to use in electron funs (of. 
section 47). As will appear later, the divergent system has very limited 
t power; it is important, however, as being the only tens of ‘concave* type 
(or ratl^, plaim-ooncave) so far oonstmoted. 



Fig. 37. Field (E) and potential (F) in aperture lenses: 

(a) negative lens ; (6) positive lens ; (c) and (d) lens with negative electrode. 
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Starting from the assumption that the change in field strength takes 
place entirely within the^finite width d of the aperture (Mg. 38), it is 
possible to derive an expression for the focal length of the lens in terms of 
the applied potentials, t ]^or this purpose it is helpful to transfer attention 
from the equipotentials to the orthogonal set of lines of force. Assuming 
the system to be convergent, the field strength will be higher on the side 
Qf the»diaphragm farther from the cathode; in other words, the lines of 
force will be closer together there than in the region first traversed by the 
electron beam. The two field distributions are assumed to be uniform up 





Fiq. 38. Aperture lens: trainsitlonal field in aperture, 
and electron trajectory > E^). 


to the respective surfaces of the diaphragm, the transition taking place 
within the aperture. Laplace’s condition must be obeyed in any small 
volume element in this region, such as that outlined in the diagram: as 
many lines of force must leave as enter it. This can only be so if lines pass 
through the sides of the element, since more enter the far end than leave 
the near end (with respect to the cathode). The field must, therefore, have 
both^ radial and an axial component within the lens, as indicated in the 
lower part of the diagram ; in any cctse this follows &om the shape of the 
lines. It is clear also that the radial component, and hence the converging 
effect on (negative) electrons, murt increase with the radius. We have 
first to find an expression for this radial component and then for the 
deviation as a fimci^on of the radius, in order to evaluate the focal length. 

If, at any point X within aperture, the radial and axial components 
of the field are JSy and Eg respectively, we may write Laplace’s equation 
in cylindrical coordinates as bd^re; 




(ra.io) 


IK) term in 9 appearing owing tdt tite rotational symmetry of the system. 
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The total differential of the radial field will be 

~ (in.ll) 

We assume, however, that the radial distance of the electron varies only 
slightly in its passage through the lens and that changes but slowly 
along its path. This is justifiable if the size of the aperture is small com- 
pared with the object-image distance or, in other words, if thin lens and 
paraxial conditions are assumed. We may then neglect the first term in 
IILll, and write ^ 

d(rE,) = -^dr = -r-^dr, 


dr 


dz 


from III. 10. Integration gives 

This expression has already been obtained, with similar approximation, 
for the two-cylinder lens (equation 11.13) ; a corresponding relation will be 
obtained later for the short magnetic lens. The sign of E^, is opposite to 
that of dEJdz since the lines of force draw closer to the axis as z increases. 

Suppose now an electron {e) to enter the lens parallel to the axis at a 
radial distance rg. The radial force exerted on it is given by 

mf = midvjdt) = — eJSr,. = lerdEJdz, 
or dvj, = {erl2mVg)dEgy 

where Vg = dzjdt, the velocity parallel to the axis, and v^, is the radial 
velocity. Taking the origin at 0, in the near face of the aperture, and 
integrating over its width, 

E,4 

J dVf = (e/2m) J rjVgdEg. 

Vr, Em, 

But, in the thin lens conditions assumed, the value of Vg as well as of r 
will not change appreciably in the aperture, and we may write 

^ri Egg 

f dv^ = (€ro/2mt;J f dEg, (111.13) 

making integration possible. We thus have 

Vr,-\ = M^'fnVg)(Eg^-EgJ; 

but the field is uniform on either side of the aperture, and therefore we 
may write 

\-Vr, = (III. 14) 


Binoe the initial value of the radial velocity was assumed to be zero. 
H«ioe the emergent direction of the beam is given by 


idr/dz), = = {er,l^vi){Ey-E^. 


(m.i6) 
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But, if the electrons are emitted &om the cathode with zero velocity and 
accelerated only by the field between it and the diaphragm at potential 
Vif the axial velocity at the aperture is given by 

mvi = 2eVi, 

and III.13 becomes 
idr/dz), = 

where 8 is the angular deviation suffered by a paraxial beam in the lens. 
As this deviation proves to be directly proportional to the radial distance 
(fo), the primary condition for image formation in a lens system is fulfilled. 
When the relative value of the fields is such that dr/dz is negative, the 
emergent beam will be convergent and a real point focus will be formed. 
The incident beam being parallel to the axis, the position of this point, F, 
and therefore the focal length /is given by 

f=r,l8 = mA-U (ni.l7) 

In the general case, when the object is not at infinity but at a distance 
p from the lens, equation 111.14 becomes, on division by 


Vg Vg 2mvy ^ 


or 


\dzj 2 




4F, 


(ni.i8) 


on eliminating time and writing Vi = imvlje. As ro is assumed constant 
within the aperture, we may write 



where q is the image distance. Expressions 111.17 and 111.18 then give 
tbt once 

:o_:o_ro __ 
q p~ f’ q p~T 

the normal optical relation for a thin lens. Hence an isolated aperture has 
precisely the same image-forming properties for electrons as a material 
lens has towards light. 

In applying the formula for the focal length (111.17) it must be remem- 
bered that the field is the negative gradient of the potential, E = — F' ; so 
that if the potential rises in the z-direction, the field is negative. Thus, 
in the arrangement of Fig. 37 a, Ei is numerically greater than but 
both are negative and hence the focal length is negative and the lens 
divergent. The power of the lens, however, is limited by the circumstance 
that botii / and Ei depend directly on 1^, the potential of the diaphragm. 
Any attempt, therefore, to shorten the focal length by decreasing wiQ 
result also in a decrease in lif fact, the negative power of the lens can 
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only be increased by increasing so that increases also. AaanTning 
the field to be uniform up to the diaphragm, its value must be 

El = —(Vi—0)l8, 

where 8 is the separation of diaphragm and cathode. The focal length will 
therefore tend to a minimum value of —48 when E 2 is negligible. Hence 
the power of this ‘concave * lens is severely limited. 

On the other hand, for the convergent form (Fig. 37 6), the focal length 
can be decreased without limit by decreasing since this will result in a 





Fig. 39. Focal length of two-aperture lens, for various voltage ratios (F,/Fi) 
and separations (d). 

corresponding increase in the negative value of E 2 and a decrease in that 
of El. The power of the lens can thus be very great, and this is the basis 
of its use in combination with other electrodes in electron guns. It will 
be appreciated that the above result for the focal length has only been 
obtained under a number of approximations. However, it proves to be a 
sufficiently accurate guide for many practical purposes when using aper- 
ture lenses ; it loses even approximate validity when the width of the 
aperture is large compared with the separation of the electrodes, or when 
the field on one side is so great that it penetrates appreciably into the space 
on the other side. It gives good agreement only for weak fields and long 
focal lengths. 

In the same limiting circumstances it is permissible to use expression 
III.17 to obtain the resultant power of a combination of two aperture 
lenses. Suppose two apertures to be set up on the same axis (Fig. 39) at 
a distance d apart, and potentials Vi and to be applied to them. For 
simplicity we shall assume the field on either side to be = 0. 
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The field between the diaphragms will be given by 

and we shall have for the focal length of each lens separately 


m d J M -xro -zrow 


= -iS_ = (in.i9) 


The power of the combination may then be calculated directly from the 
usual optical expression : 

where F is the focal length of the combination. 



Fig. 40. Symmetrical lens: form of field with central 
element (o) negative, (6) positive (after Myers). 


Measurements of the focal length of such a system have been made by 
direct experiment by Polotovski, with various potential ratios VJVi as 
well as for a number of ratios of aperture separation d to aperture diameter 
D. The results are shown in Fig. 39, the focal length being given in terms 
of the separation ; the broken line shows the values obtained by calcula- 
tion from III. 19 and 111.20. It will be seen that agreement with the 
simple theory is good for low voltage ratios, and still moderate for ratios 
as high as 10 or 12. when the separation is not large, that is, in the thin lens 
conditions for which 111.20 is derived. 


26 . Symmetrical and UnivoUage Lenses 
The dfatingnfahing characteristic of the symmetrical lens is that the 
pototial is tiie same on the two sides of the system , in other words, the 
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refractive indices of object and image spaces are equal. A number of 

possible forms were shown in Fig. 26. Clearly the aperture lens will also 

become a symmetrical lens when the potentials of the first and last 

electrodes are made equal ; and E^ will -- 

then be equal but of opposite sign, and 100% 

the power will not therefore be zero (see / //[I i |i\ \ \ 

III.17). As usually employed, however, / / f j \ \ 

all three electrodes have apertures and 

the conditions are quite different from \ \ I //4,(^V\\ 1 / / 
those in the simple aperture lens. The \ \\ f,'i/V“V\''i ' / / 
typical distribution of equipotentials is 
then as shown in Fig. 40, being entirely 

Bymmetrical about the mid-plane of the fig. 41. Symmetrical lens: 
system. The map is the same whether the detail of the saddle-field, 
central electrode is positive (6) or negative (a) with respect to the outer 
two, but the variation of potential and of field strength along the axis 
are reciprocally related in the two cases (lower section of diagram). The 
equivalent optical systems and t 3 ^ical trajectories through each lens are 
also indicated. In both cases the total effect of the system is convergent, 
the positive action of the negative elements prevailing no matter whether 
the potential difference (Tj— PJ) ^ positive or negative. 

The form of the field in the central aperture is shown on a larger scale 
in Fig. 41, with the positions of the chief equipotentials marked for the 
case when this element is negative ; when it is positive, the distribution is 
identical but the valu^ of each line will be found by subtracting the 
figures given from 100 per cent. The field in the centre of this region can 
be evaluated from the particular solution of Laplace’s equation given 
earlier (II.ll): 

2ir 

V^ = ^j /(z+irama.) da, 

0 

and it has been shown that here the curves are symmetrical hyperbolae. 
The limiting equipotentials which cross at the centre of the lens make an 
angle of 54° 44' with the axis ; in reality, the field in three dimensions 
corresponds to the rotation of the diagram around the axis, and hence 
these lines trace out cones with a semi-vertical angle of 54° 44'. This angle 
is independent of the shape of the electrodes or their disposition, as 1^ 
been confirmed by measurement in the electrolytic trough. Away from 
the centre of the lens, of course, the form of the field varies with the 
arrangement of the electrodes although the general configuration reihains 
the same. When the central element is at negative potential the Seid 
through it resembles a saddle or pass in a mountain range, over which the 
electron' has to travel; when it is positive the field here is more like a 
‘hogVback*. On this account, these systems are often referred to as 
'saddle^field’ tenses^ Alternatively, they are known as ‘einzel’ (single) 
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lenses, since the field in an isolated ap^uie has this form when the 
gradient is of opposite sign on the two sides. 

We now proceed to obtain a more accurate expression for the focal 
length than that given by the approximate treatment of the aperture 
lens: the solution is applicable to all types of electrostatic lens. We pro- 
ceed firom the ray equation (11.16): 

4Fr"+2FV+FV = 0, 

or -FV/4 = V'r'l2+Vr’ = VF|-(rVF), (in. 21 ) 

dz 


where primes indicate derivatives with respect to z, the axial coordinate. 
Integration gives 




rF^ , 
VF 


supposing an electron to enter the lens at z = a. If the incident electron be 
taken as parallel to the axis, in order to find the focus, then 


(drjdz)^ = = 0 , 

and we have 

~ ~4VF J W (in.22) 

a 

Assuming r to be constant in the lens and integrating, we should at once 
obtain the approximate expression for the power of an aperture lens 
(III. 16) derived earlier by other reasoning. In the present case, thin lens 
conditions do not obtain and we cannot assume r to be constant in the 
lens. It is only possible then to solve equation III. 22 by successive 
approximation. We set 

r' = ro+ri+ri+r^+,,. 

n = 0 

where = r; = 0, and = r,. 

Then 
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We then have 

, [-1 f F' 

’■^ = 44"^ J 7 f 


dz 


m ! w ! wj w^-]’ 

— 00 —00 —00 


where rj, is the total deviation of the beam produced by the lens and 
Vj, is the potential of the image space. 

V/a = -KK 


-mi 


v 


VF 


16 VK 


f 

f ^ f 

J VF J 

1 A J 


f 

J VF 


dzdgdz 


+ 


4*VTJ 


(111.23) 

A numerical evaluation of this expression may be made once the axial 
distribution of potential and its derivatives have been found, f 
As the electron has been considered to be travelling in the ^-direction, 
this result gives the second focal length of the lens. The first focal length 
may then be calculated if the initial and final voltages are known. From 
in.21 we have simultaneous differential equations for two particular 
ray-paths through the system, designated and r^: 

^V,d/dz(^Zr') = 

'^V.dldzi^JZr'p) = -F;r^/4. 

Multiplying by and respectively, and subtracting, we have 

d/dz{rp^V,r'^-r^^lV,rp) = 0, 

whence (III.24) 

where is a constant of integration depending on the two rays chosen. 
They are thus interrelated, as regards distance from the axis, and this rela- 
tion holds for every value of 3 ; it is equivalent to the well-known rule of 
optics that two rays suffice to describe completely the focusing properties 
of a system. Any other ray path may be expressed in terms of two such 
special solutions (see p. 109); here we employ them to obtain the relation 
between the two focal lengths. It is especially to be noted that and 
here stand for the equations of two separate rays, and not for two values 
of the radial ordinate on a given ray, as did and above. 

In the object space, where TJ = it is convenient to choose the path of 
as passing through the first focal point, at with inclination a to the 

axis; thus > j. a 

r«(,) = tan^i = a, ^ 

t After setting i? = rF* in the ray equation (111.21), Scherzer obtains a 
sim^ expression for /, but containing the first instead of the second axial 
derivative of the potential ; this is advantageous in that F' can be experimentally 
determined with much greater accuracy than can V* (cf. idso p. 111). 

4914 
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and the equation of the path is 

»•«(<)) 

In order to locate the second focal point we must now allow to be 
]^rallll to the axis, at a distance h from it, in the object space, so that 

»-(9(o = b, r'^0) = 0. 

Substituting in III.24 we then have 

= a 6 VF«, (in.26) 

and therefore (III.26) 

'S6w in the image space it follows that will be parallel to the axis 
(at some distance c from it), and rp will pass through the second focal point, 
at Zf^, with inclination —d: 

r^U) = c; rM = 0; rp^i^ = d{Zf-z); r^pu) = tan = -d. 

On substitution in III. 26 we get 

-cd = ab^iVJV,). (nL27) 

But the focal lengths are given by 

c//j = tan^i = a, 

b/f2 = tan^2 = 

whence —cdifi = ahjf^. 

Substituting in III.27: /i = —f 2 ^J{Val^y)y (III.28) 

since in the image space the potential If one focal length is known, 

therefore, the other may be calculated from a knowledge of the over-all 
potential ratio applied to the lens. (Of. III.6.) 

Sometimes it is possible to fit the axial distribution of potential in a lens 
to some simple function, with sufficient accuracy, and then to carry out 
directly the integration of the expression for the focal length (111.23). 
For instance, it was indicated by Scherzer that in the symmetrical lens the 
axial field could be represented by an expression of the form 

V, = (III.29) 

Pl^ has taken the simple distribution 

and evaluated the focal length of the lens from III.23. He found that the 
series conveTj^ rapidly, his results being: 

from the first term only, / = 21*32 cm. 

„ „ .two terms, / = 12*97 „ 

,, ,, three terms, /= 12*42 „ 

„ „ four terms, / = 18^ „ 

By plotting the trajectory a value o[ 13*35 cm. was obtained. For most 
pceibiieal purposes, therefore, it is sufficient to take the first two terms. 
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Earlier workesB 'itad relied on the use of the first term of III. 23 only, 
obtaining by partial integration of the corresponding expression for the 
first focal length 



00 



00 


(III.30) 


since V' is zero at the limits of integration on either side of the lens in the 
case of two-cylinder and symmetrical systems; is the potential of the 
object space. 

The distribution of potential along the axis of the two-cylinder lens is 
closely reproduced by the function 


= VQ+Atajihz. 

Plass calculated the focal length from 111.23 using the distribution 
pQs = Po(l“l tanhz), and a total (decelerating) voltage ratio of 3 : 1. He 
obtained: 

from the first term only, f = 15*86 cm. 

„ „ two terms, / = 10*76 „ 

„ „ three terms, /= 10*86 „ 

Ray-tracing gave a value of 10*81 cm. ; clearly here also it is not accurate 
enough to take the first approximation, but two terms will suffice for most 
purposes. 

Direct experiments on the form of 
symmetrical lens shown in Fig. 40 
had previously been carried out by 
J ohannson and Scherzer, the potential 
Vi of the outer electrodes being main- 
tained constant at 760 volts whilst 
V 2 was varied. The observed focal 
length (/) is plotted against the ratio 
(y 2 —Vi)IVi in Fig. 42. In interpreting 
the graph it must be remembered that 
when V 2 —V 1 = 0, all three electrodes 
are at 760 V. with respect to the ca- 
thode. It will be seen that the focusing 
action is strongest when the middle 
electrode is negative with respect to 
the other two: that is, when there is 
a potential trough at the top of the 
gradient up which tbjNlectrons mount to the centre of the lens. Owihg 
to the retarding field, the electrons have low velocity in this region and 
the effect on them of the converging field is correspondingly large. 
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Fig. 42. Symmetrioal lens: variation of 
fooal length with voltage ratio and con- 
version to mirror (full line). ^ 
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When the potential pg is made equal to that of the cathode from which 
the electrons originate^ only one voltage need be applied to the system, and 
PJ = 0. Since the velocity of emission of electrons from the cathode is 
negligible, the ratio VJV^ is now infinite for all values of P^, and the focal 
jlength of the lens is constant and very short. Its power, therefore, is inde- 
pendent of fluctuations in the voltage supply, and ‘chromatic aberration’, 
which otherwise arises from irregular changes in the velocity of the 
electrons accelerated from the cathode, is automatically eliminated, ^his 
arrangement has great practical advantages and is much used ; the lens is 
then styled a ‘univoltage lens ’. It is found, however, that its focal length 
depends very critically on the length of the central electrode, or tube, as it 
frequently may be. As the length increases, for a given diameter, the 
focal length diminishes rapidly towards a limiting value for lengths greater 
than twice the radius. This change is associated with a change in the dis- 
tribution of the fleld near the saddle-point of the lens: the value, as a 
percentage of PJ, of the equipotential which crosses the axis at this point 
falls sharply as the length increases. Hence the potential at the saddle- 
point approaches closer to zero, and its ratio to P^ accordingly increases ; 
the focal length is thus shortened, since it is the ratio of the potentials on 
the axis that determines the focusing power for a paraxial beam. For the 
same reason, the voltage of the middle electrode can be decreased appre- 
ciably below that of the original cathode (—760 V. in terms of Fig. 42) 
before electrons are entirely prevented from passing through the lens, and 
Jbhis lag is greater the shorter the electrode, since the potential trough at 
its centre is then deeper relative to the potential at its circumference. 

The symmetrical lens is usually used in this univoltage form and finds 
application in cathode-ray tubes, the electrostatic electron microscope, 
and many other devices. It is possible, of course, to destroy the symmetry 
by applying diflerent potentials to the two outer electrodes and still have 
a practicable lens. The saddle-point then moves away from the mid-plane 
in the direction of the greater potential gradient. The focusing action 
of the system remains essentially the same as in the symmetrical case, but 
it is not in general use owing to the obvious advantages of the latter. 

27 . Imme/rsion Lenses 

In the optical sense the two-cylinder lens is properly of the immersion 
type, sinee object and image space differ in potenti«d and hence in re- 
fractive index. It is convenient in electron optics, however, to reserve the 
title to those lenses in which the object (usually the cathode itself) 
is deeply immersed in the field, so that the refractive index varies 
rapidly in its neighbourhood. It follows that electrons enter the lens 
with almost zero velocity ; they are in fact extracted from th©^ cathode 
xinder the influence of the applied potentials, and have initially only the 
( velocity of thennal emission. These conditions do not obtain in the normal 
two-cyluider lens, but are naturally fulfified in almost all electron gun% 
It should be note4, however, that some authors include both types undiir 
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the heading of immersion lenses, and apply the name of ‘immersion 
objective’ to distinguish the type discussed in this section. 

A number of forms of the immersion lens were shown in Fig. 27. Usually 
it consists of two apertures, with or without attached tubes, arranged 
close to the cathode (Fig. 43). The first is often, but not necessarily, at 
negative potential relative to the cathode (G) and is known as the grid 
(G^) ; the second is at positive potential, in order to accelerate the electrons, 
and is the anode (A). The form of the equipotentials and typical trajec- 
tories are as shown : the lens is convexo-concave and usually of such high 
power that the beam crosses over the axis within the lens itself, and there- 
fore leaves it divergent. 



The simplest immersion lens would consist of a single aperture at 
positive potential, to accelerate the electrons. But it follows from the 
treatment of aperture lenses (Fig. 37 a) that this arrangement could not 
have a converging action in the presence of a plane cathode. The necessary 
convex curvature can be given to the equipotentials either by using a 
concave surface for the cathode, or by introducing a second diaphragm at 
higher potentiaK The first diaphragm may remain positive, may be at 
cathode potential ( Wehnelt cylinder), or may be made negative ; the essen- 
tial requirement is that the potential of the second (= anode) be high 
enough to create a greater field between it and the first than that between 
the latter (= grid) and the cathode (cf. section 25, on aperture lenses). It 
is found in practice that the power of the lens is increased if the grid is 
made slightly negative, providing that the positive field of the anode can 
still penetrate beyond it to the cathode. This condition is achieved by 
having a slightly larger hole in the grid than in the anode and by arranging 
the two electrodes very close together. (For the form of the field between 
cathode and anode in the presence of a cylindrical grid, see reference to 
Grosser on p. 76.) 

The cathode being fixed at zero potential, the focal length of the immer- 
sion lens depends on the ratio of the grid and anode potentials, The 
nature of this dependence has been investigated by Johannson and others, 
and has the form indicated in Fig. 44. The focal length decreases, and the 
magnification increases, as the grid voltage is reduced and finally made 
negative. The minimum focal length is about 1*5 times the diameter of the 
grid aperture. By reducing the size of this aperture, magnifications greater 
than 200 ma^r be obtained. The system is therefore useful as a low-power 
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electron miorosoope for examining the surface of the emitting cathode. 
In the cathode-ray tube^ on the other hand, the magnification must be 
kept low in order to give a small spot on the fiuorescent screen. This may 
be effected by reducing the voltage ratio, and by increasing the diameter 
of the grid aperture and the separation of the grid and cathode. Advantage 
can also be taken of the cross-over of the beam inside the lens (Eigs. 43 
and 45) as this has a smaller cross-sectional area than the cathode itself. 
Auxiliary anodes are then arranged to act as a second lens which projects 
an image of this cross-over disk on the viewing screen, of smaller size than 
could be obtained from the cathode itself. 



Fio. 44. Three -element immersion lens: variation in focal length 
with voltage ratio ( VJ 7*). 


The arrangements described so far form the basis of practical electron 
guns in circumstances where an intense beam is required to be focused 
into a spot ; further details will be given in the discussion of electron 
optical applications. It sometimes happens, however, as in television 
transmitting cameras, that a lens is needed to reproduce a true image of 
an extended cathode with little or no magnification. This demand was 
met by Zworykin by adding a cylindrical tube to the cathode, and thus 
creating in effect a two-cylinder lens between it and the anode, with the 
second tube usually the longer (Fig. 46). The cathode, which is now a 
photo-electric surface illuminated on the side away from the anode, must 
lie just within the field of the anode in order that adequate emission shall 
occur, that is, the object is within the focusing field. Ideally, Vq should 
be ^ro, in which case the refractive index of the object space is zero and 
A — the first principal plane being at the object. The system thus 
differs from the simple two-cylinder lens in that the initial velocity of the 
incident electrons is effectively zero. It is clear, nevertheless, that the 
focusing action is essentially the same as in the parent lens, the distribu- 
tion of the equipotentials and the axial field being only slightly disturbed 
by the presence of the cathode. The cmalytical treatment, due to Morton 
and Ramberg, follows the lines indicated filr the two-cylinder lens, and 
yields a solution in similar fonn to II.5. In cylindrical coordmates the 
axial potential dfetriburion is given by 
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from which and FJ^ are immediately obtained ; as before, these egres- 
sions have to be evaluated by quadrature. The form of and F^ is 
shown in Kg. 46, together with four typical trajectories. The trajectories 
depend only on u, the distance of the cathode from the gap between the 
cylinders (= object distance), and are independent of the anode potential 
Vi- Consequently it is impossible to vajy the focal length in a system of 
given dimensions. To overcome this difficulty a grid cylinder may be 
introduced, or alternatively the cathode cylinder is split up into several 



Fig. 46. Image-tube immersion lens: potential distribution and trajectories (Zworykin). 

separate ring elements at successively higher potential as described in 
Chapter VI (section 61). It is usual also to curve the cathode surface in 
order to minimize aberrations of the image, which, as indicated by the 
trajectories, is produced immediately beyond the end of the anode cylinder. 
The image falls on a secondary emitting surface, which yields several 
electrons for each that is incident. The system thus constitutes an 
amplifier, or multiplier-tube, and is referred to as an 'image-converter’, 
since the optical image first formed on the cathode surface is faithfully 
reproduced as an electron image. 

28 . Electron Mirrors 

Any of the lens systems discussed above can be converted into an 
electron mirror by setting the negative potential of one of the electrodes at 
a lower level than that of the emitting cathode. In electron optics, there- 
fore, in contradistinction to light optics, it is convenient to consider 
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mirrors as a special case of lens arrangements. They have not so far 
attracted sia much attention as electron lenses, on account of t|ie inherent 
difficulties of practical application ; it is less easy to extract an image from 
the system than in ordinary optics. The properties of the symmetrical and 
the two-cylinder types have been investigated, however, and it has been 
shown that both convex and concave forms can be produced. The aperture 
and immersion lenses lend themselves less readily to adaptation as mirrors. 

The Two-cylinder Mirror. The behaviour of the two-cylinder system as 
a mirror has been investigated by Nicoll. He used a first lens to project a 
primary image into the mirror, through a hole in the screen on which the 
final image was viewed. The arrangement of the apparatus is shown in 



Fig. 46. Two-cylinder electron mirror: Nicoll’s exp>erimental arrangement. 


Fig. 46, where L is the fiirst lens and M the mirror formed between tubes 
of equal radius R. Electrons from an electron gun enter the system 
through a wire gauze Wy which acts as primary object and facilitates the 
measurement of magnification. The lens L forms an image, through the 
aperture d, in some plane 7, the position of which may be calculated from 
a knowledge of the cardinal points of L for different applied voltage ratios 
The final electrode may then be reduced to such a negative 
potential — that the electron beam is reflected back on to the screen; 
the first image I acts as object for the mirror and produces a final sharp 
^^|mge on S when the distances and voltage ratios are properly adjusted. 
'^HeSection will take place at that equipotential surface which is at zero 
]^tential with respect to the incident electrons ; their forward velocity is 
reduced to zero by the time they reach this position, and they are then 
acpelerated in the opposite direction by the positive field of PJ. If the 
^ginaL acceleratfeg potential applied to the beam is also Fj, then this 
Ipl^flection * will occur at a surface which is at a potential given by 

as a fraction of the total potential difference between the two electrodes 
forming the mirror. When the voltage ratio Pi : Pg is unity, this reflecting 
‘ equipotential will be that at one-half (or 60 per cent.) of the total differ- 
ence. As the ratio is increased, reflection will occur at surfaces of lesser 
denomination ; for a ratio of 4 tit it will take place at the 20 per cent, equi- 
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potential. As in all two-oylinder lenses, the distribution of equipotentials 
is symmetrical about the mid-plane if , as is again depicted hete. 

The procedure followed by Nicoll was to fix the voltage ratio applied 
to the mirror (Pi/PJ) at a number of successive values and to find for each 
the value of the ratio across the lens (VJVq) needed to produce a clear 
image of the gaiize W on the screen 8, which was kept at a fixed distance 
(q = ZB) from the mirror. The position of J was then calculated in each 
case. In other words, the first object W and the final position of the image 
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Fig. 47. Magnification in two-cylinder electron mirror 
(with fixed image distance). (Nicoll.) 


(at 8) being fixed, the position of the first image I was varied with respect 
to the fixed mirror if, it being more convenient to vary the power of the 
lens L than to move the viewing screen. The latter was observed through, 
the end of the apparatus beyond M. ' 

In this way the object : image relationship was investigated as a function 
of the voltage ratio across the mirror, and the results are given in Fig. 47. 
It is helpful to plot the object-mirror distance (IM = p), as well as the 
magnification, against the voltage ratio ; the value of the refiecting equiV 
potential is also given. When the ratio is 1 ; 3, giving a strong reflecting 
field, the mirror acts as a convex surface, reducing the convergence of the 
incident beam and forming an erect image. Reflection takes place at 
= 75 per cent, above the potettiSal of the final electrode, of a virtual 
object located almost at the mirror ; the magnification is correspondingly 
large. As the ratio is increased the reflecting equipotential xlecreases in 
rektive value and is located farther to the right until at 1 ; 1 it is in. the 
mid-plane ; the object distance increases and the magnification decreases. 
Beyond a ratio of 2 : 1 the object distance mc^es away to infinity, and then 
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assumOB iieigative yalues. The image now proves to be inverted and the 
magnifioation small ; the system is siting as a cono&ve mirror for a *reAl ^ 
position of /. The object ^stance, however, rapidly increases again with 
increasing jratio until the positive field between M and 8 becomes so 
powerful that it converges the beam again after a first cross-over, producing 
an ihtermediate image after I ; a second image is then focused on the 
screen. This takes place at a voltage ratio of about 20:1, when reflection 
occurs at the 6 per cent, equipotential, as is indicated to the left of Fig. 47. 
Higher values oiV^'.V^ will result in the formation of further intermediate 
images, the beam crossing the axis several times. In these circumstances 
the beam penetrates deep into the final electrode before suffering reflection, 
and the aberration effects are increased. There is a tendency also for space 
charge to accumulate in the negative electrode, and finally no clear image 
can be formed at all. 

For lower values of the voltage ratio, however, the electron mirror is 
found to give images of moderately good definition. As will be shown later 
(cf. p. 126), its spherical aberration is of negative sign, whereas all lenses 
have positive values. The possibility exists, therefore, of using it to 
correct lens defects; but owing to the difficulty of projecting the fihal 
image very little progress has been made in applying it to practical devices; 

TAe Symmetric Mirror. Similar reflecting conditions can be produced 
in all the other electrode arrangements which normally act as lenses by 
lowering the potential of one of the later tubes or apertures below that of 
the original cathode. It is also possible to fashion the negative element as 
a curved surface so that it not only produces a correct curvature of the 
equipotentials but bears a physical resemblance to an ordinary optical 
mirror. The system which has received most attention, however, is that 
of the symmetrical lens with the central element negative (Fig. 40 a). 

The mirror action of the symmetrical field may be best understood, in 
detail, by considering first the electron path through it when the potential 
of the central element is made equal to that of the origin of the incident 
beam. The potential on the axis at the saddle-point will then be slightly 
higher than that of the surrounding electrode, so that electrons are still 
able to pass through the system, which will still act as a positive lens. 
When pcbssing through the diverging fields of the two positive apertures 
the electron will have high velocity and will suffer only small deviation 
from the axis ; although the radial acceleration may be large, the extent 
of the deviation is determined by the time of passage in the field. In 
mounting the potential hill formed by the central electrode, however, 
the electron is decelerated and finally passes across the saddle with very 
Bin all velocity. Under these circumstances the converging action of the 
(negative) potential trough in the centre of the lens is very pronounced, 
and the electron suffers strong deviation towards the axis This positive 
action always outweighs the negative action of the outer electrodes, and 
is most marked near the critical negative potential, as is evident from the 
i^ort focal toigth in the top left quadrant of Fig. 42. 
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If the saddle potential is now made slightly more negative, electrons 
will fail altogether to pass across it They will enter the converging Seld 
just below the mid-point and will be directed towards the axis. Ll the 
critical condition they will oscillate to and fro across the axis in the 
potential trough ; those with velocity above the average may eventually 
cross to the other side (path 1, Fig. 48), and those With smaller velocities 
will be reflected as from a concave mirror (paths 2 and 3). Both the 
accumulation of space charge at the centre, and the negative action of the 



Fig. 48. Trajectories in symmetrical lens — mirror (after Myers). 


positive electrode through which these electrons must again pass, will 
assist this mirror effect. The focal length of the system is accordingly 
negative, as shown to the left of Fig. 42, and increases rapidly to infinity 
as the negative potential is further increased. For greater negative ratios 
it assumes a positive sign which falls to very small values beyond a ratio 
of about —2:1. Under the influence of such a large decelerating potential 
electrons now do not succeed in rising high enough on the potential MQ 
to reach the trough near the centre ; they are turned back when still in a 
region where the radial acceleration is directed away from the axis. 
Hence they do not cross the axis at all and are reflected from the system 
as a strongly divergent beam ; the action is now that of a convex mirror, 
and a t 3 rpical path is shown (4) in Fig. 48. 

The symmetrical system can therefore be used as a positive or negative 
mirror, by variation of the potential of the central electrode. It would 
also be practicable to use it as a velocity filter when cm incident beam of 
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electrons was not homogeneous, ^1)ut contained a straggle of velocities 
below the maximum value. On th^ other hand, when the beam is already 
monochromatic, it could be used to modulate it^ intensity by causing the 
potential of the negative element to fluctuate about its critical value: as the 
negative potential increased, the marginal electrons would be reflected first, 
then more and more of the beam, until finally the paraxial rays were also 
turned back. It must be said, however, that the practical explications of 
such arrangements have so far been very few in comparison with the 
many uses of lenses. 
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CHAPTER IV 

MAGNETIC FOCUSING 
29. Introductory 

T he deviation of electrons in a transverse magnetic field has been 
discussed in Chapter I ; in a uniform field a homogeneous beam is bent 
into a circular arc ot, in the limit, into a complete circle, but there is no 
true focusing effect (see, however, section 64). However, it was early dis- 
covered by Wiechert (1899) that a short current-carrying coil had a con- 
centrating action on electrons passing axially through it. Although the 
reason for this behaviour in a longitudinal magnetic field was not under- 
stood, such concentrating coils were in continuous use in the succeeding 
years ; their action was later strengthened by the addition of a soft-iron 
housing around the windings. It was not until 1926 that Busch showed 
analytically that such a system would have the properties of a lens, and 
derived an expression for the focal length in terms of the field strength 
and the electron velocity. Since then magnetic lenses have been thoroughly 
investigated both theoretically and practically. The short lens (Fig. 50) 
in which image and object are well otftside the field has been put to many 
uses ; in certain respects it is analogous to the S3rmmetrical electrostatic 
lens, and always has a positive power. A special form of it has been 
developed as an immersion objective (Fig. 56), of focal length comparable 
with the best light optical objectives; with its aid electron microscopes 
have been built to give a resolving power two orders better than that 
achievable with light. On the other hand, solenoidal or long fields (Fig. 49) 
are also used for some purposes where focusing without magnification is 
required ; as object and image are then in regions of the same refractive 
index, this system bears some resemblance to the electrostatic symmetrical 
lens, but is more akin to the image converter immersion lens described in 
section 27. Magnetic electron mirrors are not known. In respect of 
theoretical discussion less attention has been given to magnetic lenses 
than to the electrostatic types, especially in the development of ray- 
tracing methods and the treatment of aberrations. In one special case, 
however, it has been possible to obtain an exact expression for the focal 
length of a magnetic lens (of. p. 91). 

30. Solenoidal Lenses 

We commence discussion of the focusing action of magnetic fields with 
the consideration of solenoidal systems (Fig. 49), in which the path of an 
electron lira entirely within a uniform longitudinal field. It is questionable 
whether the pame of lens is properly applicable to such an arrangement, 
sinoe it is in theory of infinite len^h and hence constitutes a different 
problem from ||usd) of thick lenses in light optics. It is convenient, however, 
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origin of the electron. Conseqnentty, if electrons are projected from F in 
the direction of those arriving from 0 (one torn of the spiral will have been 
completed by this time, electrons will arrive from the negative y-dir^ction, 
cmd Fig. 49 a will have become inverted), then they will travel back to 0 
with an opposite rotation, as indicated by the dotted circle to the left of 
the projection on the x-y plane. The trajectories of electrons in magnetic 
fields are, therefore, not reversible ; the optical principle of reversibility of 
path is not valid in such lenses. 

The time (t) required for the electron to make one complete revolution 
and return to the a;-axis is at once given by 

t = 27TrlVy = 2nmlHe, (IV.2) 

and proves to be independent of both the initial velocity of projection and 
the angle 6, Electrons of whatever velocity wiU all have the same period of 
revolution in a constant field, and it is on this circumstance that the opera- 
tion of the cyclotron and similar devices depends. On the other hand, 
the distance travelled longitudinally before an electron again crosses 
the axis is 

Zf = vj = ucoqB (27rm/^e), (IV.3) 

and hence will only be the same for electrons projected with identical 
velocities at the same angle to the field. When 0 is small, however, and 
cos^ can be taken as unity for all electrons, then the axial length of the 
spiral path wfiJ be effectively the same for each, and we can speak of a 
focus at F, the point where they again meet the axis, as shown by the 
full-line paths of differing radii in Fig. 49. A paraxial and homogeneous 
beam starting from 0 will meet again in an approximate point focus at F, 
where OF has the value 2 y given by IV.3 ; there will, in fact, be a series of 
focal points equally spaced in this way, at each successive intersection of 
the helix with the axis. An extended object will give an image of equal 
size, the magnification being unity; the image will be erect, since a full 360® 
rotation is experienced. However, an electron beam entering initially 
parallel to the axis will obviously be under no magnetic infiuence and will 
not be focused at all. Strictly speaking, therefore, the focal length of the 
solenoidal field is infinite, and the brdinary optical relations csimot be 
applied. The fundamental reason for the special properties of such 
‘lenses* lies in the fact, which follows from the expressions given above, 
that the refractive index of the field for the beam is not a funclitonc of 
position only but depends also on the instanteneou6 direction of the 
beam. The problem is essentially the same as that of the passage^ of a 
beam of light through anisotropic crystal, and Glaser has treated, it 
from this point of view. . 

When electrons are emitted from 0 with differing velocities, it fb^ws 
from W.3 that there will be a different point of intersectioa the term 

for each velocity of emission ; the higher the velocity the^ gieam the pit<di 
of the helical path traversed, and the greater the object-image chstaaei. 



8a MAGNirko^F^ #1 

It thus become8 possible to separate the initial b^m into its velocity eom- 
pcments by placing limiting diaphragms, or the aperture of a reoordfbg; 
^device, at selected positions along the axis. This method of ‘focal isolatidn’ 
has been used for jS^ray spectrometry by a number of workers using a 
radioactive source at 0 and a partiole^ounter or Wilson chamber at F. 
It was first suggested by Kapitza, and applied by Trioker; lately it lias 
been discussed and improved by Witcher. The accuracy of resolution is 
increased by using a line source and a line slit at F, since the paths travelled 
by electrons of unwanted velocities will at this point have suffered rota- 
tions of more or less than the full 360^^ for which the slit is adjusted. 

A second application of solenoidal focusing, or the ‘long’ magnetic lens 
as it is frequently called, has beefi in the construction of image-converters 
in television, where electrons released photo-electrically have to be 
brought to a true image on an anode. Zworykin’s electrostatic image-tube 
was described in section 27 ; Farnsworth has made use of a solenoidal 
magnetic field for the same purpose. The point source 0 of Fig. 49 is now 
replaced by a photo-sensitive cathode and the collecting anode is a plate 
fixed at F. In order to get a clear image it is necessary to accelerate the 
electrons to a high velocity by maintaining a potential difference of 700 
volts between cathode and anode ; to ensure that the electrostatic field 
is strictly uniform along the tube, the voltage is applied at either end of a 
high resistance formed by a thin metallic film sputtered on to the glass 
walls between anode and cathode. The Farnsworth image-transformer, 
therefore, is a combined magnetic and electrostatic focusing system. It is 
discussed more fully in Chapter VI (Fig. 97). 

31 . The Short Magnetic Lens 

A short magnetic field differs fundamentally in its focusing action Irom 
the sol^ioidal field. Not only are both object and image generally outside 
the field, but the deviation of the electrons is now mainly the work of the 
radial component of the field and not of its longitudinal component. In 
some respects the short magnetic lens is similar to the electrostatic sym- 
metrical lens (cf. Figs. 41 and 55), but the path of the electron in it is 
complicated by the rotation that occurs about the axis. In order to 
make this clear^yin now deriving an expression for the focal length of 
the lens, we shafi make use of a simplified procedure due to Bouwers. The 
rigorous treatment is given in section 36, for combined electric and mag- 
netic fields. 

K a short homogeneous magnetic field could be produced so that it had 
f abrupt limits, it would have a similar focusing action to the solenoid ; the 
deviation suffered by electrons would depend on their initial direction as 
wdl as on their vdocity (= wave-length), and no unique focal point 
would be obtained. In practice the field must have a more^^ less gradual 
beginning eAd end, and it ia^pon the radial component thus introduced 
that the finmaing efifegt mainly depends. As shown in Fig. 50, the fieU 
due to a short coil" will be constant over only a very small region at its 



si) HAcmsrric FbCTO si 

centre, on either side of which the lines of force diverge rapidly from the 
In such a field the patib of the electron will be as represented by the 
full lines, where (6) is the projection of its motion on a plane at.right 
angles to the axis zz\ and (a) shows its motion in a meridional plane that' 
rotates with the electron about the axis at an angular velocity that is not 
in general constant throughout the lens. If the electron is projected from 
a point 0 on the axis, at an angle d to it, the path will be straight (in 
the absence of stray fields) until it enters the magnetic field. . The field 
falls off rapidly along the axis on either side of the equatorial plane fF* 
and is not necessarily symmetrical about it. Especially when the generat- 
ing coil is shrouded with soft iron (heavy lines), the effective magnetic field 
is concentrated in a very small region, and the radial component is 



Fiq. 60. Trajectory in short ma^etio lens: (a) in a rotating meridional plane; 

(6) in projection oh a trcmsverse plane. 

correspondingly great. Confining attention to paraxial rays, the value of 
the radial component of velocity (= vsin^) will be small when the 
electron enters the magnetic field, and will decrease during its passage 
through the lens, on account of the acceleration of the electron towards 
the axis. It follows that this slight radial motion of the electron at right 
angles to the longitudinal component of the field only gives rise to 
a small force upon the electron ; in the first-order theory of the short lens 
this interaction, which is the determining feature in the solenoidal case, is 
left out of account. 

The focusing action of the lens may be considered to be due to the 
infiuence of the radial component of the field on the longitudinal motion of 
the electron. In the first half of the lens the radial component is assumed 
to be directed towards the axis, and by the simple rules of electromagnetism 
the electron will be deflected upwards, out of the plane of the diagram, to 
an extent dependent on i^s longitudinal velocity (the chrection of the 
classical current is opposed to that of the electron). The resulting motion 
of the electron in the ^-direction, about tl|e axis, will now cause a force 
to be exerted on it in the y-direction (by the field ff^), and this will 
he directed towards the axis. The radial acceleratibn produced by the 

4#U ^ 
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nAlQQiid half of the lens is in the opposite sense, so that the motion of the 
y^i^ta!on in the meridional plane is as depicted: the curvature of the path 
is a maximum at the centre of the lens, and decreases gradually until it 
leaves the field as a straight line. The point of intersection of this path 
with the axis gives the image point, /. The image will be rotated by an 
angle ^ with respect to the inverted position which is normal in the case 
of such a converging system in li|^t optics ; <j> is usually much less than 
90°. When the magnetic field is m the reverse direction to that depicted, 
the electron wiU suffer a rotation of equal amount but in the opposite 
sense; its path in the meridional plane will be the same as that shown 
in Fig. 50 a. If the incident electrons are parallel to the axis, then in a 
perfect lens they will cross the axis in a point image the position of which 
will give the focal length of the lens. 



Fig. 51. Enlai^ged^tion of field in magnetic lens. 


Approximate Expression for Focal Length. The first step towards find- 
ing expressions for the focal length and the rotation of the image is to 
determine the value of the radial field. Suppose Fig. 61 to represent a 
section of an inhomogeneous field of rotational symmetry in which 
and Ujfij are two identical circular disks (of radius r) perpendicular to the 
axis of the field, zz\ They thus define a cylMdrical volume in the field for 
which the Laplace condition must hold : as many lines must tiave as enter 
it, in the absence of any source of fiux within it. Jf the mean field strength 
(number of lines per unit area) across is and that across is jEf,, 
then the net difference in the fiux through the end disks is 
which must be equal to the number of lines entering the volunrfi through 
it| cylindrical sides. The area of t^e latter is 2'nr(z^—z^, and th^fore the 
lyean value of the radial field ^ given by 
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being negative since it is directed towards the axis, in the opposite s^niMkt, 
to that in which r is measured. For an elementary unit of volume,' A 
cylinder of«vanishingly small length (dz)^ this may be written 

Hr= -irdH^Idz. (IV.4) 

It will be recognized that this is exactly analogous to the expression 
(III. 12) found in the last chapter fof the radial field in an electrostatic 
aperture lens by a more general argument; the two methods may be 
interchanged, since both depend on the application of Laplace’s condition 
to the flux of lines of force, in the one case magnetic and in the other 
electrical. The second method is given here for the sake of the^^tearer 
ph 3 rsioal picture it provides. 

Discussing the motion of the electron in cylindrical coordinated (r, 
and z)y the radial field H,. will exert a rotational force on the electron on 
account of its axial velocity producing an acceleration r^, <j> being the 
an^ar velocity about the axis. We thus have 

mr^ = = —\erVgdHJdz, (IV.5) 

from IV.4. We may eliminate dzy since v^, — dzjdty and obtain 
fdt= —(el2m)dH^, 

Integrating from — oo to z, we have for the rotational effect of the field up 
to this point 

<i>=- j (e/2m) dH, = (-e/2w)F,. (IV.6) 


This lateral motion of the electron is also normal to the z-component of 
the field, which therefore exerts a force on it in a direction at right angles 
to both, that is, radially. The radial force must be equal to the sum of 
the magnetic and the centrifugal forces, and so, 

mr = eHg(r(j))+m{r^)^lr 
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Thus the radial acceleration is 
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(IV.7) 


and, being negative, is directed towards the axis ; because of the depen- 
dence on the square of Hgy this will be the case whichever the direction of 
the axiaf magnetic field in the first half of the lens. Since \mv\ = cF, 
where F is the accelerating potential applied to the electron, this expres- 
sion may also be written % 


f‘ = 


(ft* 
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d'h^' e 

5? “ 


(IV.8) 
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on elimination of t In this form it is frequently referred to as the *magiietio 
ray-equation’, by analogy^ with the corresponding expression for the 
trajectory in an electros^tic field (11.16) ; unlike the latter, hower^, it 
contaip the characteristic electron ratio, e/m. 

Int^rating IV.7, right through the lens, we have 

— 00 — 00 

since dz/dt = Vg, the axial velocity of the electron, and we can assume 
that both this and r (— r„^) are constant across a short lens. This expres- 
sion for the radial velocity is formally identical with that obtained for the 
electroiH;atio aperture lens (III. 13), except that the factor (e/2m) enters 
here in the second instead of the first power, as also does the axial field 
strength. In the same way equation IV.7 is equivalent to that obtained 
for the radial acceleration in both the aperture and the cylindrical lens 
(II.U). 

]BSxpression IV.9 shows that the deviation suffered by an electron is 
proportional to its distance from the axis, and hence the primary condition 
for paraxial image formation is fulfilled. As in ordinary Gaussian optics, 
we may now express the initial radial velocity in terms of the angle made 
with the axis by the incident beam 

rjvg = drjdz = tan = rjp, 

where is the distance from the axis of the electron when passing through 
the lens, and p is the object distance (cf. Fig. 60). Similarly, writing q for 
the image distance, we have for the radial velocity on emergence from the 



directed towards the axis and therefore negative in gign. Substituting in 
rV.9 we then have 

rjq+rjp = ^, j HI dz, 

— 00 

and therefore 1/p+l/q = j HI dz ^ 1//, (IV. 10) 


on defining /, in the usual way, as the image distance when the object is 
infinitely distant. We thus have for the focal length of the short magnetic 

/o = — . (IV.ll) 


e* J H!Mz 


It follows that, as in light, the lens would have a diffi^nt focal length 
for rays of different wave-length (= velocity) if the magnetic field were 
oc^istant The advantage of the magnetic coil over ilie optical lens, how- 
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ever, lies in the ^ossibiHty of varying its power oontinuously and over a 
wide range by control of the current in the wijidings. By this means the 
value of the field can be adjusted to maintain a constant focal l^igth 
when different aocelerati^ voltages (= Vg) are employed. K, for practical 
convenience, we express the velocity of the electron in terms 'bf the 
accelerating potential in volts, V (1.5), or of its radius of curvature (p) in a 
uniform magnetic field of strength (1.1), the reduced expression is 


y 4(g,p)» 

00 eo 

0-022 j Hi dz J Hldz 


(IV. 12) 


In this form it resembles the approximate formula for the focal length 
of a symmetrical lens (III. 30). As might be expected, / depends directly 
on the accelerating voltage applied to the electron beam and inversely on 
the square of the magnetic field strength. The faster the electrons the 
longer is the focal length, and the stronger the focusing field the smaller 
is /. For high accelerating potentials (> 10,000 volts) the relativistic 
correction must be applied (section 10) ; this leads to the corrected focal 
length/ = /o(l +(1^/1 000)), where TJ. is in kilovolts. 

By direct integration of IV.6 we obtain corresponding expressions for 
the rotation of the image with respect to the object. Remembering that 
Vg = dz/dtf we have 

00 00 
j d<l> = (f) = —ej2mVg J Hg dz 
— 00 ' — 00 
00 

or, ^ = 0-16/VF ^ H,dz 


= -IKiH^p) J H,dz. (IV.13) 

— 00 

Thus the rotation of the image depends directly on the field strength and 
inversely on the axial velocity, and not on their squares as is the case 
with (1//). It will be noted also that the constants in the expression 
for the latter (IV.IO) are the square of those in IV.13 ; but, because of the 
integration, the value of (1//) is not numerically equal to the square of the 
rotation, The focal length is always positive, by virtue of its dependence 
on the square of the axial field, but the rotation will be positive or negative 
according to the direction of the latter. As in the case of the solenoidal 
field, the trajectory id not strictly reversible. An electron projected from 
I (Fig. 50) in the direction of those arriving from 0 will have a similar 
path in the meridian plane, but will suffer a rotation farther around 
the axis, as indioa^d by the broken line in the projection (a) on the x-y 
plane. . 

The above treatiq,ent has asdumed that the axial velocity of the electron, 
ftnd its radial distance ^m tihe axis, are constant within the lens. Hence 
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the expressions for / and ^ (IV. 11, and rV.13) are valid only for paraxial 
conditions in a short lens, that is, where the object and image are far from 
the lens in comparison with the axial extension of the field. The strict 
treatment starts from a more precise expression for the fiux 0(r, z) (or for 
the magnetic vector potential A) in terms of the axial field : 

0(r,2) = 

which then gives the value of the field in the z-direction at any point off 
the axis in terms of the axial values : 




1 dift(ryZ) 
277r dr 



This expression is equivalent to 11.12 for the potential V„ in the electro- 
static case, and the subsequent treatment follows the same general lines 
(cf. sections 18 and 26), giving an integral in which r cannot now be con- 
si(Jered constant. Evaluation by successive approximation leads to a 
result for the focal length of a thick lens in the form of a series of terms, 
analogous to the expression 111.23. The integral e/SinV J H\dz replaces 
that of 1/4VF J F"/VF dz ; the accelerating potential F, being constant 
throughout the magnetic lens, appears outside the integral as in expres- 
sions IV. 12 and IV. 13. As the case of superimposed electric and magnetic 
fields is later fully treated by this method (cf. section 36), the detailed 
expression will not be discussed further here. 

Experimental Verification. The validity of the result for the focal length 
of a short lens can be tested either by observation of the image distance 

for various object distances, and substitution 
in the ordinary optical formula 

l//= 1/P+lM 

or by numerical evaluation of / from IV. 12. 
The first method was employed by Busch, 
who used a short magnetic coil to focus the 
emission from a cold cathode so as to form 
an image of an aperture on a fiuoresoent 
screen. The object-image distance (p+g) was 
thus constant, and the coil was moved axially 
in order to vary p and q. He plotted the 
values of / thus obtained against the ratio 
P/(P+?)> ^th the result shown in Kg. 62 ; 
the agreement with the simple optical for- 
mula is excellent. He show^ also that the 
focsl length of the lens could be varied at will by varying the generating 
current iL This is to be expected from rV.12, since the field strength H 
is proportional to the current and the form of the axial distribution of 



Fio. 52. Focal length of magnetic 
^lens: comparison of experimental 
results (o) with theoretical curve. 
(Busch.) 
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the field does not change with J, until saturation of the surrounding iron 
(if any) is approached. Busch gave the relation 

llf=kP 

for an unshielded coil, where k = 0*005. As compared with electrostatic 
lenses, therefore, the current supply takes the place of the applied potential 
as the controlled variable for altering the power of the system. Johannson 
and Knecht confirmed Busch’s result that the current-power curve for a 
magiwtic lens was of parabolic form. 

The latter authors also tested the accuracy of IV. 12 by measuring the 
axial distribution of the field with a small search coil attached to a 



Fio. 53. Short ma^gnetic lens: variation of field 
along axis, for three degrees of shielding. 

ballistic galvanometer, and then carrying out a graphical integration to 
obtain a value of the integral J HI dz. They found excellent agreement 
between the focal length thus calculated and that found by direct experi- 
ment. In this work the electron beam was accelerated by a potential 
difference of 760 volts. Tests at higher electron velocities have been made 
by Klemperer, using the beta-ray emission from thorium-B, which has a 
ma-TiTmim at 160 kV., and a Geiger-Miiller counter for recording the 
particles ; and by the author, using beta-rays from radium-E and radon 
up to an equivalent voltage of 2 x 10® V., and a Wilson cloud-chamber for 
photographing the electron tracks directly (cf. section 64). 

32. Farm of Field in Short Magnetic Lena 
The form of axial distribution of the field which occurs in a short lens 
depends on the degr^ of magnetic shielding of the generating coil. When 
a simple unshielded coil of approximately square cross-section of winding 
is employed, the field is found to extend well beyond the limiting planes 
of the coil, as shown in curve (a) of Fig. 63. On adding an iron sheathing 
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of a few millmetres thickn^, as indicated by the heavy lines around the 
winding (shd^h' in cross-hatching), the field is found to be concentrated 
more about the equatorial plane (curve (6) ). The addition of ring shielding 
(dotted lines) to form a small magnetic gap at the centre causes a further 
contraction in width and increase in height of the field curve (c, Fig. 53). 
As the field strength is over a wide range directly proportional to the 
current, its value is usually quoted in gauss per ampere, as here. The 
distribution 8ho\m in the figure was obtained from a coil of 1,000 turns of 
copper wire wound with an inner diameter of 11 cm., an outer diameter of 
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Fia. 64. Short magnetic lens; radial variation of 
field, with and without shielding. 

26 cm., and an axial width of 5*2 cm. ; but the general form is the same for 
coils of larger or smaller size. When large generating currents are used, 
the value of in oersted/amp. decreases as magnetic saturation is ap- 
proached, and the peak of curve (c) is depressed. 

Graphical integration of the distribution curves shows little difference 
in the value of J dz for the three cases, and thus the rotation of the 
image is hardly changed by the addition of shielding. On the other hand, the 
fDcal length depends on the integral of the square of the axial field (1V.12), 
and we find that for curve (c) the value of j Hi dz is nearly three times as 
great as for the unshi^dedcffi. The advantage ofshielding is clear; by using 
massive iron shielding in the construction of a beta-ray spectrometer system 
the author has obtained a concentration factor of 15 (section 64). 

The radial distribution of the field also changes when iron shielding is 
applied to the coil. In Fig. 54 are shown the curves obtained on investi- 
gating the field in the mid-plane (a) and ih the planevtersecting the axis 
at « ^v8 cm., just outside the face of the coil (6), for both shielded and un- 
lAidaed coils. The radial variation in the latter is small and positive 
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inoieasing r; only at greater axial distances tiian z = 3,^^ it take the 
opposite sign. On the other hand, the fully shielded cou shows a large 
positive radial variation in the mid-plane and a large negative change 
outside the coil. This behaviour is important in connexion with the pro- 
duction of spherical aberration. 

The general form of the field is most clearly shown by a map of the 
magnetic equipotential lines, which are orthogonal to the lines of force 
(Fig. 55). The similarity to the distribution of potential in the symmetrical 
electrostatic lens will he seen at once on comparison with Fig. 41. The 



figures given against the lines in Fig. 55 indicate the magnetic potential 
with respect to that at the centre of the lens as 100 per cent. 

The axial distribution of the field, and hence the power of the lens, is 
determined by the geometry of the coil, and attempts have been made to 
find an empirical relation between the number of ampere turns in the 
winding and the focal length, in order to avoid the labour of determining 
the field and making a graphical integration in each case. Ruska and 
Knoll, who were responsible for most of the pioneer work on shielded coils, 
introduced a coil factor F in the following manner. So long as saturation 
of the iron is not approached, we may write the field proportional to the 
number of ampere turns (IN)y and from rV'.l^ 

where C is termed the coil constant. Thus 


IN 


-^5 


022 / 


(IV.14) 


case of a single turn of wire it is possible to derive directly the value 



90 MAaKtenc foccsing tw 

of the constant, which in this caipe is temed Cq, If the turn is of radios r 
and carries a current I e.m.u., the value of the field at any point on its axis 
at a distance z from the centre of the coil is well known to be 

„ _ 2iTrU 

" (r^+zY 

Then, from the definition of C we can write 




r* , 

(r*+z*)* 2 r' 


Substituting this value for G in IV.14, and expressing I in amps., we get 
for the required winding 


IN = 


j 


2rV 

377* X 0*022/ 


= 220 



on writing d, the diameter of the coil, in place of 2r, and expressing V in 
kilovolts (=Vi^. At high potentials the relativistic correction has to be 
ajpplied, by multiplying the above expression by the factor (1+ (1^/1000))*. 

In the case of a coil of square or rectangular cross-section, it is impossible 
to obtain an analytical expression for the field along the axis and hence 
for the constant G, We define instead a coil factor i^, as the ratio of the 
coil constant Gq for a single turn to the coil constant for the coil under 
discussion. We may then write 

IN = 220J; 


The value of can then be determined by experiment for windings of 
different section. In the case of unshielded slab coils it has values of about 
1*1 to 1*2 ; for shielded coils, where the presence of iron increases the field 
strength, its value is Jess than unity. From a knoi^ledge of this empirical 
factor it is then possible to calculate the approximate focal length of any 
coil carrying a given current, or, alternatively, to design a coil to give any 
desired focal length. 

Another method of approach is to find a simple function, that can be 
integrated, which fits the known axial potential distribution as accurately 
as possible, and then to derive an analytical solution of the expression for 
the focal length, IV.12. Glaser has attempted this for the type of magnetic 
lens made by Siemens for the electron microscope, in which the field dis- 
tribution approximates closely to the form 

_ B, 

{i+mY 

where is the maximum value of the field in the lens, a is a parameter 
i^ted to the half-width (d) of the curve at half this maximum value, 

<"•"> 

a o(Hi8tant £» a given t|ype of ooil (see Fig. £3). The value of/* 




(IV.16) 
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is about { for an unshielded coil of the Semens type and approaches 1 for 
shielded coils. On the other hand, Siegbahn has found a value of 3 for a 
different form of coil, when unshielded, tending to unity when shielded 
and approaching saturation. 

The general equation, IV.16, does not yield to integration when sub- 
stituted in IV.12. The case for which /x = | corresponds to the field dis- 
tribution for a single circular turn or for a close wound coil of large diameter 
that approximates to the simple linear conductor. It has been fully 
treated by Wallauschek and Bergmann. Glaser took the more important 
c^ of /X = 1 and showed that it leads to a simple expression for the focal 
length: 

when measured from the principal plane, or 


tan{ir/V(l+ik*)} 

when measured from the mid-plane, as in earlier discussion above and 
corresponding to the mid-focal distance in the case of electrostatic lenses. 
The factor A; is a parameter which characterizes the power of the lens and 


is given by 


^ 8mV 


- \2Hpi • 


(IV.19) 


These expressions then permit calculation of the spherical and chromatic 
aberration of the lens. They reduce to Busch’s simple formula (IV.12) 
for small values of k, that is, for thin or weak lenses. Siegbahn has found 
good agreement with these formulae in the case of a large coil. He has 
also treated the case of /Lt = oa, which he finds obtains in a semisolenoidal 
lens. In this case the expression for the axial field reduces to 

, ' = (IV.20) 

where b = = d/^Qog^ 2). 

The solution proves to be of the same form as IV. 17 and IV. 18, with 6 
replacing a, and in place of A;, if is the value of IV.19 when a is 
replaced by b. 

These are the only cases for which analytical solutions of the magnetic 
ray-equation have so far been found, apart from some simple distributions 
which have no practical importance, such as that of a rectangular H-z 
curve (see Wallauschek and Bergmann; also Preston). 


33. The Magnetic Immersion Objective 
As in the case of electrostatic lenses we understand by the term ‘immer- 
sion objective’ a system in which the object lies well within .the magnetic 
field, which must therefore be‘of high focusing power. The special type of 
lens devised for this purpose may, of course, be used in the reverse sense of 
forming a small image of a distant object, the image then falling 



MAGNETIC F0CU81N0 

witbin the Ibdb £eld. Special pole-pieces and coil windings are emplo}^ 
to obtain the high field strength required over a very short axial distance, 
but the focusing action and the electron paths are essentially the same as 
in the normal short magnetic lens. The approximate formulae for focal 
length and image rotation previously derived will not apply in this case: 
although the axial velocity of the electron in the lens may still be taken as 
constant, the radial distance of the path now changes considerably and the 
electron may even cross the axis within the lens. The full expression for 
the focal length (corresponding to III.23 in the electrostatic lens) must 



Fiq. 56. Magnetic objective lens: construction and field distribution 
for two pole-forms. (Marton and Hutter.) 

now be employed, unless the field approximates closely to the form for 
which Glaser has given an analytic solution (IV. 15). 

The short-focus objective was originally devised by Ruska for use in the 
magnetic electron microscope. It consists of a winding of considerable 
axial extension surrounded by a soft-iron shroud several millimetres in 
thickness. Water-cooling may be incorporated in order to allow of high 
generating currents, in which case the winding is sometimes divided into 
two sections. The iron shrouding is complete except for a small gap, into 
which p^te-pieces are screwed (P, Fig. 56). These are made in the form of 
rings of semi-conical cross-section and may be fitted at or near the mid- 
plfme of the lens, or at one end ; in the developed form of the electron 
microscope the latter arrangement is preferred owing to the greater ease 
of insertion and adjustment the object, which is mounted in a holder 
that sits in the upper pole-piece. The gap between the pole-pieces is 
nonnally filled by a brass spacing-ring (shown black), not only to obtain 
accurate separation of the poles but also to facilitate making the whole 
system vacuum-tight. The best soft iron must be used as the field is now 
concentrated into the gap between the poles, which may be as small as 
2 or 8 mm . , and saturation of the iron must be avoidedias far as possible . 

Ilejflilja^ of the field distribution within the lens is now a matter 
of soine difficulty, owing to the small dimensions of the poles, and reliabfe 
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measurements cannot be made on a laz^-scale model on account of the 
importance of saturation effects in the iron. A number of devices have 
been described for overcoming these limitations, since detailed investiga- 
tion of the form of the field is essential to the 

design of lenses with shorter focal length I I 1 

and less aberration. Klemperer proposed ^ 

a mechanical arrangement for oscillating I ; I 

a small search coil in the field, amplifying I I j 

the output in a resonant amplifier. Other \ I 

workers have relied upon rotating a coil at ^ ^ 

high speed at the end of a shaft driven by j \/ i 

a synchronous motor. Marton has refined | I ; 

the normal method by constructing a search ^^qq . ! 1 ! 

coil of less than 1 mm.® in volume, which oersted • 1 

could readily be inserted between the Hj. j / ; 

pole-pieces; the effect produced in it by ' 

reversing the current in the lens was re- 5 \o iSm^ 

corded with a ballistic galvanometer. p 

Carrying this method further, Dosse has ^ 2 

made a coil of less than 0*06 mm.® in Magnetic objective lens: 

inn axial variation of field and its first 

volume, having 100 turns of fine wire, derivatives for special 

with which he claims an error of less than pole-forms. (Dosse.) 

0*2 per cent, in measurement of the field. 

The form of the axial field strength found by Marton is shown in Fig. 66, 
for two arrangements of the pole-pieces. The greater concentration 
obtained with pole-pieces fixed at one end of the coil results in a very 
short focal length, since / depends inversely on J dZy and this type is 
employed in the R.C.A. electron microscope. Dosse measured the field 
between two unsymmetrioal pole-pieces, of the shape shown above, Fig. 57 
(A» The peak of the curve is not so sharp as in Marton’s lenses and has 

less symmetry. The form of the curves for the first and second derivatives 
of are also given: Dosse claims that his measurements are accurate 
enough to warrant direct graphical evaluation, although the HI curve has 
to be smoothed from a considerable scatter of the experimental p6ints. On 
doubling the value of the current in the lens, he found that the peak of the 
curve was depressed, owing to saturation effects, as indicated by the 
broken line ; the form of the field is now more S3mimetrical. 

The approximate formula (IV. 11) for the focal length of the short 
magnetic lens does not give a reliable result for the immersion type of lens, 
even when the object is situated outside the field. The power of the lens 
is now BO great that the simplifying assumptions made in section 31 are 
no longer even e.pproximately valid ; in particular, the radial distance of 
the electron from l^e axis is by no means constant within the lens. In 


very strong lenses the trajectory may cross the axis within the field, and 
recross it again later. The actual focal length may differ by as much as a 
&ctor of 3 from that given by equation IV.ll. 
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In order -to obtain a more aoonrate expression for / pi the ease of 
the immersion objective, Glaser has produced an anal 3 rtical solution of the 
ma^etic ray equation (IV. 8) by finding a function that fits closely to ^e 
known axial field distribution and can be integrated. This is a simple case 
of the more general expression (IV. 16) given in the previous section, with 
the value of unity assigned to the constant /x ; we then have 


H = - 0 

' 1 + (2W’ 


(IV.21) 


and, by IV. 16, the parameter a now takes the same value as d, the half- 
^¥alue half- width of the field distribution curve (see Fig. 60). The general 
solution for the electron trajectory is found to be : 


|j^^iSin|V(l+^*)arccot|?j|+G2Cos|-y/(l+^2)arccot|^^^ , 

(IV.22) 

where and are two arbitrary constants of integration which can be 
so determined that the path satisfies any desired boundary conditions. 
Giving them values corresponding to an incident beam parallel to the axis, 
the focal point is located &om the general expressions 


tan{n77/-y/(l-f A;2)}' 


(IV.23) 


^ 8m{»7r/V(l+)k*)}’ 

where ay is measured from the mid-plane and / from the principal plane of 
the lens. The parameter k has the value given by IV. 19, and n may be any 
positive integer. Single images are formed by the lens when 0 < ifc* < 3 
and w = 1, and the above expressions then reduce to those given earlier 
(IVJ? and IV.18). It follows that the minirmi Tn value of / for this form 
of field will occur when Aj* = 3 and the value of the sine term is unity. 
Then f = a, and ay = 0: the focal point will be in the centre of the lens, 
and the principal plane at the position where Hg has the value of HJ2. For 
higher values of k* the rays will cross the axis more than once within the 
tens, forming intermediate images. This type of field distribution is 
closely obeyed by all tenses of the immersion objective type, in which the 
pole-pieces are of small internal diameter and are closely spaced, so that 
the field is concentrated into a very small volume. It is possible, therefore, 
to use the above expressions with some confidence in theoretical discussion 
of the aberrations of such tenses, as has recently been done by both Dosse 
and Glaser (of. section 39). 

The position of the other cardinal points can also be deduced on the same 
assumptions, and this is especially valuable because their experimental 
location is a matter of difficulty. Buska investigated tile problem with the 
aixanM^aent indicated in Fig. 68 a, where 0 is a wire-gauze object sup- 
poftaS on a ring in the path of a high-voltage electron beam, above the 
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pole-pieces P bf the lenil (not otherwise shown). The object distance p 
could be varied by movi^lihe supporting ring along the axis, and for each 
distance he determined the lens current (= J HI dz) required to produce a 
sharp image on the screen S, at a fixed image distance q. The results were 
expressed in the form of curves for the magnification ( -MJ,) and lens current 
(Iq) ag^^i^i' object distance, for various experimental conditions. Typical 
c^es obtained for 60 kV. electrons are shown in Fig. 68 b (full lines) ; both 




ib) 


(a) 

Fio. 68. Magnetic objective lens: (o) experimental arrangement. (6) magnification (Af) 
and current (/) for varying object distance (p) and a 60 kV. beam. (Ruska.) 

M and I : iron-clad coil. 

Ml and Ii : imshielded coil. 

Ml on ten times the scale of M. 


rise rapidly for object distances of less then 2 cm. The magnification, 
however, drops sharply at a value of p = 3 mm. on account of saturation 
of the pole-pieces. The broken lines show the values for the magnification 
(on ten times the vertical scale) and lens current (original scale) for 
the exciting coil without iron shrouding. These results were obtained with 
pole-pieces of 6 mm. diameter; the power of the lens increased with 
diTniniflhing diameter (D), and Fig. 69 shows the form of the relation. A 
minimum focal length of 3 mm. was obtained with this type ofiens. 

Ruska attempted to determine the position of the principal p^es from 
his measurements of object distance and magnification, by the normal 
light optical methods. He found that no consistent conclusions could be 
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obtained within the limits of his error in meaeurement (2 per cent.), 
indicating that the principal planes lay ver^lose together. The fact that 
the observed focal length was usually greater (by a millimetre or less) than 
that calculated for the equivalent thin lens indicated that the principal 



Fig. 69. Magnetic objective lens: variation in minimum focal length (/min) pole- 
piece diameter (D) for a 60 kV. beam. (Ruska.) 



planes were crossed over near the centre of the lens. These results were 
obtedned for the unshi^ded lens coil ; for the lens with pole-pieces it proved 
impossible to draw any conclusions at all, owing to the object falling within 
the field when such short focal le^lfths were employed. A satisfactory 
expeiriiiiental method for sirong objectives has not yet been devised. 

Glaser, however, has detennined the position of the cardinal points by 
oaloalation from es^pressions IV.23 ahd IV.24, for the special t 3 rpe of field 
assumed in their derivation. The fyrm of these expressions shows at once 
Zf, for all values of ib, and hence that the principal {danes are 
Indiml oromcf^bver* The position of the four main cardinal points, for a 
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value of = 1*6, ia shown in Fig. 60. For a fooal length of 5 mm. the 
piinoipal planes prove to ^ separate by a distance of 6*8 mm. The 
gener^ expression for their separation is shown by Glaser to be 

Hence in strong lenses (k > 1) the separation increases, in terms of a the 
field-form parameter, and for weak lenses (k < 1) it tends to zero. The 
full lines in Fig. 60 show constructional rays ; the paths actually followed 
by electrons are curved in this plane, as indicated by the broken lines. 
Glaser was able to show that the normal optical formulae and construc- 
tional methods were none the less valid in these special conditions, when 
the object or image is deeply immersed in the field. 

34 . Bay-tracing in Magnetic Lenses 

Considerably less attention has been paid to methods of ray-tracing in 
magnetic lenses than to the corresponding electrostatic problems. The 
rotation of the beam about the axis provides an additional complication 
in the magnetic field, and in any case it is not possible to determine for it 
a set of equipotential surfaces with the ease and directness that electro- 
static fields allow. One method of approach, indeed, is to convert the 
magnetic lens into its electrostatic counterpart, but this is by no means a 
simple process, as wiU be made clear later. It has been more usual to 
attempt to adapt the methods used in the electMcal case, either directly 
or with the aid of the concept of magnetic vector potential. Owing to the 
different properties of this quantity as compared with the electrostatic 
scalar potential (see next section), it is not allowable to use identical 
methods in the two cases. 

The most direct and rapid procedure is to use the paraxial ray equation 
for the magnetic field (IV. 8) in conjunction with an ex|^rimental deter- 
mination of the distributton of the field along the axis, Siday has 
calculated trajectories through a thick lens, formed by a short solenoid, 
by making a stop-by-step integration of the equation firom such a distribu- 
tion curve. A less laborious method has been used by the author, akm to 
that given for electrostatic lenses in section 18; it also has an advantage 
in accuracy, as it derives tho values of the field parallel to the axis (^) 
at each point of the path, instead of assuming it equal to that at the 
corresponding point on the axis 

The form of the ray equation used is that of IV.8 : 

= -(e/8mFo)^r = (0*022/Fo)^*,r, (IV. 26) 
where Vq is the accelerating potent applied to the electrons (in volts). 
Expressing the Md in the r- and z-directions at the point (f , z) in terms of 
the value at the aas, as given by the series (IV.45 and 1V.46) derived in 
the next section, a more exacktr^tment yields the equation 

r' = ' (IV.27) 
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nfiglecting high^ orders of derivatives of E. The value of is found 
an experimental determination of the field along the axis, at l-om, 
intervals; the values of JET^ and 17^ are found from seoond and fourth 
differenoes as in the eleotrostatio method. Assuming an incident beam of 
given direction, so that and are known, the yalue of the radial 
acceleration imposed on an electron entering the field can be calculated 
from IV.27. The value of the radial distance and radial velocity (r^ and 
r^) at the end of this segment of the lens is then found from the relations 


ri = TQ+TQAz+iroAz^y and = ro+rJAsi, (IV.28) 
where Az is the segment length chosen. These values, with the next value 
of are then used to find the value of rj ; and so on, segment by segment, 
through the lens. The number of the segments, and hence their axial 
length, are chosen according to the degree of accuracy required ; as in the 
electrostatic case, 16 to 20 points are usually sufficient. If the number of 
segments is made greater than 20, then differences of higher order should 
be introduced into equations IV.28 so that the accuracy of r and r' is 
increased accordingly; the necessary expressions were given for the 
electrostatic case (11.17, 11.18). By taking the incident ray parallel to the 
axis from each side of the lens in turn, the position of the principal foci 
and hence of the principal planes can be found at once. However, since 
these latter are close together, it is advisable to plot at least one other 
pair of rays through the system as a check on their location. When 
a rapid indication of the focal length only is required, it is sufficient to 
assume that gH„ = and to employ the simple expression rV. 26 . A 
comparison of the results obtained by the rough and the more accurate 
procedure is given in Table II below, together with experimental values. 

The path calculated by this method is that followed by an electron in a 
meridional plane rotating about the axis with it. The rotation can be 
£mnd by a similar step-by-step procedure, from the equation for the 
angular velocity: 

^=-(c/2m)^„ (IV.29) 

but it is usually not a matter of interest. The method also assumes that the 
velocity of an electron parallel to the axis is constant through the lens, as 
determined by the accelerating potential IJ. It is therefore less accurate 
when applied to lenses of high power. It would be possible, but laborious, 
to calculate tbe correction to be applied to the velocity at each point of 
the path, from the expressions for the tangential velocity (IV.29) and the 
radial velocity (IV.28), and thus make the method better applicable to 
immersion objectives. 

Goddard and Klemperer have recently described a more exact method, 
which is based on a similar mathematioal procedure. They prefer, however, 
to integrate with respect to time and not with respect to z as in the ' 
method just describe. For this purpose they take si starting-point the^ 
tbsee^uations of motion of the electron, in terms of the magnetic vector 
pot^l^ A (see next section) and 4ts derivatives with respect to r and z. 
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The value of A for each point of the trajectory is found by numerical 
evaluation from an experimental map of the field strength in the 
median plane. For a ray of given initial direction, r and r, z and the 
successive values of the radial and axial accelerations are found with 
the aid of formulae derived again from the calculus of finite differences, 
but of greater ao^curaoy than 11.17 and IV.28 : 

and « r„+r„_4-r„_5+^[67r„-8r„_i+ 122r„_,-8r„_a+67r„_J, 

the second and more exact expression being used where the field gradient 
is steep and the path correspondingly of sharp curvature. The time unit 
u) is chosen to accord with the degree of accuracy required in the trajectory, 
and the subscripts n, n— 1,... refer to the values of r or f at previous time 
intervals. By this means the conditions along a section of the path and 
not simply at the point considered, are taken into account. A similar 
relation applies for determining z. It is then possible at once to find the 
values of r, r, r , 2 , z, and z at each successive unit of time and hence to 
obtain the whole trajectory. The angular velocity (j> and angle of rotation 

can also be found from the third equation of motion. The expressions 
are in such a form that they can be rapidly evaluated with an electrical 
calculating machine. 

The method has the advantage that it can be employed on rays starting 
with a component of velocity about the axis (skew rays) and for those of 
large aperture. In addition, the accuracy may be checked at each stage of 
the procedure : the radial, axial, and rotational velocities may be rapidly 
integrated numerically up to any point, and the sum of their squaresi 
evaluated (z®+r*+^2). This sum should be constant throughout the path, 
being directly proportional to the energy of the electron, which is un- 
changed by the action of the magnetic field. On account of this control, 
therefore, the method is the most reliable yet devised for investigating 
the errors of lenses by ray-tracing. 

In order to test the degree of accuracy obtained Goddard and Edemperer 
investigated by direct experiment the electron paths in a simple magnetic 
lens, using an adaptation of the apparatus described in section 23 for 
investigating electrostatic lenses. Electron beams of varying inclination 
to the axis were projected into the lens &om a special electron gun, and 
their subsequent path was found by observing the spot formed on a 
fiuoresoent screen which could be shifted to and fro along the axis. By 
this means it was possible to follow the beam right through the lens, since 
the presence of the screen in the field does not disturb it as it does an 
. electrostatic field. The rotation ^ of the beam was observed as well as its 
final inclination to the axis (and hence the focal length) for beams of 
different initial inclination, tan S, In Table II the results are, shown in 
eompariBon with t^e values computed by the method described above; 
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the mid-fooal length MF u. also compared with the value obtained from 
the approximate formula (IV.ll), which is equivalent to setting ^ 
in IV.26. The agreement between experiment and ray-tracing is good, 
both for the rotation and the focal length (see also Fig. 61). On the other 
hand, the Busch formula is already significantly in error for the beam 
of tan 6 = 0*058, or only 3*^ divergence from the axis, in spite of the fact 

Table II 

Comparison of Experimental and Computed Electron Trajectories in an 
Unshidded Short Magnetic Lens at Various Apertures (tan^) 

(G. & K. = Goddard and Klemperer’s method; B. = Busch’s paraxial formula 
(IV.ll); C. = author’s method (IV.27).) 



Angular rotation (^) 

Mid-focal length {zf) (cm.) 



Computation 


Computation 

r"tand 

Experiment 

(Q, dh K,) 

Experiment 

Q, db K. \ 

B, 

C. 

0*034 

69“ 

60“ 

27*0 

23*8 

26*8 

26-3 

0*068 

06“ 

61“ 

23*2 

22*2 

26*4 

23*1 

0*101 

67“ 

63“ 

18*0 

18*4 

26-5 

16*1 

0*126 

67“ 

66“ 

13*3 

16*3 

26*4 

16*9 


that the lens is by no means of high power : the maximum field strength on 
the axis (HJj) was 16*5 oersteds and the incident electrons of 500 e.V. 
energy. The final column gives the values computed by the author’s 
method (IV.27). They differ little from the other computed values, but 
agree rather better with experiment for paraxial rays. For slightly 
different conditions the true focal length, /, as weU as was calculated 
from the expressions given by Glaser (IV.23 and IV.24), assuming the field 
to have the form for which these were evaluated (IV,21), and comparison 
was then made with experiment and the new method of computation. 
For both / and Zf the latter gave (paraxial) values slightly greater than 
those of Glaser and 3 per cent, below those found by experiment. In 
agreement with other work the principal planes proved to be crossed over, 
at a separation of 1*0 cm., when the focal length was 10*9 cm. (cf. section 
33). The circumstance that computation usually gave values for / smaller 
than those found by experiment was ascribed to a uniform error in measure- 
ment of the field, due to the finite size of the search coil. 

This method of computation, therefore, gives results of a degree of 
accuracy not previously obtained, and holds out possibilities for investi- 
gating the aberrations of magnetic lenses by ray-tracing, as in light opijcs. 
Goddard and Klemperer traced a number of parallel rays at different 
radial distances in oi^er to determine the spherical aberration, and com- 
pared the results with the experimentally determined focal lengths 
(Sig. li). The aberration was found to be positive, giving shorter focal 
Jbngllis for marginal than for paraxial rays (of. seWon 39) ; the oompiited 
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values were 3 per-cent, in error at the axis and 9 per oent. too low for a 
radial distance of 3 cm., equal to about half the radius of the lens. 
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Fio. 61. Electron trajectories in unshielded magnetic lens at various apertures: (a) in 
meridional plane (6) in projection on transverse plane. (Goddard and Klemperer.) 


36 . Magnetic Vector Potential; Equivalent Electrostatic Lens 
We have so far specified the magnetic field by reference to the field 
strength, or fiux per unit area, E, An alternative approach employs the 
concept of magnetic vector potential, A, which is related to .ET in the same 
way as i? is related to the generating current density i. In elementary 
discussion it is more convenient to use the physically more intelligible 
quantiti^, the fiux and field strength. We shall now indicate the relations 
between A and E in the case of fields of rotational symmetry, and the 
ways in which the vector potential is especially helpful in lens problems. 

The curl function of a field may be defined in terms of the work done 
in carrying unit pole around the current-carrying wire that produces the 
field. Irre^ctive of the path followed, the line integral of the field (work 
done) taken around a'closed curve is given by 

= (IV.30) 

if / is the onirent in the jriie, as was shown by Oersted. The quantify, 
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oorl jET, is then defined as the line integral per unit area, and is obtained 
on dividing IV.30 by the area (<r) enclosed by the path; 

curl H = daja = ifrrlja = 47ri, (IV.31) 

where i is now the mean current density enclosed by the path. When the 
path is not linked by any current, we have the corresponding expression 
to Laplace’s equation of the electrostatic field: 

cmlH = 0. 


The vector potential is formally defined in the same way with respect 
toH: 

curlil = H (IV.32) 

or j A dsjo = H. (IV.33) 

In general the closed curve along which the line integral is taken will not 
be confined to one of the planes of reference. The components of A can 
then be found, in normal rectangular coordinates, by projecting the curve 
on to the respective planes. In the present case it is convenient to work 
in cylindrical coordinates and, if no current links the curve, the components 
of the curl of A and of the curl of H are then 


and 




(IV.34) 


(IV.36) 


In magnetic lenses the field is usually of rotational symmetry, in which 
case all derivatives of H with respect to ^ vanish, the components Ag 
and Af are zero, and we have 


„ _ia(f.4^) 
^ r dr 


(IV.36) 
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Substituting in the last equati<m of 1V.34, we obtain 



dr^ 



Ids 

(IV.37) 


which corresponds to Laplace’s equation (11.3) for an electrostatic held of 
rotational symmetry; it must be emphasized, however, that the two 
conditions are not identical. From this we may proceed, as indicated in 
the next section, to obtain an expression for the vector potential at any 
point in terms of its value on the axis, analogous to 11.12 for the electro- 
static potential. 

From the definition of A it follows that, for a finite surface, 
j Hgd(7 = j curl^ da = j A dSf 

that is, the surface integral of the normal component of the field over a 
given surface is equal to the line integral of the vector potential taken 
round the closed boundary of this surface (Stokes’s theorem). In general 
it is not possible to measure A directly nor to obtain a simple expression 
relating it to other parameters of the field, but in the special case of rota- 
tional symmetry here considered it can be related at once to the fiux. We 
suppose the surface to be a disk of radius Tq set normal to the axial com- 
ponent of the field ; its boundary is then of length 27rro, and encloses an 
areaofTrrJ. Hence 

jAds = 2^^A= j'znrH, dr = 0, (IV.38) 

where ^ is the total fiux through the area, obtained by integrating the 
product of field strength and area from the centre (r = 0) to the circum- 
ference (r = rg) of the disk. We may thus write 

A = ilijinro = (IK) J (IV.39) 

0 

In magnetic lenses, therefore, the magnetic vector potential in a given 
region is given by the total normal fiux through a small area enclosing it, 
divided by the perimeter of this area. In the special case when the field 
is uniform this reduces to 

A = ^^Hj27rr = (rl2)H,. 

The equipotentials of A are then concentric cylinders around the axis ,; at 
theaxis, A = 0. When the axial distribution of the field has been measpied 
with a search coil, the distribution of vector potential may be found by 
graphical integration from IV.39. In order to avoid this extra step, 
however, methods directly involving H are in practice used in preference 
to vector potential niethods whenever possible. 

It will be shown in the next section that the motion of an electron in 
combined electric and magnetic fields can be described in terms of a 
^meridional, potential’ (Q), distributed in the meridional plane which is 



oomMeiwi to Tot&te About tbs ftXW WltA tbo BUgobr vdindtj of the 
efectron. Once Q is known, the path of tbe electron can be traoed through 
suocessive sta^s of refradtion at tho equipotentiaZ lines in this plane. 
If Vis the acoelerating potential applied to the electron, then 

Q„ = {elm)V-r^^l2 = (e/m)F- J{(6/m)i4+(7/r}*, (IV.40) 


where the quantity C is given by 

C = f^—(elm)rA, 


and is determined by the initial rotation of the electron about the axis 
(cf. footnote, p. 107). For rays starting from a point on the axis G has 
the value zero, and we may write 


A = (mle)^[2{(elm)V-Q}l (IV.41) 

giving an expression for the magnetic vector potential. This shows that 
aquipotentials of A are also equipotentials of Q ; they have the general 
shape of the lines or surfaces of equal H, but are more closely spaced. 
Once values of A have been determined, the corresponding equipotentials 
of Q can be mapped and the trajectory of the electron traced (or calculated) 
from'point to point, using Snell's law for the refraction at each boundary. 
Alternatively, Dosse has used a method comparable with that used in 
automatic ray-tracing in electrostatic fields : from the value of the normal 
component of the gradient of Q the force on the electron is found and a 
(parabolic) segment of path calculated until it reaches the next equi- 
potential, consecutive segments being joined tangentially at each boundary 
in order tp obtain the complete trajectory. This is probably as accurate 
as the method of Goddard and Klemperer but far more laborious. 

The same aVenue of approach also gives the form of that electrostatic 
lens which would have the same effect as a given magnetic field. Indeed, 
it is found at once by dividing the meridional potential Q by (e/m). 
Equation IV.41 thus gives the equivalent electrostatic potential U : 

U = V-{el2m)A^, (IV.42) 

As F is constant in the normal type of magnetic lens, it follows that the 
equipotential surfaces of U will also be equipotentials of A. At the axis 
A = 0, and its value increases with distance radially, so that the value of 
U must decrease in this direction. That is to say, the field behaves as if 
the refractive index decreased with the radius ; the lens may be considered 
as made up of hyperboloidal shells of decreasing index (or 'optical density*) 
arranged around the axis. Figure 62 shows the form of the equipotentials 
in the equivalent electrostatic lens and, by shading, the diminution of 
refractive index away from the axis; near the axis the decrease in power 
is roughly proportional to the square of the distcmce. The electron, being 
a negative particle, will be deviated towards the axis in what is relatively 
a potential trough; thus, as already stated, riie magnetic lens is always a 
ecMhVerging system. By this method any magnetic lens may be ta»ns- 
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formed into its eleotrostatio equivalent, in whioli trajectories may. then be 
traced by one of the procedures described in Chapter II. 

It is clear that this type of system is very different in the general form 
of its field from the electrostatic lenses considered there and in Chapter III. 
If anything, it is even more remote from any glass optical focusing 
arrangement. As Gabor has pointed out, however, an equivalent optical 
model could be made from transparent hyperboloidal shells. When rotated 
at high speed it would have exactly the same effect on light rays as the 
magnetic lens has on electrons: the light would travel in spiral paths 

I 



I » 


Fig. 62. Equivalent refractive index 
in magnetic lens (after Gober). 

(Fizeau effect). In practipe, the speeds required to produce such a con- 
vection of light in a moving medium would be so high that the material 
would break up by centrifugal force. 

* 36 . Superimposed Magnetic and Electrostatic Fields: General^ 

Case 

Having considered as separate cases the electrostatic and the magnetic 
lens system, we now treat the general case in which electrons are under 
the simultaneous influence of both types of field. As stated in section 5, 
the total force on an electron is then given by adding vectoriaUy the 
electric and magnetic forces. The electrostatic case was fully treated in 
sections 18 and 26, and it remains to obtain a general expression for the 
combined fields. 

Commencing from a special solution of Laplace’s equation for eleotro- 
statio fields of rotational symmetry, ^ 

%ir 

V„ = (l/2ir) I f(z+i sin a) da, 

0 

p 
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it wtm shbwn in section 18 that the potential V„ at any point (r, z) could 
be expressed in terms of the axial potential and its derivatives : 


V = F — 

22 *^22.42 




where primes indicate derivatives- with respect to 2 , as before. The equi- 
valent approach for the magnetic field begins with expression IV.37, in 
terms of the vector potential A, 


d^A 1 dA d^A 

dr^'^r dr dz^ 


The solution for fields of rotational S 3 rmmetry is 


2ir 

A = ( 1 / 277 ) J <I>( 2 +iVsina)sinada, 

0 


whTO <I> is the scalar magnetic potential. Proceeding as before, this 3 delds 
an expression for A in terms of the axial values 


2 2! 2® 2! 3!^* 


<I)(2n-l)| 


or A = 


0X64 


ffly 


(__l)n ^ /r\2n-l 

1 )! 

( nn /y\2n+l 

J_iL_ m2n)/M 

‘7i!(w+1)! ^ \2/ ’ 


(IV.44) 


since Hg = —O'. From the relation between A and Hg previously given 
(IV,36), we obtain on differentiation with respect to r the corresponding 
and more useful expression for ^ in terms of the axial field 





Similarly we get for the radial field the series 


(IV.46) 





(~ir 

n\(n—\)\ 


H^-i) 



. (IV.46) 


It will be seen that the series for gH^g is of the same form as that for the 
electrostatic case (rV.43). It is to be noted, however, that the magnetic 
field strength is a vector quantity, so that the total field at the point 
(f , 2 ) is given by the sum of the vectors and gH „ ; and since the former 
increases with the radius more rapidly than the latter decreases, the total 
field must increase towards the perimeter of the lens, as is found experi- 
mentally. It is clear also from the last two equations that the simple 
relation derived in section 31, 


= -(r/2) dHJdz, 


is valid only so far as the first term of the series is concspied. The present 
treatmeD^ does not involve the radial field, but a similar approximation 
4b tnadi^ regard to the series for 

iTAs Bay Equatum. We now proceed to add the electric and magnetic 



M] MAGNETIC FOCUSING 107 

forces in each direction, working in cylindrical coordinates as before; 
writing and E^, for the co;nponents in the axial and radial 

directions respectively, we obtain 

Fg = e{Eg-\-r^Hf)y F^ = e(E^—r^H^, F^ = e(fHg—zH^), 

there being no electric force E^ around the axis. Similarly we have for the 
respective accelerations, taking account of the centrifugal action radially, 

ag='z a,. = = {llr)dldt{r^<j>) = rf+2r<j>. 

The last equation expresses the fact that the torque about the axis is equal 
to the rate of change of angular momentum ; in the approximate treatment 
of the short magnetic held in section 31, only the first of the two terms 
involved (r^) was used (cf. IV.6). Combining the two sets of equations we 

now have (elm)(8Vldz+r4,H,) (a) \ 

r^r ^2 — (ejm)(dVldr—r<j)Hg) (6) . (IV.47) 

dldt(r^<j)) = (erlm)(rHg—zH^). (c) 

Substituting in the last expression for Hg and from IV. 36 we get 
dldt{r^<j)) = {elm)[rd{rA)/dr+rzdA/dz] 

= (elm)dldt{rA), 

the total differential of (rA), Hence 

{elm)rA+Cf (IV.48) 

where C is a constant of integration, depending on the initial rotation 
of the electron, and A is the value of the vector potential at the momen- 
tary position of the electron.f On substituting the angular velocity, as 
thus given, in‘ expressions IV. 47 a and b, 

z = {el7i\)[dVldz — j[{elm)rA+C}dAldz)]j 
and f = (elm)[dVldr—^{(elm)rA+C\d{rA)ldr-\-^{(elm)rA + C}^]y 


where Hg and have again been replaced by the equivalent terms in A» 
These equations may conveniently be written 

z = dldz[(elm)V—(ll2r^){(elm)rA+C}^] (IV.49) 

and f = 0/^[(e/w)F— (l/2f*){(e/m)ri4 + C'}*]. (IV.60) 

The motion of the electron in the meridional plane can therefore be repre- 
sented as taking place in a potential field given by 

Q = {elm)V-(ll2r%elm)rA+C}^ (IV.61) . 

. = (e/m)F— 

as discussed in the previous section. 

t In fact, G = — — rA = rj^^ ~ ^^qAq* where the subscript a indicates values 

taken at the point of origin of the electron. It should be noted that this definition of 
C differs by the factor m/e from that used in previous books on electron optics ; we 
prefer to follow Busch and Glaser in this respect. 
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limitmg the discussion to paraxial conditions, we now substitute in 
expression IV. 47 b for (dVIdr) and Eg, The value of the former is given by 
taking the first two terms of the series for V„ (IV.43), and was shown earlier 
to be ~(f/2) VI (11.13) ; the value of the latter in terms of the axial magnetic 
field Hog is given by the series IV.45, of which the first term only is sufficient 
here. We then have 


f— r^2 —{ej2m)rVl—{elm)rij>HQg. (17.62) 

Applying to IV.48 the expression for A in terms of H given earlier (IV.44), 
of which the first term is again sufficient, we have 

= {el2myHf^+C. 

For rays starting from a point on the axis outside the field, that is, with 

no initial angular velocity, the value of C is zero, and we can substitute 

at once for <j) in IV. 62 : 

f = —(el2m)rVl--{e^l2m^)rHlg+{e^l4^m^)rHlg 
= -(e/2i7i)r{F;>'(c/2m)/??,}. (IV.63) 

Glaser has shown that this equation holds also for the general case, when 
C is not tero and the object is immersed in the magnetic field (cf . section 
38, p. 118); practical experience had already proved that images con- 
forming to the normal optical rules were indeed obtained in such condi- 
tions. 

Expression 17.63 corresponds in form with those obtained earlier for 
the electric field (11.14) and the magnetic field (1V.7) acting alone. 
Remembering that the axial velocity z = ^J{(2elm)Vg}, we may write 

f = zdldz(zdrldz) = 2 (e/w)VTJd/d 2 (Vl^dr/d 2 ); 
and IV.63 then gives the differential equation for the ray path : 

'JVgdldzi^Vgdrjdz) = ^irVl-(elSm)rHl = -Pr, (IV.64) 
where P = JFJ+(c/8w)Z^Jg. 

The radial acceleration, being negative, is therefore directed towards the 
axis and is proportional to the radial ordinate, so that the primary 
coudition for image formation is fulfilled. In the general case equation 
17.64 will also contain a term relating to space charge, as well as a term 
in C (= (m/2e)C*/t^). When the second term in the series for Eg and A is 
included, as was the second term in the expression for 1^, the form of 
equation 17.64 remains the same, but now 

IVom IV.48 an expression may now be obtained for the rotation of the 
image ; we have 

^=-.(e/«»)fi4/r*+C/r* 
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gubstituliDg the first term of the series expression for A. The angular 
velocity may also be written as 

<l> = (mdz)(dzldt) = zd<j>ldz 

= ^{(2elm)\Qd4ldz, (IV.66) 

if we express the axial velocity in terms of the accelerating potential. 
Hence 

VlJ d^ldz = ^J(elSm)HQg+^(ml2e)Clr^. 

Setting (7 = 0, as before, we obtain for the angular rotation 

00 

= V(e/8m) J dz. (IV.66) 


For paraxial conditions, therefore, all rays starting from the object will 
suffer the same rotation ; consequently the image will not be distorted, 
but will experience a rotation as a whole with respect to the object. 

When the electrons are accelerated iii a separate system before the 
magnetic lens, and there is no electrostatic field within the latter, the 
above expressions IV.64 and IV.56 reduce to the form of those derived 
for the simple magnetic lens (IV. 8 and IV. 13). 

Use of Special Solutions. The general differential equation (IV.64) for the 
path of a ray in combined electric and magnetic fields will have as many 
solutions as there are possible paths from object to image. If two special 
solutions are known, then any other path may be expressed in terms of 
them. As shown in section 26 (p. 65), two particular solutions and 
are related at every value of z by the expression 

rA-riri = (IV.67) 

where Ou is a constant of integration depending on the two paths chosen, 
and Vg is the potential at the axial point at which particular values of the 
radial distances (r^, fg) and inclinations (r[, r^) of the rays are measured. 
Any other solution fg. of the ray equation can be similarly combined with 
and rg, in turn, so that 


= GuHZ- 


(IV.68) 


Multiplying these two equations by and fj, lespectively, and adding, 


On division by IV.67 this becomes 


r* = r, C^Oi 2 +riCixlCi 2 

= rjCi+rjC, 


{IV.69) 


when e, and Cg are again constants characteristic of the particular pair 
of solutions assumed known. 

'In seoticm 29 two solutions were chosen cone^nding to paths parallel 
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to the axis in the object and image space respectively, in order to locate 
the focal points and obtain a relation (111.28) between them. For the 
later discussion of aberrations, however, it is convenient now to take a pair 
of rays (r^, r^) specified by the following values in the object plane : 

= 0; Km = 1 j_ (ly 

the ray being parallel to the axis at unit distance and intersecting the 
fl-TiH in the object plane at unit inclination, so that its radial distance in 
the aperture (fafl) wiU equal the object distance (p). Writing for the un- 
known solution Tj. the value Tq in the object plane, we have from equations 
IV.67andIV.68, 

^12 = or = roVFoi 

= or G^^ = ri^Vo; 

where Vq is the axial potential in the object plane. Substituting in IV.69 
we have 

(IV.61) 

giving an equation for the value of the unknown ray at every axial position, 
in terms of the values of the special solutions at that point and the para- 
meters of Tg. in the object plane. Similarly it may be shown that the local 
value of the inclination of the ray is given by 

(IV.62) 

These two equations completely describe the path of any ray in terms of 
the two special solutions 

The Focal-length Equation, An expression for the focal length of the 
combined lens may be obtained in the same manner as for the electrostatic 
> field alone (section 26). Byintegration of rV.64, writing P as there defined, 

= - J PrHVJz, 

0 

where the subscript 0 refers to the origin and the subscript n to the image 
space. Allowing the entrant beam to be parallel to the axis, = 0, and 

< = -(l/VF„)JPr/VF.<fe. 

0 

Then the (seoond) focal length/, is given by 

i//. = = {1/MFJ} J Pr/VF. dz, (IV.63) 

— CO 

fatlring the limits from infinity to infinity, since no fi^ exists outside the 
lens. As f is contained within the integrand this expression is not generally 
susoeptible of treatment and an expression for/ can only be obtained in the 
form, of a series of ieims, of the same nature as given in 111.23 for Uie 
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eleotrostatio tens, but with the quantity (P) instead of under the 
integral sign: 

— 00 — 00 — 00 — 00 

eo e ti e e 

.... (IV.64) 

— 00 — 00 — 00 — 00 — 00 

Making the same simplifying assumption as previously, that the radial 
distance of the electron within the lens is constant and equal to Tq, we 
obtain from IV. 63 an approximate relation for/: 

l/f=(W{P/^,dz 
— 00 

= m^/VJ}fv"J^V,dz+{e/(8m^/rJ} {sy^V.dz 
— 00 — 00 

= l//e+ !//,„, 

as will at once be evident on referring to the expressions obtained for the 
focal length of the simple elec^ostatic lens/^ (III.23) and of the isolated 
magnetic lens/,„ (IV. 10). It thus appears that, to a first approximation, 
the superimposed fields may be considered as each giving rise to the lens 
which it would form if present alone, the total power being given by the 
simple sum of the two components treated as superimposed thin lenses. 
This result is of great value when using lenses employing both electro- 
static and magnetic fields ; it might, of course, have been predicted from 
the fact that the electric and magnetic forces on the electron are simply 
additive. 

An alternative treatment is also due to Scherzer, and is followed by 
Picht. Writing IV.64 in a form corresponding to that given earlier 

(IV.66) 
(IV.66) 

(IV.67) 

uu substituting for B from IV.66. This integral again cannot be evaluated 
directly, but must be solved by successive approximation on the lines of 


(11.16) for the simple electrostatic tens, 

Vr^+iVY = -JrF"-(er/8m)£f2^ 
he introduces the substitution 

R = rF*. 

As a result, 

R" = -iJ[^(F'a/F®)+eH2/8mF] = -RT, 
Corresponding to IV.63 we then obtain, in the light of IV.66, 

V/. = -r'Jr, = (D* W = (|)‘ J T dz. 
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ezpfabion IV.64, It h4s the advantage, however, of oontaining only the 
first and not the second derivative of the potential, a'tnatter of great 
practical importance since the former may be detiSrmined with much 
greater accuracy than the lati^r from an experimental investigation of the 
potential distribution in a lens. For theoretical purposes, and especially 
in the discussion of aberrations of the image, it is preferable to employ the 
"Method given first above. 
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CHAPTER V 

‘ABERRATIONS OF THE IMAGE 
371 Introduction 

T he discussion of image formation has been confined so far to paraxial 
conditions, in which contributory rays make with the axis an angle so 
small that its value (in radian measure) is not significantly different from 
that of the sine ; for angles less than 10° the difference is negligible for 
normal purposes. In such a case aU rays from a given point of the object 
come together again in a single point of the image ; the object gives a true 
image, which is then said to be aberration-free. The cone of rays gathered 
by the lens must thus be limited to a semi-aperture of less than about 
7 r/ 20 , and the brightness of the image relative to the object is correspond- 
ingly restricted. For many purposes it is necessary to gather a larger 
proportion of the emitted electrons, and a bigger aperture is used ; those 
paths which make slightly greater angles with the axis than the paraxial 
rays are termed zonal, and those farther out stiU are termed marginal. 
For these rays the value of the sine of the angle approximates closely to 
that obtained from the first two terms in the series 

smd = d-dllZ\+d^l6\-.„\ 

the error is less than 1 per cent, up to angles of one radian. When, as in 
optics, stiU larger apertures are employed, the third term of the expansion 
must also be taken into account. 

Under these conditions the simple expressions evolved earlier for the 
relation between object and image no longer apply. It is found that the 
image is more or less seriously distorted with respect to the object: 
electrons from the sa^ne point on the object intersect the image, plane, in 
different points, and the image plane itself may be curved. The investiga- 
tion of these differing j>aths may be conducted analytically by employing 
the first two terms of the above sine expansion, and usihg trigonometrical 
or Hamiltonian (wave) methods. The resulting theory is known as the third- 
order theory, and yields a comprehensive equation for the diver|^nce of 
an image point from that predicted by the first-order theory. This proves 
to be too oomplicatecTfoiV praotioid disoittsion, and is conveniently recK^lved 
into a set of terms ^ich of whichf charaoterizes a» pMticular form of aberra- 
tion of the image. special donditions each aberibtion can be disciissed' 
mathematically and observed in practice separate^ from the other!. lA 
general the image will suffer from varying^ propjiprtions of all the aberra- 
tions, and consequently will exhibit gutter or less oo|)fru3ion. ^ 

The form of the relationshh) b^^ween the |adiak^k)ord|ttates of the^ 
electron path and the diffe^t aberration terms oaiji be d^bsd/ty 
consideration of the symmetry ^ditions. Suppog| i^^ject 

4014 ™ 



114 


ABERRATIONS OF THE IMAGE [37 

axes Xq, ^ 0 * ^ intersect the axis (zr-z) of the optical system orthogonally 
in a point 0 (Fig. 63). An image will be predicted by the Gaussian first- 
order theory as being formed in a second plane (x^y at right angles to the 
axis at a distance z^ from 0, For the purpose of the present discussion we 
may represent the focusing system by a lens-plane, parallel to the 

object plane. Any point P in the object plane, at a radial distance 
from the axis, will be imaged in a pointni^ in the image plane, at a distance 
from the axis, according to the paraxial theory. A possible path for 
such a ray is indicated by the full line in Fig. 63 ; it wiU intersect the 



- Paraxial path Actual path 


Fig. 63. Idealized ray -paths in lens, showing radial aberration (Ar^). 

lens-plane in some point JIf at a distance from the axis. In practice 
there will exist a maximum possible value for determined by the 
physical apertures comprised in the lens. Now the actual path followed 
by a ray from P will differ from that shown, PMP^, by an amount depend- 
ing on how much greater an angle PM makes with the axis than is allowed 
by paraxial conditions. The broken line indicates the typical deviation 
that results, leading to an image point P[ at a distance from the axis. 
The displacement of P[ from P^ will be the total lateral aberration, 

Arj = r'i-Ti. 

The value of Ar^ may be expressed in the form of a power series of Tq 
and rjr containing, in the third-order theory, terms up to and including 
those of the tlf^ power, thus : 

rS;ri;rorx,; rg; rgr^,; r^rl; rl. 

But" when and rj^ are small, = r^, and hence the difference, Ar^, must be 
independent of the first power of and Also on account of the 
cylindrical symmetry of the usual lens systems, the aberration may be 
dhown to be independent of even-order terms as well, and there remain 
ovXy the third-order terms. We may thus write 

^ ? Ar<->rJ; rofj,; rj,. 

^Baol^ ferm may then be related to a p^icular form of divergence of the 
imi^ point froul the paraxial point, P^ ; in light optics these are classified 
as five errors of the image: 
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Distortion (first term) 

Curvature of the field) . ^ . 

Astigmatism j ' 

Coma (third term) 

Spherical aberration (fourth term). 

In general there will be rotational as well as radial aberration of the 
image ; that is, the point P[ wiU lie not on the y^-axis but on a radius 
rotated through some angle x it. On this account the second term 
in the above relation proves to consist of two parts, so that light optical 
theory recognizes five aberration terms. By more detailed discussion along 
these lines Bamberg was able to obtain the exact interrelation of the 
coefficients of the several terms. It will be noted that for an object point 
on the axis (Vq = 0) all terms except the last vanish, so that the image is 
then afflicted only by spherical aberration. 

In electron optics the same number of aberrations are found to exist 
in the electrostatic field acting alone, as is to be expected from its iso- 
tropic nature. For combined electric and magnetic fields Glaser has shown 
that a series of nine terms results from the Hamiltonian treatment, 
specifying eight independent third-order errors. Three new forms of 
aberration result from the rotation of the electrons in the magnetic field, 
and to these are given the names : 

Anisotropic astigmatism, 

Anisotropic coma, 

Anisotropic distortion, 

since they arise from the essential anistropy of the field. They produce 
rotational effects in the normal aberrations of corresponding type (cf. 
Fig. 71). This method of approach, which makes use of the Hamiltonian 
‘eiconal*, is indicated in the Appendix (p. 249). The alternative trigono- 
metrical method was developed by Scherzer, using the conceptions 
employed in earlier chapters for the discussion of electron trajectories. 
There results in this case a set of six terms descriptive of the eight 
errors of electromagnetic lenses, some of them containing two of Glaser’s 
coefficients. An outline of Scherzer ’s treatment will be given here, and 
reference should be made to the original papers for further details. Each 
aberration will then be separately described and its importance in electron 
optics and the possibilities of correction briefly discussed ; in each case 
the aberration integral wiU be quoted, without derivation. The discussion 
will assume the incident electron beam to be homogeneous as regeurds 
velocity. The variation in the position of the image that is found for 
electrons of varying velocities (chromatic aberration) requires separate 
treatment (section 43). At the outset it must be said that the spherical 
and chromatic errors constitute the major aberrations of electron lenses 
and that so far very little experimental investigalibn of other errors has* 
been undertaken, in comparison with the development of their theoretical 
treatment. 

Before commencing the mathematical disdfission it will be as well to 
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indicate its limitations and advantages^ compared with the light optical 
^blem. Owing to the difficulty of making other than spheriqal surfaces 
in glass optics, the classical theory of aberrations has been concerned to 
determine the deviation of an actual ray from the path given by paraxial 
considerations for its passage through one or more such surfaces. The 
number of refracting boundaries is usually small and their form com- 
pstratively simple ; the lack of a continuously varying refractive index, 
however, makes the problem difficult of exact mathematical analysis. In 
electron optics, on the other hand, this latter condition is fulfilled by the 
very nature of the field and refraction occurs at aU points, so that the 
trajectory is a smooth curve ; but the form of the field, unfortunately, is 
not at all simple and can rarely be expressed by a tractable mathematical 
function. Theoretical disctwssion has naturally tended to follow the light 
optical method of finding expressions for the shift of the image point 
from t^e position given by paraxial theory. In effect the startiug-point is 
the same as in optics: the focusing action of the lens field is taken as pro- 
portional to the distance of the electron from the axis in passing through 
the lens. The ray equation is then brought into closer correspondence with 
the real field by introducing secondary terms, and the aberration found 
as 4he difference between the path as given by this equation and the par- 
axial form of it. As in light optics the final expressions are cumbersome, 
and it will not be surprising if progress in the immediate future is made 
rather as a result of detailed ray-tracing than by the application of analysis. 

It is, however, also possible ttiat a more fitful theoretical approach 
may be found in a new direction : after developing and possibly simplifying 
the equations for individual aberrations, to determine the form of the 
electrodes which will give a field for which one or more errors have a 
TniTiiTnnTn value. In light optics this method is not practised owing to its 
technical Hmitaiion to surfaces of a particular shape, and, on the other 
hand, to the availability of a variety of mqdia of widely differing properties 
from which a corrected combination may be devised. In electron optics, 
as pointed out in the Introduction, the field has essentially the same 
properties in all lenses whether electrostatic or magnetic, and complete 
correction in the optical sense of the term is impossible. On the other 
hand, fields of almost any form can be established by varying the shape 
and separation of the electrodes or pole-pieces and by the controlled use of 
spsroe charge. Mention will be made of a number of attempts to deduce 
the form ^ fields of mininimp aberratiop, from which the boundary 
conditions |t.e. the form of the electrodes) may be found by calculating 
the distribution of equipotentials, any set of which can then be replaced 
suitably charged conducting surfaces of the same shape, without chang- 
mg the field distribution. Positive progress has so far been small, but it is 
obviously of value to explore the differences as well as the similarities 
between light and .electron optical systems; it may^ indeed, prove more 
fruitfiil to deal with the total aberration^equation rather than to concen- 
trate on individual errors in turn. 
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•Hie possibility of employing distributed space oha.rge to correct lenses, 
or to produce a perfect lens of new type, is discussed in section 44 ; in 
glass optical terms it is equivalent to finding a medium with refractive 
index decreasing with distance from the axis, or to introducing varying 
concentrations of one medium into the body of another. A simple expres- 
sion for the form of the perfect lens is obtainable, but its translation into 
practice is obstructed by the difficulty of controlling the distribution of 
space charge. 


*38. General Treatment of Aberration 

Similar aberrations are found in both electrostatic and magnetic lenses, 
although the relative amounts of the various distortions may differ con- 
siderably. We shall therefore take the general case of combined electric 
and magnetic fields and, proceeding on lines indicated at the end of the 
previous chapter (section 36), derive an expression for the total aberration. 
Further development leads to a number of terms each characteristic of a 
particular form of divergence from the true image calculated by the first- 
order tiieory. 

In obtaining expression IV. 54 it was assumed that the constant C 
(from IV.48) had the value zero, which is equivalent to limiting discussion 
to rays starting from a point on or near the axis and having no initial com- 
ponent of angular velocity about it. In order to consider the contribution 
of aU rays forming the image of an off-axis point, account must now be 
taken of skew rays, for which C is finite. The practical result is that the 
image point formed by skew rays may be rotated about the axis by an 
angle that differs from the value <^o given by expression IV. 66, for which 
it was assumed that 0 = 0. Let the difference in rotation be the angle 
so that the true value of the rotation of an electron after travelling a 
distance z is given by / \ ^ u 

0 

We shall now show that x is zero for an image formed by paraxial rays. 

It proves to be convenient to oembine in complex notation the radial 
and rotational parts of the trajectory and to obtain a general solution. 
For this purpose we define a parameter u such that 

u = x+iy = rco8x+ir8mx = re^x^ (V.2) 


when the electron is at a distance r from the, axis and has suffered a rotation 
X from the position predicted by the paraxial equation, that is, from the 
rotating meridian plane which contains the a;-axis and to which the ^-axis 
is perpendicular. Then when 0 ^0, we must write in pkfcce of IV.64 and 


IV.56 




(V.3) 


(V.4) 
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where P has, as before, the value 

P = lV’+{^l»m)H*, 

it being understood that V and H are the axial values. From V.l and y.4 

Putting r = ue~^^ in V.3 we get a differential equation for u : 


we have at once 


(V.6) 


= -Pu, 

dz\ dzf 


(V.6) 


which will have a number of solutions corresponding to the possible ray 
paths from object to image. A particular path may be represented (cf. 
IV. 69) in terms of two linearly independent solutions, and and two 
arbitrary constants and c^, 

u{z) = c^r^+c^r^g, (V.7) 

such that V.6 is satisfied by both u — and u = r^. Any two representa- 
, tive rays may be chosen for and r^. 

In the plane z = 2 ^, which may conveniently be the object plane, we 
set ^ result that the first term in V.7 vanishes. 

If we then set r o = 1 and r 0 = 0 in the same plane, we have from V.l 
and V.7, 

~ ^o*> ^ot ~ — ^a"l"^^aXa ” J 

where is the radial distance of the origin of the electron in the plane 
z = z^f where x = fields are sufficiently extensive, there 

will be another plane (2 = 2 ^) in which again = 0, and therefore 


% = 

This solution is real, and consequently in this plane we must also have 
;^ = 0 and r^ = u^ = ; so that both r and prove to be independent 

of the initial tangential (hrection of the rays from the object, and the 
conditions for true image formation by a paraxial beam are fulfilled. The 
magnification is given by rjr^ = r^y Then the general form of the 
solution satisfying the initial conditions is 

u = c.r.+Cjjf^ = (V.8) 


and we have, from V.l and V.2, 


and. 


r, - im - ylsmrU '■] 

^■■-y(si) /#*+"«“ 

0 



^«fe+taa-i 


<l>a—^{el9mV)Ha 

rpIra+r'aK 


(V.9) 


(V.IO) 
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The suffix p has been added to both r and ^ in these expressions in order 
to indicate that the solutions apply for a paraxial path only. 

It is now necessary to extend the treatment to object points so far oflF 
the axis that the potential and field strength are no longer given with 
sufficient accuracy by the first terms of the series obtained from the axial 
values (IV.43 and IV.46). By taking the first three terms for V and the 
first two for H we get for the equivalent potential in the meridian plane 
(cf. IV.61): 


Neglecting squares of derivatives of H and F, and higher terms of r, 
we have for the axial and rotational components of the trajectory : 

where the value of TJ is given by the energy relation 


V, = {ml2e)vt = 

= V-iVV-Vr'^-±{iHr+*^^\ (V.13) 


These expressions will in principle now give the trajectory for any non- 
paraxial ray. Following optical practice we choose to evaluate the differ- 
ence between the radial distance of such a ray and that of a corresponding 
paraxial ray at the same ^-plane, and the similar difference in rotation 
about the axis. We write 


^ = ^p+Pl <l> = ^p+5, 

with Tp and as given by V.9 and V.IO for the paraxial ray. The small 
quantities p and 8 will then specify the degree to which the given ray 
departs from the path of the paraxial ray at any value of z. Expressions 
for the aberration factors are then obtained from V.ll and V.12 : 



(V.14) 

(V.16) 


where C, and D are functions of V and H and their derivatives with 
respect to 

Equations V.14 and V.15 are linear in p and 8, and can be solved once we 
know the paraxial trajectory, given by and ^p. Since the latter already 
satisfy the initial conditions that have also to be satisfied by the non- 
paraxial ray, r and then p and 8 must vanish at the plane 2 ; = as is 
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implicit in the formulation of the problem^ With these initisl conditions 
for p and 8 , and writing where u = as before, and u ^ 

a solution of V.14 and V.15 may be obtained by lengthy reasoning, which 
it is unnecessary to reproduce here, in the complex form; 


p+ir8 = I ^e‘x j dz, (V.16) 

ta Za 

'p^ and r 0 being the paraxial solutions of V.7. In the image plane, where 
= 0 and e“^x = M, the magnification, this becomes 

e 

e« 

giving an expression for the total aberration with respect to the paraxial 
path. In these expressions is given by 



=-^+i««+Y^+g^ 


iilS)®""'- 


uu'). 


(V.19) 


Although it contains all the different aberrations, it is more convenient to 
resolve V,17 into a number of terms, each characteristic of one particular 
error. The general nature only of this procedure will be indicated here, and 
the final result quoted. 

Attention is now directed to rays whose path is conditioned by some 
suitable aperture within the lens system ; this may be an actual physical 
diaphragm, or it may be the virtual ‘exit-pupil’ of optical theory. The 
two fundamental solutions, combined in the quantity u, will now be 
and fy, where is defined as before and r has the value 1 in the object 
plane and the value zero in the aperture. The subscript B will be used to 
denote quantities measured in the aperture plane, z = Then 


, = ro— 


faB 

and, Bu^tituting V.4 in the expression for u given earlier (V.8), we have 


« = Us = rar^s+r'araB+iO^ J\ 


m 


' = rary+ilBi^. 
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Itomeinbenng that r^ = v/il, we may now expand and a>i, and 

transform the expression for the total aberration (V.17) into a series of 
terms for the third-order errors ; the result is 

p+irB = (V.20) 

The coefficients a, jS,.-* etc., are in the form of integrals (with respect to z) 
of some complexity and will be given under the discussion of the separate 
aberrations. 

All the quantities in w in V.20 refer to the paraxial path ; if the form ol 
the field is known, they and the coefficients may be calculated and the 
value of each aberration determined for any non-paraxial path whose 
origin (r^) is given. For = 0 it will be seen that all terms vanish except 
the last (0 which relates to the spherical aberration ; this, therefore, is 
the only error to which rays from a point on the axis are subject, in third- 
order theory. The first term (a) determines the distortion, including the 
spiral distortion which is characteristic of the magnetic field. The second 
term (fi) relates to the curvature of the image plane, the third (y) to the 
astigmatism, the fourth and fifth (3 and e) to coma, including the anisotropic 
coma due to the magnetic field. Diels and Wendt have shown experi- 
mentally that each of these errors do indeed occur in electron lenses. 
Detailed experimental investigation, however, has so far been almost 
entirely confined to spherical aberration, which is the most pronounced 
error in both electric and magnetic fields. Less progress has been made in 
either experimental or theoretical treatment of the conditions in which 
correction of other individual aberrations might be achieved. 

Voit has investigated analytically the conditions under which it may be 
possible to reduce them to a minimum or to eliminate them entirely. He 
finds that all, except spherical aberration and anisotropic distortion, can 
be separately caused to vanish by the use of special apertures and/or 
potential fields of a particular form. The use of auxiliary lenses allows of 
all errors, without exception, being reduced collectively to any desired 
limit for a given magnification and aperture. The conclusions apply to 
strong as well as weak lenses, but considerable technical difficulties stand 
in the way of their practical realization. 

The above discussion has assumed the incident beam of electrons to be 
homogeneous, and therefore no term appears for the chromatic aberration, 
which arises from non-uniformity of velocity. From the form of the 
expressions obtained it is clear that electrons moving at different speeds 
will be refracted differently in the field, and each of the third-order 
aberrations will be affected accordingly. It is convenient, therefore, to 
treat the chromatic error as a separate problem (see section 43). 

* 39 . Spherical Aberration 

An optical system is said to suffer from spherical aberration when rays 
incident at varying radial distances are focused to different points on the 
axis. When the incident beam is parallel to the axis, Fig. 64 shows the 
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most frequent form of the aberration, in which rays incident in the outer 
parts of the lens (marginal rays) are brought to a focus at a point (F^) 
closer to the lens than the focus (F^) for a paraxial pencil; intermediate 
(zonal) rays will form a focus (Fg) within these two extremes. The aberra- 
tion is said to be positive when the marginal rays intersect the axis nearer 
to the lens than the true or paraxial focus, as depicted; this condition 
(£ having a negative sign) arises with lenses of positive power, whereas 
negative lenses form the marginal focus farther away than fj,, J having a 



Fig. 64. Spherical aberration of an initially parallel beam: Fj, = paraxial 
focus ; = marginal focus ; D = disk of least confusion. 


positive value. The form of the last term in the equation for the total 
aberration (V.20), 

(V-21) 


shows that the radial effect {pg) of the spherical aberration in the image 
plane is proportional to the third power of the aperture, since both and 
Us depend on the radial distance of the electron in the limiting aperture of 
the system. A series of concentric and parallel incident pencils, seen in 
cross-section to the left of the diagram, will form in the (Gaussian) focal 
plane a series of rings whose diameter increases rapidly with the aperture 
(shown to the right). Alternatively, a point object 0 on the axis will give 
rise to a aiTnilar set of lings in a plane perpendicular to the axis through 
the paraxial image point (7, Fig. 66), but the rings will now form a con- 
tinuous set, observable as a patch of light the intensity of which rapidly 
diminishes with distance firom the axis. In both cases there will exist, at 
some point between Fj, (or I) and the lens, a minimum cross-sectional area 
of the beam, the position of which may be determined by moving a screen 
along the axis. It is termed the disk of least confusion, being the smallest 
spot formed by the imaging system, and is indicated by 7) in the diagrams. 

Experimental Investigation, In theoretical discussion the degree of 
spherical aberration is described, as above, in terms of the radial displace- 
ment (pg) of the actual image point from the Gaussian image point, in the 
plane determined by the latter. For practical ptirposes it is easier to 
measure either the diameter (d) of the disk of least confusion or the 
separation of the marginal and paraxial focal points for an initially parallel 
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beam. The latter method is usually preferred, the distance JJ, being 
then termed the longitudinal spherical aberration. ELlemperer and Wright 
made measurements of this quantity for the electrostatic lenses investi- 
gated in the experimental system described in Chapter III (p. 50). The 
pepper-pot diaphragm in the path of the incident rays was adjusted to 
admit pencils of various radii in turn, and the position of the focus deter- 
mined each time by direct observation on the movable screen. By this 



Fig. 66. Spherical aberration of an initially divergent beam: 

D = disk of least confusion. 

means the set of curves shown in Fig. 66 was obtained, showing the 
variation in focal length with voltage ratio for different apertures of the 
incident beam, expressed as fractions {ylB) of the radius R of the lens 
electrodes. For a given voltage ratio aberration curves of the t 3 rpe used 
in light optics were then drawn, in which the focal length is shown in its 
dependence on the aperture of the beam (Fig. 67). It will be seen that for 
both accelerating and decelerating voltage ratios the focal length decreases 
with the initial distance of the beam from the axis : the spherical aberration 
is positive, as is usual with converging lenses. The degree of aberration, 
however, is less when the electrons are being accelerated than in the 
reverse case. This difference is in part due to the fact that the electrons 
when being accelerated experience a radial velocity that is always towards 
the axis ; whereas when passing through the lens in the opposite direction 
the radial velocity is away from the axis for more than half the trajectory, 
carrying them into regions where the aberration factor has larger values, 
since it depends on the third power of the aperture. The spherical aberra- 
tion is also less for high than for low accelerating ratios ; the difference in 
practical effect is small, however, since it is the ratio of aberration to focal 
length which determines the clarity of the image. 

Ray-tracing has shown that the outer parts of the electrostatic field 
contribute most to the aberration ; the low- voltage (converging) side pro- 
duces positive aberration, and the high-voltage (diverging) semi-lens nega- 
tive aberration. It is not yet clear whether with the present form of lens 
construction it may be possible to balance the aberration contributions 
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without at the same time causing the negative power of one half of the 
lens to neutralize the positive power of the other half. 

Magnetic lenses suffer from considerable positive spherical aberration, 
as first observed by Ruska. Recent work by Goddard and Klemperer has 
shown the aberration curve to have much the same form as that for the 
decelerating electrostatic lens, there being a negligibly small region near 
the axis over which the focal length is constant with aperture. Attempts 
to increase the working aperture of the magnetic objective lens have so far 
been frustrated mainly by this high value of the spherical aberration. 



Fio. 68. Spherical aberration of electron mirror. 


For other purposes the practical remedy has been to increase the diameter 
of the coil generating the field, and hence to increase the volume at the 
centre of the lens over which the field has near-Gaussian characteristics. 
The sign of the aberration being the same in both electrostatic and magnetic 
lenses, correction by combination is in principle impossible. 

The electron mirror, on the other hand, shows negative spherical aberra- 
tion when the negative electrode is just below the critical potential. 
Electrons are then deviated towards the axis, as in a concave mirror, and 
the marginal paths cross the axis at points farther from the mid-plane 
than do the paraxial paths (Fig. 68). As in the electrostatic lens, the 
focusing field is stronger at the margin than near the axis, but the effect on 
the focus is the reverse since the electrons are doubled back on their tracks 
by the mirror. In theory, therefore, it is possible to correct spherical 
aberration by a proper combination of lens and mirror ; in practice the 
difficulties are formidable, as indicated in section 28, on account of the 
impossibility of extracting the final image from the system without in 
some way interfering with the focusing fields. Further advance in this 
direction is largely dependent on the development of the theory and 
practice of skew rays, where the image is formed on another axis from that 
containmg the object. This branch of the subject, even in light optics, is 
still in its infancy. 

Theoretical Diacmeion. Progress towards correction of the spherical 
error has been little greater along theoretical lines. Further development 
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of the treatment given in the previous section runs into formidable 
difficulties, and only in special casra have results of practical importance 
been achieved so far. The simplicity of form of the expression for the 
spherical aberration (V.21) conceals the complicated form of the coeffi- 
cient 
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integrating along the axis from object to image. As before, is a special 
solution of the paraxial ray equation, M is the magnification relation, and 
F and E refer to the axial values of the electrostatic potential and the 
magnetic field respectively. 

„ The evaluation of the definite integral in this expression is a most 
laborious process. Usually, however, we are concerned with electrostatic 
or magnetic systems separately, and not in combination. Glaser has 
shown for the magnetic lens that V.22 may be expressed in a more concise 
form. Since at the object point = 0 and r^ — I (cf. p. 118), we have 

and 6 = t^Izq = and the spherical aberration pg is 

given by 

/>.=w. 


eo 

where 6 is the angular aperture of the focused beam. For the special case 
of a weak lens in which the initial direction of the beam is parallel to the 
axis (r^ = const. = /), Scherzer has given an approximate deriva- 

tion of the radial aberration in the focal plane (pg ^) : 
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where / is the focal length for a paraxial ray. 

The corresponding expression for the electrostatic lens is 

- 00 

J (V.24) 

— 00 

These formulae allow the aberration to be calculated without undue labour 
once the form of the field has been determined experimentally. 

By repeated partial integration of V.22 Scherzer was also able to obtain 
it M a form from which it could be shown that ^e spherical aberration 
not be zero in any field which acted as a lens, whether electric, 
magnetio, or both combined. Absolute correction is therefore unattain- 
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able, but Rebsob has showii that can be reduced below any assigned 
limit by immersing the object in a i^ngly varying field, a condition 
which is equivalent to bringing a supplementary lens close to the object. 
It has been realized in electron microscopes in which the cathode acts as 
object, by allowing the field of the objective lens to extend over it, but 
the problem has not yet been solved for the normal electron microscope, 
in which an almost parallel beam of electrons from the cathode falls upon 
an object at some distance from it. 



Fig. 69. Spherical aberration of magnetic objective lens (computed). I. Object in position 
for optimum magnification. U. Object at centre of lens. (Glaser.) 

Scherzer attempted to show that the form of field having minimum 
spherical aberration could be calculated for weak magnetic and electro- 
static lenses. Glaser has shown, however, for a special case of the magnetic 
lens that the value calculated from a strict treatment is below the limit 
assigned by Scherzer. Taking the type of lens for which the form of the 
field is very closely reproduced by the function (IV.21), 

Glaser calculated the spherical aberration factor Cg for various values of 
the parameter from the expression given above (V.23). The relation 
reduces now to the form 

G,_ (a*+zj)* 1 4i!*-3a*+Zo r«oZ/+a*(2zo-2/)] ,y 

a 4(ji:*+l)» a* 4 4F+3a*+z)L «* 

where a, Zq, and have the same significance as before (section 33). The 
result is shown graphically in Fig. 69, where the upper curve gives the 
aberration when the object is so positioned in the field as to give high 
magnification, and the lower curve gives the corresponding values when 
the object is located at the centre of the lens (z = Zq). Minimum 
aberration is obtained for very weak lenses {Jk^ <^1-) ^'^d low magnifica- 
tion, as was to be expected. For values of A;* <1 attempts to achieve high 
magnification involve a very high aberration coefficient. High magnifica- 
tion with low spherical error, as is required in the electron microscope, 
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oan only be obtained with strong lenses > 2). Fortunately the aberra- 
tion is comparatively small at the minimum focal length which, as 
previously recorded, occurs for = 3 ; the upper curve has a very flat 
minimum at about = 6. The more important quantity in relation to 
the quality of the image is not CJa^ however, but CJft as mentioned above. 
Glaser found that over a wide range of the parameter k this ratio had a value 
less than the lower limit of 0*25 deduced by Scherzer, and had a minimum 
value of about 0*17 in the field of special form that he investigated. 
There may well exist magnetic fields of different axial distribution for 
which the factor is still smaller. 

Although failing in this case, the method of approach adopted by 
Scherzer may have fruitful results for electrostatic lenses. Taking the case 
of the weak s 3 Tnmetrical lens, in which the relative change in potential 
within the lens is small, and using the approximate expression for the 
spherical aberration (V.24), he proceeded to find the axial field distribution 
for which the aberration is least. The lengthy argument will not be 
reproduced here; the conclusion reached is that the required field is of 
the form 

Fo, = Fo(l+^e-^^-), (V.26) 

where A and B are constants (for a given lens) involving the focal length 
and the separation of the principal planes only. Substituting in expression 
n.ll, we obtain for the distribution throughout the lens: 

Ztr 

= F„+4^ f d(x. (V.27) 

27r J 

0 

Scherzer concluded that the electrbde form required to produce such a 
field would be too complicated to construct, being similar to that deduced 
by Motz for a linearly increasing axial potential (Fig. 16). However, Plass 
has recently calculated the equipotential distribution given by V.26 for 
the special case 

For small values of the radial distance, r, he found a simple configuration 
(Fig. 70a), which, in effect, corresponds to the three central elements of the 
system deduced by Scherzer for large values of r. Since any equipotential 
surface may be taken as a conducting boundary for the system, it would 
be entirely possible to construct a lens with electrodes of the form indicated 
by the outermost curves of the diagram. Plass similarly investigated the 
two-cylinder lens, using an expression for the axial potential distribution 
suggested \>y Gray, in the form 


^a. = W“itanh3). , (V.28) 

The resulting map of the field is shown in Fig. 706 ; as expected on general 
grounds, the cylinders give less aberration if flared away from each other 
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as they approach. According to Rebsch and Schneider, however, the 
potential form for minimum aberration is of a different type: 

V, = Aje-B‘'dz, 

0 

and will result in a slightly different form for the equipotentials. 

Ramberg has independently approached the problem in the same way as 
Glaser and making use of Plass's results. He evaluates the variation in 
spherical aberration for fields of various refracting powers, and compares 
the results for different types of lens. The error is in general less for 



Fiq. ^0. Electrode forma for minimiim spherical aberration (Plass). 
(o) Symmetrical lens, (6) 'Two-cylinder lens. 


magnetic than for electrostatic lenses, but is least for the two-cylinder 
lens, for a given focal length and lens thickness. The variation with focal 
length has the same form for all lenses, and confirms Glaser’s result for a 
special field (Fig. 69). These results form the only direct aid which the 
theory of aberrations has yet been able to give in solving the practical 
problems of electrode design. They have still to be tested and, since they 
relate to comparatively long focal lengths, it is in any case not certain that 
they will be applicable to the majority of lens systems. 

In electron optical practice, and especially in the electron microscope, 
‘correction’ of spherical aberration has been obtained by the expedient of 
increasing the accelerating voltage applied to the beam. As V.22 shows, 
the error is roughly inversely proportional to the square of the voltage in 
both types of lens, and it is therefore beneficial to employ the highest 
anode potential compatible with other experimental conditions. At the 
^me time, the use of higher voltages results in greater brilliance of the 
iniage thrown on the fluorescent viewing screen, and consequently smaller 
apertures may be inserted, resulting in further reduction in spherical 
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aberration. In the electron microscope the working 8>p6Ttuw is of the Order 
of 10“® radian only ; indeed it is often so small that diffraction effects have 
to be taken into account in estimating the possible resolution of the 
instrument. Progress towards higher resolving powers, of the order of 
atomic dimensions, will depend on improvement in design of the pole- 
pieces generating the held, so that the region over which spherical aberra- 
tion is negligible is considerably increased from its present small value. 
A further possibility of correction, by the controlled use of space charge 
within the lens, is discussed in section 44. 


* 40 . Distortion 

The first term, arj, in the total aberration equation (V.20) contains 
only the radial coordinate at the origin, and is independent of the position 
of a ray in the aperture. Hence the value of this error will be the same for 
all rays from a given object point, no matter what their direction with 
respect to the axis. As a result there will be no lack of sharpness of the 
image points in the Gaussian image plane, but they will be shifted in a 
uniform manner from the positions predicted by the first-order theory ; 
there will be distortion of the image, but no confusion. The form of the 
error which occurs both in light optics and in electrostatic lenses is 
equivalent to a variation of magnification with radius; the outer parts 
of the image are enlarged or diminished with respect to the axial region. 
The image of a regular graticule would appear distorted in the ‘barrel* or 
‘pincushion’ manner, as shown in Figs. 71a and b respectively. The 
aberration coefficient is given by the definite integral 
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> containing, in the general case of combined fields, an imaginary part due 
to the magnetic field as well as a real part corresponding to the normal 
c^^tical defect. The occurrence of barrel or of pincui^on distortion 
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depends on whether the real part is negative or positive. The imaginary 
part relates to the rotation of the rays in a magnetic field, and indicates 
a rotation of the outer parts of the image with respect to the axis. When 
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Fig. 71. Distortion in electron lenses: (a) barrel type; (6) pincushion tjT)e; (c) rotational 
effect in magnetic field (coefficient negative) ; (d) rotational effect in magnetic field 
(coefficient positive). 

this part of the term is negative, the rotation is clockwise, and counter- 
clockwise when the value is positive, as shown in Figs. 71c and d respec- 
tively. 

Electrostatic lenses appear to show mainly distortion of the pincushion 
type, whilst electron mirrors may produce either type, but its magnitude 
is never large in practical electrode systems ; frequently, as in the electron 
microscope, when the clarity of the image is the first requisite and only a 
very small portion of the object is imaged, it is in any case not of great 
importance. 

When magnetic lenses are used alone, the spiral error can be corrected 
by using two semi-lenses with coils wound in opposite directions, in place 
of the normal type. The equal and oppositely directed fields cancel each 
other in respect of rotation of the image, which depends on the integral 
of the field strength along the axis, whereas their focusing effect is additive, 
being dependent on the square of the field. For the general case of com- 
bined electric and magnetic fields it is possible to design a lens free from 
distortion by making the electric field symmetrical, the magnetic field un- 
symmetrical, about the mid-plane of the lens. It is not usually necessary 
to resort to such special measures, however, since the limitations intro- 
* duced in order to reduce spherical and c^omatic aberration at the same 
time largely eliminate the smaller distortion defect. 




’•‘ 41 . Curvature of the Field and Astigrnatisrn 

The type of aberration represented by the second term of V.20, (j8), is 
very di^rent from that given by the first and last, but closely related to 
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that of the following term, (y). If AC is the (principal) ray from a point 
object A through the centre 0 of the aperture of a lens (Fig. 72), suppose 
a number of other rays from the same point to pass the aperture all at the 
same distance from (7, as represented by a circle drawn with this 
radius. Then, in the presence of the second aberration only, this bundle of 
rays will pass the Gaussian image plane in a circle of radius (= Prlu^) 



Fio. 72. Curvature of the field: an off-axis point A gives a point image 
at X, but a circle of confusion in the paraxial image plane. 


about a centre on the principal ray Ay intersecting each other in a common 
point X which is usually before the image plane, as shown. There will 
thus be no clear image formed in the plane 7, but an undistorted point 
image will be formed at X. The position of X will vary with the position 
of the object point ; when the latter is confined to a plane perpendicular 
to the axis, the X-surfaoe will be spherical and concave towards the object. 
It may be shown from V,30 that its radius of curvature, is related to 
the aberration coefficient by the expression 

VS.-if'fJl. 


The value of the coefficient is given by the definite integral: 
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Curvature of the field is usually found associate with astigmatism of 
the image, which results in two line foci appearing for each cone of rays 
fr^ an object point off the axis, and, for an extended object, in the separa- 
tion of each of i^e image surfaces discussed above into two surfaces of 
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differing curvature. The third term, y, in the aberration equation (V.20) 
relates to astigmatism. It will be seen that it differs in form from the 
jS-term only in that it contains the conjugated form (u^) of the paraxial 
ray solution. This difference has the physical meaning (in terms of 
Fig. 72 above) that a series of rays designated 1, 2, 3,... clockwise around 
the circle of radius |%| in the aperture, are found to pass the circumference 
of a circle in a second plane in counter-clockwise order. It follows that 



Fio. 73. Astigmatism: an off-axis point A gives two line foci, the 
tangential {T) and sagittal {8). 

corresponding points on the two circles must be displaced by a var 3 dng 
angle about the direction of the principal ray A ; in fact only two pairs of 
rays remain throughout in a plane containing the latter. This rather 
complex set of paths is indicated in Fig. 73, where the four special rays are 
shown numbered. The rays 1 and 3 are in the (meridional) plane containing 
the axis and* the object, here considered as a line perpendicular to the 
axis. The rays 2 and 4 are in a plane passing through the axis at right 
angles to the meridional plane ; this is termed the sagittal plane. 

For a point on the axis the focal length of a lens of rotational symmetry 
is necessarily the same in all planes through the axis. But for a point off 
the axis, such as A, this is no longer the case. It can be shown that the 
focal length in the sagittal plane is slightly less than the paraxial value ; 
in the glass-optical sense, this is due to the slightly larger angle of incidence 
at the lens surface of rays such as 2 and 4, compared with a ray to the 
same points from'the axis (^4'). In the meridional plane the focal leHtgth is 
less still, mainly on account of the extreme obliquity of the limiting ray 1. 
The result is that rays 1 and 3 are brought to a focus at a point T, the 
tangential focus; and rays 2 and 4 to a more distant point, the sagittal 
focus 8, both on the principal ray AGI, As already mentioned, these are 
the only rays which intersect the principal ray ACI after refraction. 
Detailed ray-tracing shows that aU other rays pass through two line 
images, one at Tt perpendicular to the meridional plane, the other at 8, 
perpendicular to the sagittal plane and therefore in the meridional plane ; 
the length of each line is determined, for a given lens, by the radius of the 
circular 2one involved. The appearance of the corresponding image in the 
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Gaussian iniAge plane I will be that of an ellipse, with major and minor 
axes determined by rays 2 and 4, and 1 and 3 respectively. The circle 
at Xy between T and 8y constitutes a circle of least confusion. 

When the object is not a point but a surface 
perpendicular to the axis at A\ then the image 
lines T and 8 will fill two surfaces both con- 
cave towards the lens, but elliptical instead 
of spherical in form ; they are tangential to 
each other and to the Gaussian image plane 
(7) at the axis (Fig. 74). The disk of least 
confusion will likewise become a concave sur-, 
face (X), intermediate between the other two, 
and will no,w represent the surface upon which 
the clearest image may be found. It may be 
shown, from V.31 below, that the radii at the 
axis of the 8 and T surfaces are given in the 
electron optical case by 

where PJ, and M have the same meaning as before and y is the value of 
the astigmatism coefficient. There is an increase in the size of the disks 
of least confusion with radius in the intermediate plane, the definition 
decreasing rapidly towards the outer edge of the field. In the normally 
observed case, y is positive and the tangential surface has greater curva- 
ture than the sagittal surface. 

The value of y is given by the definite integral: 
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The imaginary portion characterizes a rotational effect produced by the 
magnetic field H and termed 'anisotropic astigmatism’. It results in the 



Fig. 74. Image surfaces in 
astigmatic lens: I = paraxial 
image plane, S = sagittal image 
surface, T = tangential image 
surface, X = surface of least 
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tangential and sagittal focal lines being rotated from the positions indicated 
above ; they still remain at right angles to each other» however. 

The terms ‘tangential* and ‘sagittal’ derive from consideration of a 
wheel object. Any point on the rim will produce a line image T parallel 
to the tangent to the wheel at the object point ; hence the term ‘tangential 
focus*. For-the whole circumference of the wheel these T-lines will form 
a continuous circular image ; in other words, the rim of the wheel will be 
sharply in focus on a screen intersecting the T-plane at the correct distance 
from the axis (depending on the magnification). In the same way the 
spokes will throw a series of line images 8 beyond the T-lines and at right 
angles to them ; they wiU thus be imaged as a set of radial lines in the 
curved /S-plane. On withdrawing the screen from the position in which 
the rim was in sharp focus the outer ends of the spokes will first appear 
on it as short radial lines directed towards the axis. Moving the screen 
farther back will bring the other parts of the spokes into focus in turn ; 
they will always appear as a set of short lines pointing towards the axis, 
as arrows might. Hence the^ origin of the term ‘sagittal’ to denote this 
focal surface. Finally, the hub of the wheel will appear in sharp focus 
when the screen reaches the paraxial image point. 

In general, both curvature of the field in the simple sense and astigma- 
tism are present together, with the result that the tangential and sagittal 
surfaces (and that of least confusion) are curved to a greater extent than 
calculated for astigmatic aberration alone. In principle both may be 
corrected by application of the Petzval condition to the construction of a 
lens combination: - 

^i/i = 

where and refer to the refractive index and focal length of the first 
component and and /g to the corresponding values for the second 
component. This condition holds true for any separation of the lenses 
and is the basis for correcting the two defects in light optics. Klemperer 
and Wright have discussed the possibility of correcting an electrostatic 
two-cylinder lens along similar lines, regarding the field as divided up 
into a large number of segmental lenses. Unfortunately it appears that 
the effect of the positive components wiU always predominate, giving an 
image surface strongly concave towards the lens, so that direct correction 
of the isolated lens would seem to be impossible. Voit showed, however, 
that, with the aperture in a particular position and a fixed magnification of 
6*16, there is one form of field distribution for which astigmatism vanishes. 

In most electron optical devices the size of the object and of the aper- 
ture are both small and the curvature errors do not obtrude themselves. 
The most notable exception is the image tube, as described in section 27 
(p. 70). By the nature of the case the object is here large and the image 
is required to be of a similar size. As both j8- and y-tetms involve the 
squ^ of the radial distance of the object point; they will have a great 
effect on the outer parts of the surface to be reproduced. Morton and 
Ramberg made a thorough investigation of this type of tube and found 
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that the radius of curvature of the IT-surface (at the axis) was as shuJl as 
0-044B and that of the S-surface 0*075ii, where R is the radius of the lens 
tube. The practical remedy is found in curving the cathode towards the 
lens, so that the curvature of the image surface is correspondingly reduced. 
The effect of the aperture size {Ug) is largely eliminated by employing high 
potentials to accelerate the emitted electrons and thus confine them to very 
narrow pencils. The definition of the resulting image is remarkably good 
in both the Zworykin and Farnsworth types of image transformer. 


*42. Coma 

The remaining two terms (8 and c) of the aberration equation relate to 
another complex phenomenon, coma, in which beams through different 
zones of the lens form image-disks of varying diameter, with centres dis- 
placed along a line. It is due to the as 3 nnmetrical position of the object, 
as is astigmatism, and is serious even for points close to the axis of the lens. 
Both terms are dependent on the radial ordinate of the object point and 
on the square of the ordinate of the ray \n the aperture. The 8-term 
determines the size of the image-disk and the e-term the displacement of 
its centre from the true image point; they are not independent, being 
conjugately related. 

If astigmatism is absent, then any beam from a given object point will 
form a point image ; this is the definition of a stigmatic beam. If spherical 
aberration also is absent, aU beams through different zones of the lens will 
produce such point images in the true image plane, which will be flat 
when the curvature term is zero. The remaining possible aberration is that 
the image points will fall in different parts of this plane, and in fact they 
are found to produce an extended image which bears a marked resem- 
blance to the bright head and flared tail of a comet ; whence the name of 
coma. The total effect on the image of an extended object is one of greater 
confusion than that caused by any other single aberration. 

Considering first the rays in a meridian plane from an off-axis point A 
(Fig, 76a), we suppose the paraxial image to be the point I in which the 
prihcipal ray through the centre {B) of the aperture meets the image 
plane. Then the term in € corresponds to a displacement of the image 
point towards or away from the axis along the normal from /, for rays of 
increasing aperture. Typical paths are shown in the diagram ; when the 
sign of the c-term is negative, the direction of aberration is towards the 
axid. The effect can be interpreted as a variation of magnification for 
different zones in the lens as compared with the paraxial value. For skew 
rays, however, having paths out of the plane of the diagram, there is a 
displacement in the x~ as well as in the y- direction, the amount of which 
depends on the value of the a;-ooordmate of the ray in the aperture. 
Considering a given zone (Fig. 75c), we find that pairs of rays incident at 
^pos^te ends of a diameter are focused at the same pdint, but that as this 
diameter is rotated about the centre B the image point describes a circle 
m tbe same sense but at twice the angular speed. Thus the meridian rays 
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are focused at a point 1, nearest to /, the pairs displaced 45° from it at 
points 2 and 4 on a line at right angles to IF, and the sagittal rays (in the 
astigmatic sense) are focused on the same line as the point 1, but farther 
from the Gaussian image point. , A cone of rays from this zone is therefore 
focused as a comatic circle of radius determined by the coefficient S, with 
its centre displaced from 1 by an amount determined by e. When all the 



zones of the lens are considered, the total effect on the image is that shown 
in Fig. 75: a bright point focus with a broadening tail, the intensity of 
which decreases rapidly with distance from I. 

In electron lenses the tail of the image is directed away from the axis, 
in the opposite sense from that shown in Fig. 756. As the defect occurs 
for points close to the axis it is necessary to ensure strict alinement of all 
electrodes on the axis of the system, even when beams of small aperture are 
in use. When beams of larger aperture are employed the true coma is 
usually not great if this precaution has been taken. For complete correc- 
tion the Abbe condition must be satisfied : 

sin^i/sin^g == constant, 

where is the angle made with the axis by the incident beam and that 
made by the emergent beam. In the general case, when there exist media 
of differing refractive index on either side of the system, the rule 

takes the form of a revision of Lagrange’s law (III.5), 

sin 0^ = sin 

where and represent the radial distances of object and image point 
respectively. This iS equivalent to the statement that the lateral magnifica- 
tion will be constant for all zones if the form of the field is such that 
sin dilsin 6^ is constant, and coma cannot then appear. Under such con- 
ditions spherical aberration cannot be present either ; in optics such a lens 
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is ssdd^ be aplanatio. As stated iA section 39, it has been established that 
fall oorreotion of spherical aberration is impossible in electron lenses, and 
hence jio truly aplanatic lens can exist. It follows, however, that in devis- 
ing conditions in which spherical aberration is reduced to a minimum, 
the (quantitatively less) comatio error is also reduced ; it is, indeed, rarely 
visible in practical electron lenses. 

The coefficients 8 and c are given by the definite integral 


■ = 28 = 


Kb^Vo 


+ 


+ i 


M 

8»‘Sb 


TO 2m \r^r„^rl)^iemV 

(V.32) 


with the symbols bearing the meanings already assigned. It will be seen 
that it contains an imaginary as well as a real part, the latter relating to 
the isotropic effect discussed above, and the former corresponding to a 
rotational effect produced by the magnetic field, as in the case of distor- 
tion and astigmatism. This anisotropic coma is observable as a rotation 
of the image tails about the paraxial image point, so that they no longer 
are directed along the line joining it to the axial image point. As in the 
case of anisotropic astigmatism, the rotation can be corrected by using a 
lens composed of two oppositely directed magnetic fields, which produce 
equal and opposite rotations of the rays but are additive in their focusing 
effect. If one of the anisotropic errors is corrected in this way, the 
remaining two are automatically eliminated also. The whole of the 
comatic term, as well as the distortion term, can in principle be reduced to 
zero by the formation of a special t}^ of combined electrostatic and mag- 
netic field, but the small proportion of the error makes it unnecessary to resort 
to riiis means of correction. In image tubes of the Zworykin or Farnsworth 
type coma is effectively eliminated by the use of high accelerating poten- 
tials, which limit the beam of electrons from a given image point to a very 
small aperture. 

* 43 . Chromatic Aberration 


In the above discussion of third-order aberrations we have assumed 
the incident electron beam to be uniform in velocity. Actual electron 
beams, however, vill exhibit a certain distribution or * straggle * of velocities 
^in a^y cross-section, or with time in any single ray-^th. The cause resides 
inevitably finite velocity of emission of electrons from the cathode 
(of whatever type) and may be aggravated by fluctuations in the aooelerat- 
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ing potential applied to it. Electrons are then refracted by a lens field in 
differing degree according to their initial velocities. If the incident beam 
is parallel to the axis, then in a positive lens the slower electrons will 
suffer greater deviation than the faster, and will pass through a focus 
nearer to the lens. Even when all other aberrations are absent, therefore, 
a series of foci will result (Fig. 76) and the axial distance between that of 
the fastest (F^) and slowest {F^) electrons wiU depend on the range of 
velocities and on the form of the focusing field. The degree of aberration 

j Lens plane 


Fio. 76. Chromatic aberration of initially parallel pencil. {D — disk of least 
confusion.) 

may be measured longitudinally in terms of F^Fg^ or as the radius of the 
disk of least confusion, or by the radius of the disk of confusion in the focal 
plane corresponding to a particular velocity of the beam. For purposes of 
practical analysis it is convenient to treat the applied accelerating voltage 
(1^) as the reference quantity, and to measure the aberration as the size of 
the disk of least confusion or as the difference in focal lengths. 

The similarity to spherical aberration is obvious, but it must be 
emphasized that the chromatic error is entirely independent of all others, 
and will exist even in a thin lens under paraxial conditions, as it is a 
property of the focusing medium per se and not of the size of the aperture 
or the radial distance of the object point. Off-axial points will suffer in 
addition a lateral aberration in the x-y plane and, in the presence of 
magnetic fields, a difference in rotation about the axis, since the expression 
for (f) (IV. 13) shows that it depends on the initial velocity of the electron. 
Here, however, we shall confine ourselves to consideration of the axial 
aberration. 

It follows from the nature of the focusing action of electric and magnetic 
fields that the chromatic error is unavoidable in all types of lens. If a 
lens or mirror is to deviate a beam at all, the form of the expressions 
previously obtained for the focal length shows it to depend on the velocity 
of the electrons. Hence any initially parallel unhomogeneous beam must 
emerge *from the system as a chromatically separated bundle of rays. 
All the lenses treat^ above, including the weakly negative aperture lens, 
have a focal length that may be approximately represented by 
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where X is a constant for a given electrode system or magnetic shield, as 
the case may be. If, now, the equivalent voltage of thermionic emission 
^ of the electrons is Vg, we must write 

f=Wo+Vg). 

The variation in focal length with emission voltage is given at once as 

df/dFg = K=f/Vo, 

for a given accelerating potential T^, and the relative chromatic aberration 
(longitudinally) as 

df/f=dVg/Vo. (V.33) 

Since it is impossible to decrease the velocity of ejection of the electrons 
to zero, it follows that the chromatic error will always be finite ; and since 
all electron lenses are positive, with the unimportant exception of the 
negative aperture lens, the error will always be positive and fast electrons 
will be focused farther from the lens than slower members of the beam. 
Correction of a lens for chromatism is therefore impossible by the formation 
of a suitable combination. In the electron mirror, on the other hand, the 
error is of opposite sign since the slower the electron the less deeply does it 
penetrate into the field before refiection occurs, with the result that the 
focal length is greater for slow than for fast electrons. In principle, 
therefore, the mirror might be used to correct the chromatic, as well as the 
spherical aberration of lenses; but, for reasons discussed earlier, the 
difficulties in the way of realizing such a combination have not yet been 
surmounted. 

The remedy applied in practice has been that immediately suggested 
by expression V.33 : to keep the emission velocity as low and the accele- 
rating potential as high as possible. The first requirement is met by 
employing ‘dull-emitting’ oxide-coated cathodes, so that the velocity of 
thermal emission is small. In many types of electronic apparatus the value 
of the anode potential is so high that the chromatic error is in any case 
negligible. Where purity of the final image is a first requirement, as in 
th|> electron microscope, the potential is raised to the highest value that 
can conveniently be employed : in special models voltages as high as 300 
kV. have been applied. It is clearly necessary also to stabilise the voltage 
supply at a similar level of accuracy, so that the maximum fiuctuation 
AT^ is of the same order as (or less than) the value of Vg. In the case of the 
cathode-ray tube and similar medium-voltage devices, this is readily 
achieved by careful attention to the conventional rectifying system, but 
in the electron microscope the required stability is approximately 1 part 
in 10*. The problem can then only be solved by special adaptation of 
modem radio-circuit technique to the* high-voltage conditions involved ; 
by the use of resonant circuits and feed-back this degree of stability can 
be reached, as explained in section 61 (p. 209). 

Wffien the incident electrons are not a parallel beam, but diverge &om a 
jpqint object, the chromatic defect will appear as a variation in image 
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distance with velocity and hence its degree will be dependent on the posi- 
tion of the object. becomes an important consideration in the electron 

microscope, where the highest possible correction is demanded. Glaser 
has investigated it for the magnetic immersion objectives previously 
described, in which the field approximates to a simple form (IV. 21). He 
* finds an expression for the radius of the disk of confusion (r^) in the image 



Fig. 77. Chromatic aberration of magnetic lens (computed), I. Object in position for 
optimum magnification. II. Object in position for least aberration. (Glaser.) 


plane corresponding to the applied voltage TJ* when a very small voltage 
fluctuation AF is present. If M is again the magnification and B is the 
angular aperture of the beam proceeding from the object, then 


r, = BM^ J rS dz = BM^C,, (V.34) 

Zo 

where is a special solution of the paraxial ray equation such that rg = 0 
and 7*0 = 1, and Q is a constant determined by the characteristics of the 
lens. In the case investigated the value of the constant proves to be 

ttP 


CJa = 


2(ik2+l)* 


(V.36) 


where Zq is the axial position of the object and a and k have the meanings 
previously assigned; this expression should be compared with that 
obtained (V.25) for the spherical aberration of the same lens. The varia- 
tion of with the power of the lens and the position of the object is 
indicated by the cuiw-es of Fig. 77. The full curve corresponds to the 
location of the object in the mid-plane of the lens {Zq = 0), and has a 
maximum for a moderately strong lens (at A;* = 2). The broken line is 
obtained when the object is placed in the position required for high 
magnification {Zq » Zf, the mid-focal length) ; in this case the error is of 
lar^ value in weak lenses and has a fiat minimum for Hence, as 
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in the case of spherical aberration also (cf. Fig. 69), the chromatic error is 
small in the strong lenses used in microscopy, for which ^ 3. It will 
be seen that the value of is higher than that of (7^, except in weak 
lenses, but since the spherical error depends on the third power of the 
aperture, whereas the chromatic error is directly proportional to it, the 
definition of the final image is limited more by the former than the latter. 
In any case the circuit problems involved in minimizing the chromatic 
effect prove to be more tractable than the discovery of fields of low 
spherical aberration. 

Raniberg has independently evaluated the chromatic error for electro- 
static fields of simple form as well as for the magnetic objective. He finds 
that the latter exhibit roughly one-half the aberration of electrostatic 
lenses when the fields are weak, and that the ratio is 1 to 6 or 6 in favour 
of the magnetic type when the focal length is short. 

* 44 . Correction by Space Charge; the Ideal Lens 

The Problem of Correction. Summing up the discussion of third-order 
aberrations we may say that up to the present the problem of correction 
has been avoided rather than solved. In the majority of electron optical 
devices the possible defects are largely eliminated by the use of small 
apertures and high voltages. Where large cathodes are an essential feature 
of the apparatus, as in the television image tube, the effective aperture 
may still be kept small by applying a high potential in order to accelerate 
the beam from each object point into a narrow pencil, and the defects 
occasioned by extended objects may be minimized by curving the photo- 
cathode ; the optical designer then has to solve the problem of throwing 
a similarly curved light image on to the cathode surface. 

The progress made towards positive correction of errors is so far very 
small ; neither the empirical approach of modifying the electrode form and 
studying the result, nor fundamental investigation of the dependence of 
the degree of aberration on the field distribution, has yet led to major 
improvement. The principle enunciated by Rebsch, of immersing the 
object in a region where the rate of change of field strength is high, 
has been applied successfully to some special cases, but not yet to those 
lenses of high power where correction is most needed. The more general 
t^nclusions of Voit are even more difficult of application. The theoretical 
possibility of aberrationless combinations of mirrors and lenses has failed 
of realization to an even greater extent, in face of the severe difficulties 
involved. It is not too much to say that the practical men haver been 
inclined to take a short cut to a working solution suitable to the degree of 
refinement at present demanded of electron optical systems, and that the 
theoreticians, however successful in analysis, have not provided an indica- 
tion of the way to a practicable solution. It is not out of place, however, 
to' remember that the co^ction of light optical lenses has engaged the 
attention of scientists for very many decades whereas electron optics 
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as a special subject is not yet twenty years old ; progress will have been 
rapid if we approach the perfection of glass lenses in the next two decades. 

There is an evident need for intensive investigation of the aberrations of 
electronic systems with a higher degree of accuracy than has yet been 
attempted, both by direct experiment and by the methods of ray-tracing 
long used by optical designers. On the other hand, it is necessary to beware 
of following too closely the lines along which correction has been achieved 
in light optics. As previously emphasized, there are considerable and 
fundamental differences between the two types of system and the success 
with which some methods of treatment can be applied to both should not 
blind us to the need for seeking new methods specific to the electronic 
problem. In particular the theoretical discussion of systems of minimum 
aberration is much simpler in the case of electromagnetic fields of con- 
tinuously variable strength (or refractive index). The preoccupation with 
boundary surfaces of a special form, which is hardly avoidable in glass 
optics on account of the difficulty of preparing other than spherical sur- 
faces, has invaded electron optics equally, although very wide possibilities 
of variation of the field are here available. The direction in which 
progress must be sought is probably that of the investigation and calcula- 
tion of special electrode forms for which one or more of the different 
aberrations is a minimum. An important step on this road would be made 
if the total aberration equation (V.17) could be expressed in a more trac- 
table and physically meaningful form. 

The Effect of Space Charge. There remains, however, one possibility of 
correcting defects which has not yet received mention : the controlled use 
of space charge. Consideration of electron lens aberrations shows that 
they are caused by the parts of the field farther from the axis being 
stronger than required to fulfil the laws of Gaussian optics. Reference to 
the paths of typical rays in the case of spherical or chromatic aberration 
(Figs. 64 and 76) will show that correction would be achieved if; the field 
were slightly weakened to an extent depending on the radial distance 
from the axis. If the form of the field be regarded as given by the form and 
disposition of the electrodes, then the only means of changing it is by 
introducing charged particles into the lens space ; in previous discussion 
we have always assumed the system to be free of space charge. The 
general form of the charge distribution required for correction follows at 
once from the condition that paraxial rays must be given slightly more 
deviation and marginal rays shghtly less. Such an effect would be pro- 
duced by establishing a positive space charge at the axis, decreasing in 
density with radius and possibly becoming negative in the outer zones. 
This qualitative prediction has been . substantiated by Gabor, who 
succeeded in obtaining an expression for the required distribution of 
density, and hence the form, of the perfect lens. 

Applying Fermat’s optical principle of least time to the electron, we 
may state that the path followed by an electron between two points must 
be such that the time is a minimum, compared with other paths joining 



abebbauons of the maoe 

the points. Its application to the motion of a corpmole wm ^t made hy 
Hamilton over a century ago and forms the basis of bis metbod of treating 
optical systems j as will be further explained in the Appendix (p. 249), 
Here it \dll suffice to state it in the form 


J = J dsju = (1/c) J iV' d5 -> minimum, (V.36) 

where u is the velocity of the electron, c that of light, AT the refractive 
index of the medium, and the integration is to be taken along the whole 
path, of which ds is an element. Gabor proceeds to write 

Nd8 = dS, (V.37) 


where dS is the corresponding element of length in a system of uniform 
refractive index. 

If the distribution of potential, and therefore of refractive index, is 
known for the meridian plane of an axially S3rmmetrical field, we may now 
transform it into a new surface in which every line element about a point 
has a value d/S, related to that of the corresponding line element ds at the 
equivalent point in the median plane by expression V.37. For a trajectory 
in the new surface thus mapped, the Hamiltonian criterion becomes 

J d/S minimum, 

so that it is now the shortest distance across the surface from object to 
image point. The electron trajectories in this system are therefore geo- 
detic lines, which could be practically determined by stretching a string 
between the two given points so that its length is a minimum. The method 
is equivalent to a projection of the meridian plane in such a way that each 
element of length is magnified by an amount proportional to the local 
value of the refractive index. If the shape of elements of area is to be 
preserved — ^that is, if the projection is to be isomorphic — ^then the refrac- 
tive index must be independent of direction at any given point; such 
isotropic conditions exist in the electrostatic field, and can be introduced 
into the magnetic lens by transforming it into the equivalent electrical 
lens (section 36). The appearance of the potential distribution in a two- 
cylinder lens in the new system is shown in Fig. 78. As the potential and 
therefore also the refractive index decreases with radius in any cross- 
section, higher values of dS must exist at the axis than near the electrodes, 
and this is only possible if the /^-surface is curved in the way indicated. 

of curves drawn in the surface. 

The Ideal Lens. An ideal lens is a system such that all trajectories 
emanating from a given point intersect again in a single point. In the 
transformed surface this can only be so if it has the form of a sphere, in 
whiob case the image of any point {0) in the surfade will be the farther 
end (/) of the diameter through that point. Object and image will be at 
opposite ^poles of the sphere, and the trajectories will all be great circles 
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across its surface. The physical distribution of refractive index (or space 
charge) that would correspond to such an ideal lens of uniform refractive 
index can be immediately found by reprojecting the spherical surface 



Fig. 78. Transformation of potential distribution 
in two-cylinder lens, (o) Meridian plane of lens ; 
(6) corresponding iS-surface. (Gabor.) 



Fig. 79. Projection of ideal potential distribution (<S'Surface) on to s-plane. (Gabor.) 


on to a plane. Any isomorphic projection will suffice, and the stereo- 
graphic method is shown in Fig. 79: lines are drawn from the point 0 
through the sphere to intersect a plane tangential to it at the other end I 
of the diameter through 0, A representative line of the projection 
(OPP'), and a particular line OEE' through the equator are shown. 
The projection will result in a series of concentric circles in the 8-plane, 
having centre at I and radius r given by 


r = p 



(2P)2+r2 
(2P)2 ’ 


where p is the normal distance of the point P from the diameter 01 and R 
is the radius of the sphere. The radius of the circle through E\ the 
projection of the equator, will be = 2R. The linear magnification in 
the projection is then 


rpif = i+ 
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and the distribution of refractive index in the «-plane must be given by 


N = NolM = 


^0 

1 + W^o)®' 


where N (oc VF) gives the electrostatic potential at the point. The resulting 
distribution of refractive index with radius is shown graphically in Fig. 80a. 
The ideal lens (in two dimensions) proves to be a nebula of space charge of 



Fio. 80. Ideal lens: (a) radial distribution of 
refractive index {N), (6) trajectories. (Gabor.) 
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positive sign inside the ‘equatorial’ circle of radius and negative out- 
side it. It is impossible to achieve such a distribution of refractive index 
with any physically realizable combination of a mag- 
netic field with an electrostatic field produced in the 
normal way by applying potentials tO fixed electrodes, 
that is, without employing space charge. 

A number of possibly trajectories in the ideal lens are 
shown in Fig. 806. The equatorial circle is itself a tra- 
jectory, and the other great circles of the iS-system pro- 
ject as circles in the «-plane, as indicated. Any point P' 
within this circle will be imaged in a conjugate point Q' 
outside it, derived from the antipolar point Q of the 
original point P in the S-surface. The position of Q' is 
given by the relation = rj, where and are the 
distances of P' aivf <2^ respectively from the origin I in 
the 5-surfaoe. ^ 

A practicable lens, of course, will not be confined to 
a plane in the way so far assumed. By rotating the 
map of the potential distribution in the a-plane about 
any diameter through /, we obtain a spherical nebula 
of space charge, which would l^ewise form a perfect 
system. However, the prospect is remote of so controlling the 
eskabUshiiient of space charge that the necessary decrease in density with 
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Fxo. 81. Spaoe- 
oharge focusing. 
(Borm and Ruska.) 
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radius could be realized, apart from the difficulty of forming a point source 
of electrons or ions at the centre of the sphere. A slightly greater chance of 
success obtains for the cylindrical lens (in the glass optical sense) formed 

conceivably be established by an inversion of the normal construction 
of the diode thermionic valve, the axial electrode becoming a source of 
positive ions and the cylindrical ‘anode’ being negatively charged. An 
alternative possibility is to use a low-pressure electrical discharge for the 
purpose, and indeed Boiries and Ruska investigated such a space-charge 
lens some ten years before Gabor’s demonstration of its possible ideal 
properties. They used the arrangement shown in Fig. 81, where G is a 
source of electrons which illuminate an object 0 and are subsequently 
focused by the auxiliary discharge passing between electrodes D and D\ 
The images they obtained of a wire graticule were recognizable but much 
distorted. 


by translating the potential distribution in the d-plane parallel to itself along 
the normal through the centre of S 3 nnmetry /. Such a space charge might 
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CHAPTER VI 

THE PRODUCTION OP ELECTRON BEAMS 
45. Electrons in Mekds 

I N’ previous chapters the fundamental behaviour of elec^cal and magnetic 
lenses has been discussed in some detail; the action of an isolated lens 
on an electron beam should now be clear. Succeeding sections will be 
devoted to a brief outline of some of the more important practical applica- 
tions of these principles, but before passing into the field of applied electron 
optics we shall indicate the means by which the essential electron beam is • 
pbtained. Starting from the standpoint of the modem theory of metals, the 
various types of electron emission are discussed and in each case a practical 
.device utilizing it described. Fuller treatment will be found in more 
specialized books, some of which are listed at the end of the chapter. 

The picture provided by the new quantum theory of the structure of 
metals is that of an ordered arrangement of atoms, each of which con- 
tributes one (or sometimes more) electrons to the so-called * electron-gas* 
that circulates comparatively freely among the atoms. The remaining 
electrons are bound to the nucleus, about which they move in orbits or 
shells of ifiering radii; it is the outermost, or valence, electrons which are 
released and become in a sense common to all the atoms of the metal 
lattice. When an external electric field is applied between two points in 
the metal, these free electrons (being negatively charged) move in the 
/lirection of increasing potential and constitute a current. Since, on the 
average, each atom gives up one electron to the common pool, the number 
of electrons per cubic centimetre (the ‘electron concentratioa*) is of the 
order of 10**. Their drift velocity in the direction of the applied field 
need, therefore, be only of the order of a few cm. /sec. in order to constitute 
a current of practical significance (^ an ampere). On the other hand, 

V the velocity of random motion of the free electrons among the atoms is 
considerably greater than this, being much higher than the thermal 
velocity of gas molecules. The total charge thus carried, in one direction, 
aOTOss any boundary surface within the metal is found to correspond to 
a ouneht of the order of 10^* amp./sq. cm. The random current in the 
opposite direction practically compensates it, although the varying 
<PEerenoe or statistical fluctuation cannot be neglected when the conductor 
is carrying a very small directed current which is later to be subjected to 
high wplifioatiop ; it then forms a background ‘noise ’ which sets a limit 
to the'ltanallesk signal that can be significantly amplified. 

Although these electrons are ‘free* in the sense of not being attached to 
"a p^cular atom, they are under the influence of the attractive field of 
the^ttice as a whole and hence are not firee to escape £rom it into the gas 
<»r vacuum above its surface. For this to occur an electron must acquire 
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additional energy, which may be derived from the lattice itself, when the 
electron may be said to be expelled, or from an externally applied field 
which extracts it from the solid metal ; in special circumstances the energy 
may be supplied by incident radiation or corpuscles. Quantitative dis- 
cussion, therefore, proceeds in terms of the energy relations of the lattice 
and its free electrons. 



Fio. 82. Potential energy of an 
electron near an isolated nucleus. 
(Horizontal lines = energy levels.) 


Fig. 83. Potential energy of an 
electron along a line through two 
adjacent atoms [A^ and A,). 



Fio. 84. Potential energy of an electron along a linp through 
a row of atoms in a metal, showing energy bands ; the Fermi- 
Dirac distribution applies to the topmost band only. 


Considering first an isolated atom, we imagine a valence electron to be 
extracted from it and conveyed to infinity. Not being in a lattice, the 
atom will not automatically release the electron, which will be under the 
influence of the ordinary Coulomb force of electrostatic attraction ; there- 
fore work will have to be done in order to separate it from the rest of the 
atom. If the nucleus only were in question, the attractive force would be 
inversely proportional to the square of the distance of the electron from 
the nucleus at any time. On account of the other electrons around the 
nucleus these relations are in fact more complicated, but the potential 
energy (P.E.) of the electron with respect to the atom can be approximately 
expressed by the inverse square law (Fig. 82) ; the horizontal broken line 
indicates its potential at infinite distance. If now two neighbouring atoms. 
(-4j, are considered, the potential energy curve has the form shown in 
83 ; the presence of the second atom decreases the potential on that 
side of the first atom, making it slightly easier to extract the electroif from 
the latter. When there is a cpntinuous lattice of atoms, this mutual efl^t 
is even more marked and results in a series of potential humps betwim 
the atoms, at a still lower level below the reference line (Fig. 84). At the 
snd of the row of atoms the potential rises in much the same way as near an 



160 THE PRODUCnCW OF ELECTRON BEAMS [46 

isolated atom, indicating that an electron is here under a considerable 
attractive force from the lattice as a whole. On this picture it is clearly 
difficult to give a precise meaning to the ‘surface’ of the metal; for con- 
venience it may be set at a distance from the end atom equal to half the 
separation between neighbours in the lattice (vertical broken line). 

Within each atom the electrons do not have a continuous energy 
distribution. According to the quantum theory only a strictly limited 
number of states is available, and these occur in bands within which are 
several permitted levels and outside of which there are ‘forbidden* zones. 
In the lower levels, corresponding to a closer proximity of the electron to 
the nucleus, these bands are narrow and widely spaced ; the higher bands 
are much broader and contain more levels, and may overlap each other. 
In Fig. 82 this level system is indicated by full horizontal lines, confined 
within the potential curves in order to show that the electrons are bound 
to the isolated atom. Each level may be occupied by no more than two 
electrons, of opposite spin, as required by Pauli’s exclusion principle. 

In the complete lattice the same limiting conditions prevail. There are a 
restricted number of states available, grouped in bands, but these bands 
now extend throughout the whole lattice and each contains as many 
energy levels as there are atoms in the lattice (full lines. Fig. 84). For, 
according to quantum mechanics, an electron may jump from a given 
state in one atom to a state of equal energy in another; however, the 
probability of such a jump (‘tunnel effect’) decreases exponentially with 
the height and breadth of the potential hump which has to be traversed 
between the atoms. 

In normal circumstances there are more than enough electrons present 
to fill the lower levels, and some occupy levels in the band which rises 
above the top of the potential humps ; indeed, some may have energies of 
several electron volts higher tfian this. It is such a distribution of states 
that determines the special properties of metals; these higher levels 
provide the electrons which circulate freely through the lattice. The 
maximum energy of these electrons, and the probability of escape from 
the metal, is found not by consideration of individual electrons and their 
levels but by treating them as a ‘gas’ and applying statistical methods as 
in dealing with an actual gas. In normal kinetic theory, however, a 
Maxwellian distribution of energies amongst the particles is assumed, 
where the majority have values around the average (B^) (Fig. 86). In the 
electron gas, as mentioned above, all the lower states are normally filled, 
BO that the energy distribution must be very different. The Fermi-Dirac 
treatment gives its form: the probability (P(W)) that a given state will be 
fiJled is unity for all states up to a definite maximum energy, when the 
lattice is at absolute zero (O^’K.). The probability curve therefore has the 
rectangular form shown in Fig. 86a; the average number (iV'(pr)) of 
def^ns having energies lying within a given energy range {dW) w^ be 
dil^nt, however, as there are many states with energies in this range. 

IF) proves to be pro|>OFtional to the root of the energy, and hence the 
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distribution of energies amongst the • electrons has a parabolic form 
(Fig. B6&). Both curves faU sharply to zero at the maximum value of the 
energy ^ben the metal is at 0° K. and this level is naturally below the 
potential of the electron at infinity, PfJ, which is termed the inner potential 
of the lattice and is of the order of 10 V. (Fig. 84). Except by the tunnel 
effect, electrons can only escape from the metal if they acquire a total 
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Fig. 86. Fermi-Dirac distribution for electrons: (o) Probability for a given state. 
(6) Frequency of energy distribution. 


energy greater than BJ. The work Wq that must be done to extract an 
electron in this way is therefore given by 

Wo=Wi-W, = V,e, . (VI.l) 

when expressed in terms of the voltage Vq necessary for the purpose ; Vq 
is termed the work function (at 0° K.) of the surface. 

The energy needed to surmount the potential barrier is comparatively 
large, Vq being usually several electron volts. It may be supplied, or its 
amount considerably reduced, in any of the following ways : 

(a) Thermal Excitalim. If the temperature of the metal is raised above 
0° K. there is at first a negligible effect upon the energies of the free elec- 
trons: they are in energy levels high above the thermal energy of the 
lattice atoms, and therefore do not exchange energy with them. At room 
temperature the maximum energy Wy. is about 6 electron volts, being still 
several electron volts below the value of WJ. At high temperatures, how- 
ever, the thermal energy of the lattice approaches that of random motion 
of the electron gas, and the two tend to an equilibrium. There will now be 
a roughly MaxweUian distribution of energies amongst the free electrons in 
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the higher states, and the curves of Figs. 86a and b will be rounded off about 
the limit W^j as shown by the broken hnes (for 1,600° K.). Some electrons 
will now have an energy above the inner potential and will be ejected 
from the surface. This thermionic emission is appreciable from a pure 
metal only at temperatures of the order of 2,600° K., but oxidation of the 
surface, or contamination with another metal, lowers, the working tem- 
perature very considerably (see i^ext section). 

(b) Lowering of the Barrier, Instead of supplying the electron with energy 
enough to raise it to the level (Wt) of the potential barrier at the surface, 
the latter may be lowered in order to allow the more energetic electrons 
to escape. To do this it is in principle only necessary to apply a counter- 
field at the surface sufficient to reduce towards the value 1^ and thus 
reduce the work function. The field required to extract electrons in this 
way proves, however, to be very great owing to the fact that the barrier 
extends over approximately the radius of an atom only. The field strength 

- the surface is therefore of the order of a few volts per Angstrom unit, 
and the counter-field would have to be similar in magnitude: complete 
lowering of the barrier would demand a field of millions of volts per cm. 
On account of the tunnel effect, however, it is sufficient to establish a 
positive field of only some thousands of volts per cm. in order to get an 
appreciable emission. Further discussion of such Afield* or *cold* emission 
takes place in section 48. 

(c) Absorption of Radiant Energy. If radiation falls on the surface of the 
metal, energy will be transferred to the free electrons in amount depend- 
ing on the wave-length (A) of the radiation and the reflection coefficient 
for this wave-length. According to the quantum theory, absorption takes 
place in discrete amounts of energy W given by 

W = hv, (VI.2) 

where h is Planck’s constant and v is the frequency of the incident waves. 
When the latter corresponds to a wave-length of less than 10,000 A, the 
energy quantum is of the order of electron volts and therefore approximates 
to the work function Vq. It follows that infra-red and visible light, as well 
as X-rays and gamma-rays, will be capable of exciting electrons to levels 
high enough for them to escape from the metal. Such photo-emission is of 
very low efficiency, however, since only a portion of the radiation is 
absorbed and a much smaller proportion of the excited electrons succeeds 
in reaching the surface and escaping. It is further considered in section 60. 

^d) Absorption of Fast Partides, Energy will also be transferred to the 
lattice^if the incident beam is composed of corpuscles, and not of radiation. 
When the corpuscles are electrons, the transfer of energy to the free 
electrons is more efficient than in the case of larger particles, such as 
positive ions. A proportion of the lattice electrons acill be raised to energies 
suffipient for escape from the lattice, and also some of the incident beam 
wifi be scattered back from the surface. The energy of each absorbed 
particle may be shared among several lattice electrons and, when the 
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incident beam is of high velocity, several electrons may be emitted for 
each of those incident. Certain specially treated surfaces show a return 
current more than ten times greater than the primary current. Secondary 
emission, as it is called, is consequently of value in amplifying small 
currents (see section 52). 

Each of these four general methods of obtaining electron emission 
finds application in practical devices, and occasionally they are used in 
combination. Thermionic emission is most widely used for obtaining 
electron beams in radio valves, cathode-ray tubes, electron microscopes, 
and similar apparatus. In some special circumstances, however, it yields 
in advantage to secondary emission and even to cold emission ; for other 
purposes it is entirely inapplicable, as, for instance, in the conversion of an 
optical into an electron-optical image, and one of the other methods must 
be employed (in this case, the photo-electric effect). 

46 . Thermionic Emission 

A temperature of the order of 2,500® K. is needed, as stated above, before 
electrons in any number acquire sufficient energy to escape from the 
surface of a metal. Very few metals remain solid at this temperature, 
and it is usual to use tungsten or molybdenum plates or wires in the inves- 
tigation of thermionic emission from pure elements. In order to prevent 
the accumulation of emitted electrons as a space charge around such a 
cathode it is necessary to insert a positively charged electrode, or anode, 
in its neighbourhood; for present purposes we may take this to be a 
cylindrical anode surrounding a straight tungsten wire on the axis. The 
increase of current with temperature is found to be exponential in form 
(Fig. 87). By assuming that the emission from the surface could be 
treated as an evaporation of particles having a Maxwellian energy dis- 
tribution, Richardson found that the maximum current per square cm. 
(ij) obtainable at a given temperature T depended also on T*. In fact, 
the Fermi-Dirac distribution applies, and, moreover, the number of free 
electrons per molecule is not constant, as Richardson assumed, but increases 
with temperature. Therefore the current must depend on a higher power of 
T, but direct experimental verification is made difficult by the prepon- 
derating effect of an exponential term on the value of the current. From 
quantum mechanical considerations, however, Nordheim has obtained 
the modified form of Richardson’s equation: 

i, = '(VI.3) 

where h is Boltzmann’s constant (1*371 x 10““ ergs per degree), IJ is the 
work function already defined (in ergs per electron), and A is another 
constant characteristic of a given surface. By accurate measurement of 
the variation in emission with temperature it is then possible to determine 
the value of the work function. For tungsten, after careful outgassing, it 

«tl4 X 
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has the value 4-52 V. and the order of magnitude of the emission (i,) is 
10 ma./cm.* at 2,200° K., rising to 100 ma./cm.* at 2,400° K. 

It is inoonvenient, and wasteful of power, to use such high temperatures 
in the cathode. Fortunately it is found that contaminating the tungsten 
surface with another metal lowers its work function below that of either 
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Fig. 87. Variation of thermionic emmsion with temperature. 


metal separately. Thus a thoriated tungsten wire has a work function 
of only 2*6 V., compared with 4-62 V. for tungsten and 3-36 V. for thorium. 
Other electropositive metals have the same effect, apparently setting up a 
counter-field that lowers the potential barrier, whereas electronegative 
atoms have the reverse effect and raise the work function. The efficiency 
of emission is considerably increased: it is 3 ma./watt for tungsten at 
2,400° K., and as much as 100 ma./watt for thoriated tungsten at 1,900° K. 

The working temperature may be much further reduced if oxygen is 
admitted to the surface at some stage in the ‘ activation \ The precise 
nature of the processes involved is still in doubt, but they are found to 
lower the work function to the order of 1 V. and result in very ready 
emission of electrons. Caesium deposited on oxidized tungsten then yields 
360 ma./cm.2 of surface at 1,000° K. only, and surfaces of calcium or 
barium oxide, derived from the respective carbonates by decomposition, 
are equally powerful. At this temperature, however, the efficiency is not 
proportionately so great, being about 10 times that of a pure tungsten 
surface. Oxide-coated cathodes of this ‘dull-emii;ter’ type are now in 
ala^t universal use in electron-optical apparatus; the chief exception 
is the electron microscope, in which tungsten filaments are requir^ in 
order to give a point cathode. The variation in emission with temperature 
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for oxide-coated cathodes is shown in Fig. 87,. and has the same form as 
that for pure metals. Their properties depend rather critically on the 
activation proo^nre, details of which will be found in the technical 
treatises. 

47 . The Electron Gun 

Thermionic emission from ^ oxide-coated cathode provides a source 
of electrons delivering currents of the order of an ampere per cm.^ In the 
cathode-ray tube and many other devices the technical problem is then 
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Fig. 88. Electron gun with second anode, showing beam cross-over (c-a). 

to direct the emission into a beam which shall finally form a minute spot 
on a viewing screen. The arrangement used for this purpose is called an 
electron gun, the first essential of which must be an immersion lens of the 
type discussed in section 27. It is obvious from Fig. 43, however, that, as 
this system sharply converges the emitted electrons into a small spot (or 
cross-over) at some point within the anode A, the beam must on this 
account issue with a strong divergence. In order that a final image shall 
be formed, a second focusing system must be introduced beyond A, 
In early types of cathode-ray tube a magnetic coil was used, or reliance 
was simply placed on the focusing action of the ions produced in the 
residual gas in the rather low vacuum prevailing. In the 1930’s much use 
was made of two- or multi-cylinder electrostatic lenses, but latterly the 
trend has been back to the simpler operation possible with a magnetic 
focusing coil. 

(a) Electrostatic guns. The addition of a second anode A 2 forms a two- 
cylinder lens with the gun anode and if the potential ratio l^ilj is 
made much greater than unity there will be a strong converging action on 
the beam. This arrangement was first proposed by Zworykin and is shown 
in Fig. 88. In order to reduce the size of the final image, diaphragms are 
now fitted to the grid and first anode, as discussed in section 27 (p. 69). 
The second anode is usually of greater diameter than the first, and inay 
also be fitted with limiting diaphragms the function of which is now to 
trap stray electrons. In later developments more than one extra anode 
has been used, the second system being a symmetrical or twin-aperture 
lens, or even more complex. In all cases the focusing action is basically 
the same. 

The emitting cat^iode C has an area of many square millimetres, in order 
to achieve a Hgh beam current, and it is preferable therefore to use as 
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object for the second lens the much smaller cross-over OS in fix>nt of the 
cathode. This acts as a virtual cathode, and corresponds optically to the 
pupil of the system. It was shown by Ruska that in a simplified gun 
the demagnification in the cross-over, with respect to the cathode, is given 
by the expression 

“ = (VI.4) 

where y and are the radii of cross-over and cathode respectively, and 
Vi are the voltages of thermionic emission and the first anode, and B is the 
semi-vertical angle of the cone of rays forming the beam at the cross-over. 
In practical circumstances this demagnification will be of the order of 
1 : 10, so that the cross-over will be only a fraction of a millimetre in radius. 
The potential ratio between the two (or more) anodes is then so arranged 
that an image of this cross-over is projected on the fluorescent screen (S) at 
the end of the apparatus ; for a given tube the object-image dwtance is 
fixed and hence a ^ed voltage ratio is also demanded. Owing to the inter- 
position of a deflecting system and the need for a subsequent path long 
enough to give a large sweep on the screen, the image distance must 
always be longer than the object distance. The final image of the cross- 
over is therefore enlarged rather than diminished, and it is for this reason 
that particular attention is given to making the cross-over as small as 
possible in the first place. 

The cross-over, however, cannot be a point because of the mutual 
repulsion of the electrons and of the aberrations of the immersion lens 
system. The former factor becomes important when attempts are made 
to increase the current density in the beam, as is essential for a bright 
picture in reproducing a television transmission. Both the spherical and 
chromatic errors of the lens are appreciable, the latter arising from the 
variation in TJ, the energy emission of the electrons. But even were the 
lens perfect and constant, the current density in the cross-over would be 
limited, as is evident from the fact that enters into the expression 
(VI.4) for the size of the latter. On the assumption that the emitted 
electrons have a Maxwellian distribution of energies, the problem has been 
investigated by D. B. Langmuir, who finds that the maximum current 
density obtainable in the cross-over {ij^) is given by 

i^ = io{eVJkT+l)8m% (VI.6) 

where k, TJ, and B have the meanings already assigned, T is the abso- 
lute temperature of the cathode surface, and Iq the current density (in 
amp./cm.*) at the cathode. A similar expression holds for the current 
density in the final image spot, with appropriate insertion of the final 
voltage and an gular size of the beam. , Pierce has confirmed these results 
by a more fundamental discussion, using the methods of statistical 
m^anios instead of the optical argument followed by Langmuir. 

Langmuir’s expression shows that the current density in the cross-over 
may increased by increasing the potential of the region in which it 
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falls (P^), by decreasing the working temperature of the cathode (and hence 
the energy of emission, TJ), by increasing the aperture of the cone of rays 
focused or, of course, by increasing the output of the cathode itself. 
Assuming the cathode temperature to be 1,160° K. and its emission to be 
1-0 amp./cm.*, the calculated maximum value in the cross-over is 
10 amp./om.* for 6 = 0-032 and 100 amp./cm.^ for 6 = 0-10, when the 
anode voltage = 1,000 volts; for an accelerating potential of 10 kV., 



Fig. 89. Electrode form producing parallel beam. (Pierce.) 

the calculated current densities wiU be 10 times greater in each case. 
The value in a given gun is always considerably less than calculated, 
owing to aberrations of the lens and mutual repulsion of the electrons. 
More intense beams can only be produced by improving the cathode, so 
that the output is greater and the temperature lower, or by attention to 
the lens, which must carry a higher voltage and be well corrected so that 
beams of large aperture may be adequately handled. The second lens 
system must be similarly perfected so that all the electrons from the 
cross-over are focused into the final spot. At present intensities on the 
screen of over 10 amp./cm.^ have been reached, but there is no doubt 
that considerable further improvement is possible. 

A direction in which progress is now being made is in designing the form 
of lens apertures so that the electron paths are truly rectilinear. Pierce 
has carried out the necessary calculation of the equipotential surfaces for 
beams of differing S 3 rmmetry, on the assumption that they are under no 
other influence. He thus neglects the effect of space charge as well as 
tha^ of the electromagnetic mutual attraction of the electrons, both of 
which will tend to make the beam more compact; he neglects also the 
velocity of emission of electrons from the cathode. The field distribution 
having been found for (say) a beam of cylindrical form, any two equipoten- 
tial surfaces may be chosen for replacement by electrodes of the same 
shape and bearing the same relative potentials. In this instance the result- 
ing forms are saucer-shaped, as shown in Fig. 89; the beam diverges* 
slightly beyond the anode, which acts as a weak aperture lens. Beams of 
other (constant) cross-section and of wedge shape have been investigated 
in the same way, as also the special case of electrons directed towards 



158 . THE PRODUCTION OF ELECTRON BEAMS [47 

fche centre of a sphere, and appropriate electrode forms indicated. This 
method of approach promises a better approximation to perfect focusing 
than the empirical methods usually adopted in arriving at the shape of 
apertures for electron lenses. Pierce claims to have obtained a current 
density (ia.) in the cross-over greater than one-half the maximum value 
given by theory (VI.5), with currents of the order of 100 ma. 

(6) Magnetic Focusing. The use of a magnetic coil for concentrating 
the divergent beam provided by an immersion system was adopted by 
Farnsworth in 1934. It was really a reversion to the method used in early 



Fig. 90. Electron gun with magnetic focusing coil and wall-anode. 


cathode-ray tubes employing a primitive cathode and simple anode as 
gun, and a magnetic focusing coU. His tube had also a grid, and a conduct- 
ing coating on the inner surface which acted as a second anode. A few 
year? later the first anode was eliminated, only the grid and the graphitic 
or metallic coating being retained. The system was thus reduced to the 
simplest possible form (Fig. 90), and yet functioned as well as any other 
model. In addition, the external mounting of the magnetic coil M 
allowed of adjustment at any time after assembling and sealing off the 
tube, an advantage which is absent from the electrostatic type. 

A cross-over JB formed in the usual way by the immersion system of 
cathode, grid, and anode, and is then imaged on the viewing screen by 
the magnetic field. The current density in the cross-over is given as before 
by expression VI.6, and the density at the final image by a similar relation 
involving the magnetic field in place of the accelerating potential. The 
chief disadvantage is the spherical aberration of the magnetic lens. This, 
howevM, is to some extent offset (as in the electrostatic type) by the 
natural depth of focus associated with all such beams of narrow aperture. 
The production of a point image is opposed by the mutual electrostatic 
repukion of the electrons, but this in turn is partly counteracted by the 
mutual attraction arising from their magnetic fields, just as any parallel 
conductors carrying current in the same sense experience an attraction. 
As a result the beam tends towards a uniform cross-section, in which the 
Electron paths are nearly parallel, as it approaches ‘the image point. This 
greait depth of focus renders spherical aberration less harmful and at the 
sa^e time makes the position of the imaging screen less critical. Neverthe- 
less, the problem of s^erical aberration remains serious for beams of large 
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aperture, and the achievement of higher intensities depends again mainly 
on the correction of the lens for tMs defect. 

Tube^ incorporating both tjrpes of secondary focusing are also in use, 
and one of the most successful is that due to Law. It embodies four anodes 
in the immersion system, three of them simple apertures at successively 
higher potentials (Fig. 91), so that the cross-over is finally formed in a 



Fig. 91. Law's electron gun. 


region of very high potential (10,000 V.). The size of the cross-over is thus 
reduced and the current density in it considerably increased (cf. VI.4 and 
VI. 6). The magnetic coil {M) then projects on to the viewing screen an 
image of the cross-over as a small spot of high intensity ; it is specially 
designed to .have low spherical aberration, this being claimed to be 
negligible over an aperture of 6 mm. The tube is accordingly employed 
in television for producing very bright images for subsequent optical 
projection on to a larger screen. It will be noticed that the grid is at the 
same potential as the cathode, and the final anode is connected to a con- 
ducting coating (.^g) on the wall of the tube, which ensures that the whole 
of the image space is at the same high potential. 

(c) Qas Focusing. The presence of residual gas in a cathode-ray tube 
does not, as might have been expected, scatter an electron beam into a 
diffuse bundle, but is found to exert a pronounced concentrating effect 
upon it; Indeed the early forms of tube depended to a large extent on this 
phenomenon for the degree of focusing obtained. In the Braun tube 
(p. 3), for instance, the cold emission from a simple anode is to some 
extent directed by the strong field, but would give a spot of negligible 
intensity on the screen were it not for the effect of the residual gas. In later 
tubes a grid as well as an anode was employed, so that a simple immersion 
system existed and a rather ill-defined cross-over was formed within it. 
It was found in practice that the final spot was smaller in size if the tube 
was not highly evacuated, but only to a pressure of the order of 10”* or 
10”* mm. Hg, for which purpose an inert gas such as helium or argon was 
introduced into it after pi^minary evacuation. The gas, acting sis a 
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*long lens’, maintains an almost parallel beam from the anode to the 
viewing screen. 

The details of the process are still not clear, but it depends essentially 
on the formation of positive ions in the gas ; the energy of the electrons 
being well above its ionizing potential, ions are readily formed by collision. 
These positive ions drift towards the cathode under the influence of the 
applied field, but being much heavier than electrons they move much more 
slowly. Hence there are always a considerable number within the electron 
beam, forming a loose ‘core* which binds it together by electrostatic 
attraction. A state of dynamic equilibrium is set up, which in special 
circumstances may result in a parallel beam of as much as a metre in 
length. 

Under such pressure conditions the beam partakes of the nature of a 
discharge, and the main source of electrons is the bombardment of the 
cathode by positive ions. Indeed, in the cold cathode tube this is almost 
exclusively the case; if the gas pressure is reduced below 10“® mm. Hg, 
the discharge ceases and the beam current becomes negligible. But so long 
as the discharge continues, the ionization of the gas results in a secondary 
supply of electrons, which may be considerable if the accelerating potential 
is high enough (as in most cold cathode tubes) for multiple ionization to 
occur. If the potential rises too far, or alternatively, if the gas pressure 
rises, the discharge passes over into an arc carrying a large current. On 
the other hand, at potentials below 300 volts the amount of ionization is 
too small to form a coherent beam, and no sharp spot is obtainable. 

The gas-focused oscillograph has now passed out of use for a number of 
reasons, chief among which are the low deflexion sensitivity and the early 
defocusing of the beam with increasing frequency of deflexion. The 
cathode is also rapidly disintegrated by the heavy positive-ion bombard: 
ment, and this process may be further accelerated by unskilled handling 
of the tube. Nevertheless, gas-filled tubes find a number of uses in other 
directions. 

. We may, therefore, sum up the discussion of electron guns by saying 
that the primary essential for producing a beam is an immersion electro- 
static lens, followed by a second lens which focuses a sharp image of the 
cross-over on to the viewing screen. The second lens is often one or other 
of the electrostatic types, but increasingly of recent years a magnetic 
focusing coil has been preferred ; the early method of gas-focusing is now 
rarely used. The same general conclusion applies to the electron micro- 
scope and other special devices as well as to the cathode-ray tube. 

48, Field Emission 

As seen above, thermionic emission takes placeTonly at high tempera- 
tm^, and is normally negligible for wm w oxide-coated cathode at less 
800^^ K. ; the electrons in the ei^ace have insufficient energy to 
eeoape over the potential barrier. The a|p[^cation of a high positive field 
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in its neighbourhood, however, can produce considerable emission even 
at room temperature and under special conditions this may be much 
greater than the maximum thermionic emission. The processes at work 
are quite different from those operating in the ‘cold-cathode* tubes men- 
tioned above, where the cathode yields electrons under positive-ion 



Fig. 92. Lowering of potential barrier by an external field. 


bombardment; true field emission occurs in conditions of the highest 
vacuum. 

The essential action of the field, as indicated in section 46, is to lower 
the potential barrier at the surface so that the effective work function Vq is 
reduced. Since the latter enters exponentially into Richardson’s equation 
for the emission current density (VI.3), a small reduction in it results in a 
considerably increased emission if the value of T is not too small. At the 
same time, the lowering of the barrier allows the tunnel effect to come into 
play, and this can give rise to a large emission whatever the temperature 
may be. 

SchoUky Effect. The effect of the applied field, of strength Ey may be 
supposed to increase directly with the distance outwards from the surface. 
The potential barrier, normally of height will accordingly be modified 
as shown in Fig. 92, having now a maximum height W'^. The difference 
represents the decrease in the work function for an emitted electron : 

IfJ-Tf;. = AFo, 

its new value Vq being given by 

wi-w,= r,. (VI.6) 

The insertion of this value in Richardson’s equation will therefore give a 
higher result for the current density. It may be shown that, if ig is the 
density calculated in the absence of the positive field, then the new value 

i'Ji, == (VI.7) 

ah equation first derived by Sohottky, after whom this type of emission 
is often called the ‘Schottky effbc^*. Since ig is also governed by Richard- 
son’s equation (VI.3), the increiwfe in emission will only be appreciable for 
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large values of T, In calculating its amount the value of E at the surface 
must be employed, as determined by the form of the electrodes. In the 
ordinary diode, for instance, we have a cylindrical cathode wire sur- 
rounded by a concentric anode; the dependence of the field on radial 
distance is therefore given by the logarithmic relation of section 12 (c), and 
will be much larger near the wire than if plane parallel electrodes were 
involved. If in this case the filament is a tungsten wire of diameter 0* 1 mm. 
inside an anode of 1 cm. diameter maintained at a potential of 44 V., the 
field intensity close to the wire will be 1,900 V./om. and not 88 V./cm. 
At a temperature of 2,000° K. the increase in emission calculated from 
VI.7 would be 10 per cent. only. At an anode potential of 4-4 kV., how- 
ever, the increase would be 8,000-fold over the simple thermionic emission 
at this temperature. In the electron microscope, for instance, it makes an 
important contribution to the beam current. 

Tunnd Effect The tunnel effect is very different in nature, and depends 
“^n the finite probability (in wave-mechanical theory) that an electron on 
one side of a potential barrier may pass across it if there is an unoccupied 
state of the same energy on the other side. In the absence of a positive 
field at the surface of the cathode the potential barrier has no ^ other side ’, 
but continues indefinitely at the height Wi (Fig. 92). When the barrier is 
modified into the extended hump depicted, it wiU at some distance from 
the surface fall below the energy level of the topmost band in the metal 
which is occupied by free electrons, and a finite probability will exist that 
they will jump the barrier. The higher the applied field the closer to the 
surface is the point (Z) at which the barrier drops to this critical level, 
and the greater the probability of ‘tunnel * emission. It has been shown by 
Fowler and Nordheim that this aiUo-electronic current is given by an 
analogous equation to Richardson’s, 

= (VI.8) 

where E is the field strength at the surface and Af and are approximately 
constant, the latter depending on the work function Fq. The equation 
gives good agreement with experiment for carefully cleaned pure metals, 
but, like Sohottky’s equation, is not obeyed by contaminated surfaces. 
Ad^o-electronio emission is thus independent of the temperature and 
increases rapidly with field strength, being determined by the rate of 
arrival of free electrons at the surface, which, as mentioned earlier, is 
equivalent to a uni-directional current of the order of 10^® amps./cm.® 
Hence, although the proportion allowed through the barrier by the tunnel 
effect is very small, the emission may already exceed the normal ther- 
mionic emission at quite moderate field strengths and at room tempera- 
ture. Contamination of the surface with another metal lowers the work 
function, and therefore 6^, and increases the field emission further. By 
applying intermittent fields of great strength, intensities of the order of 
1^000 amps./cm.* were obtained by Slack and Ehrke for the purpose of 
generating X-rays of high intensity. 
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49 . Field Emission Microscope 

A valuable and extremely simple application of the principle of field 
emission has been to the development of a diode system in which a greatly 
enlarged image of an emitting-point cathode is projected on to a fluorescent 
screen on the anode. Although it has no 
optical system of focusing, it is eflFectively a 
microscope and has been named the ‘point- 
projector microscope*. As originally con- 
structed by Johnson and Shockley it was 
cylindrical in form, with an emitting filament 
on the axis. Benjamin and Jenkins have used 
it for investigating the emission from cold 
point-cathodes of tungsten, molybdenum, and 
nickel, in the spherical arrangement of Fig. 93. 

The cathode ((7), attached to a heating wire, is 

fixed at the centre of a highly evacuated glass 93 poi„t.projector eieo- 

bulb (B), coated with a fluorescent screen (/S^) tron microscope. (Benjamin and 
over the upper hemisphere and with a broad Jenkins.) 
graphite layer (G) over most of the lower hemisphere. A potential difference 
of approximately 10,000 V. is applied between the cathode and this con- 
ducting layer, the shape of which is such as to produce a field that is 
effectively radial near the point (7 ; it is not necessary for the whole 
envelope to be conducting in order that this condition should be fulfilled. 
(7 may be a tungsten point finely etched in sodium nitrite to a radius of 
the order of 1 micron, being roughly hemispherical in form at the end. 
Under the influence of the high field strength existing near a surface of 
this rapid curvature, electrons are emitted along rectilinear paths and 
continue so through the comparatively weak outer field until collision with 
the screen. The emitting areas of the cathode are therefore truly imaged 
in a visible pattern, at a magnification given by the ratio of the radius of 
the point to that of the screen. The distance C8 is about 10 cm., so that 
the magnification is of the order of 10®. Hence surface areas containing 
only a few hundreds of atoms will form visible images if the emission 
from them is bright enough. Dosse and Muller give 17 A as the theoretical 
limit of the resolving power of the projection microscope in its present 
form ; less than 30 A has been claimed in practice. 

This comparatively simple instrument is of great value for investigating 
the distribution of emission over the surface of cold cathodes, its modifica- 
tion by the addition of contaminating metals and oxides, and its variation 
with temperature. The main conclusion is that emission from a clean 
metal point occurs preferentially along the raised edges between the main 
crystal planes which are produced by the etching process (Plate III a). On 
heating, the emission is observed to spread over the surface in a regular 
manner (Plate III 6) ; the lines of flow of the surface atoms, well below the 
melting-point, can be observed on the screen. The formation, or ‘ building- 
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up*, of a cathode can thus be followed step by step ; the final state is such 
that the emission is greatly enhanced. Experiments with adsorbed layers 
of barium, thorium, and other metals show that these migrate at even 
lower temperatures and produce a greatly increased emission, as is to be 
expected from the lowering of the work function. Migration of thorium on 
tungsten commences at 870° K., and a fully formed point is shown in 
Plate III c. On further heating, the emitting layer contracts either by 
diffusion inwards or by evaporation of thorium (Plate III d). The complete 
lack of emission from certain parts of the surface is still not satisfactorily 
explained, however. 

The projection electron microscope is a comparatively new research 
instrument and seems likely to find many applications in chemical as well 
as physical problems. It offers a means of following surface reactions and 
adsorption conditions, as well as of investigating both the practical and 
fundamental problems of cold emission. The knowledge thus obtained 
will in turn allow of this effect being put to other uses ; the production of 
high intensity pulses of X-rays has already been mentioned as one of them. 



Fio. 94. Fhoto-electrio emission. 


50. Photo-electric Emission 

When a beam of light is incident on the surface of a metal M (Fig. 94), 

electrons are emitted from it at low 
velocities. They may be collected as a 
current of the order of microamperes if 
a wire loop or gauze (.4) at a small posi- 

f — 4 . — j , + — |. — tive potential is arranged before the 

I [ I • [ surface. It is found that the output of 

X I I j 1 [ current is directly proportional to the 

^ [ I I I I intensity of the incident light. The 

^ I" ■ * * * ' “ variation with wave-length is complex, 

but for each surface there exists a maxi- 
mum wave-length (‘threshold’) above 
which radiation is unable to eject electrons. As in the other types of 
emission, contamination of the surface with another metal or an oxide 
causes a large increase in the current. 

The experimental facts have been known for some fifty years now, and 
it was the first triumph of the quantum theory that it gave a satisfactory 
explanation where classical theory failed. The energy in the incident light 
is assumed to arrive in a series of discrete packets or photona^ each bearing 

an amount nr i /ttt 

W = hc/X = hv, (VI.9) 

where c is the velocity and v the frequency of the radiation, and h is 
Planck’s constant (6’647 x 10“*^). When this enei^ quantum is equal to 
or greater than the work function of the surface, it may eject the electron 
which absorbs it ; the threshold frequency is clearly given by 

^ ^ hVrnin* 


(VI. 10) 



a. linage of etched inolybdeiiuni 
point cathode. 


6. Molyhdoniiin cathode after heating 
to 1520'' K. with field applied. 



c. Tungsten catliode fully activated 
with thorium. 


d. Thorium on molybdenum 
cathode, after heating to 


1700° K. 


Tlati: 111. I’OlNT-rHOJKCTOK (OK EMISSION) MICROSCOPE. 
{R, 0. Jenkins, G.E.C. Ltd., Wembley.) 
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When V has values greater than this, the excess energy will appear in the 
electron, which may be ejected with a velocity up to the maximum given 

\mv^ = hv—eV^ = ePJ, 

being the equivalent emission voltage, and also the counter-voltage 
which would be required to suppress the emission entirely. It will be 
remembered that was defined with respect to a surface at 0° K. At 
higher temperatures, and especially above 1,000° K., the efiective work 
function will be less than this for those electrons which have gained energy 
above the limiting value (Fig. 84), and therefore a small current will 
still be obtained for frequencies immediately below 

Insertion of numerical values in VI. 9 gives a practically useful expres- 
sion for the threshold wave-length Aq in Angstrom units : 

Ao = 12,400/Fo. (VI.ll) 

For a surface of work function 2 V., therefore, the threshold will lie in 
the red end of the spectrum 6,000 A). The photo-electric work function 
is for some metals identical with that measured for thermionic emission, 
but it is usually found to be slightly greater. For most metals it lies between 
4 and 6 V., so that the threshold falls in the ultra-violet. The alkali and 
alkaline earth metals, however, have values below 2 V. and give emission 
of considerable strength in the visible spectrum. Caesium oxidized in a 
special manner on silver is sensitive far into the infra-red, and gives a 
maximum output (in the violet) of 60 microamps, per lumen. The inclusion 
of an inert gas in the cell increases the current, owing to the ionization 
produced by' collision of the accelerated primary electrons with gas 
molecules. The efficiency of the photo-electric effect (in electrons per 
photon), is very small, however. Especially sensitive surfaces may yield 
one electron for each hundred incident photons, but the efficiency is 
usually much less, and frequently of the order of 1 in 10*. The emission 
increases exponentially with temperature, and is represented by an 
equation analogous to Richardson’s equation (VI. 3). 

By means of this effect it is possible to produce electron beams of 
strength proportional to the incident light. The application of a small 
positive voltage before the sensitive surface, as indicated in Fig. 94, permits 
of the collection and measurement of the current, after amplification if 
necessary. If the space is highly evacuated, the output is independent of 
the applied voltage, above values of a few volts. Simple photo-cells, 
therefore, find many applications in light photometry, but they can also 
be adapted for transmitting signals determined by the intensity of an 
incident beam. When the latter is an optical image it is only necessary to 
record the photo-current from each elemental area of the surface in turn 
for television to be in principle achieved; this function is performed 
by the image tubes discussed in the next section or by the more elaborate 
‘cameras’ described in Chapter VII. Here it remains only to mention 
that since the threshold wave-length is an upper limit, all radiations of 
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higher frequency give rise to the photo-effect, including X-rays and 
gamma-rays. Since, however, only absorption in the surface layer can be 
effective in ejecting electrons, the yield from these penetrating radiations 
is even smaller than with visible light. 

51. Image Transformer Tubes 

Electron optics hardly enters into the design of photo-cells for recording 
intensities of illumination. It is fundamental, however, to the design 

and operation of tubes of larger size for 
the conversion of an optical image, pro- 
jected on to the photo-sensitive surface, 
into a regular series of electrical signals 
for transmission to a receiving point 
(whether by line or radio) where they 
may be reconverted into a visible image. 
This fundamental problem of television 

Fig. 96. Holst image transformer. ^6 solved with a mechanical scan- 

ning system and a photo-ceU of ordinary design, as in the original Baird 
arrangement. It is more satisfactorily met by an aU-electrical method, 
as was first achieved with the electrostatic and magnetic image converters 
described in sections 27 and 30 respectively. To these are related the 
simple image transformers which render visible an infra-red or ultra-violet 
primary image, or intensify a visible image. 

The simplest electrostatic system of this type is that due to Holst, in 
which the photo-electrons are accelerated directly from the cathode (C) to 
the neighbouring anode (.4) (Fig. 96) by a potential difference of 4,000 V. 
The anode bears a fluorescent screen, so that an image is formed of much 
greater intensity than the primary image, owing to the high speed of the 
incident electrons. The tube is, in effect, a form of electron telescope 
which increases the brightness rather than the size of the image in order 
to render it more visible. It may be operated by infra-red or ultra-violet 
light and thus produce a visible image from invisible radiation. 

The electrostatic image-tube of Zworykin (Fig. 46) utilizes the focusing 
effect of the two-cylinder lens, and the electron image is therefore inverted 
with respect to the optical image on the cathode. The magnification is 
again unity, as in the Holst tube. As already mentioned, its aberrations 
are minimized by emplo 3 dng a high accelerating potential and a curved 
cathode. The developed form is shown in Fig. 96, where the first cylinder 
(Ai) is divided into a number of sections carrying increasing voltage, in 
order to provide variable focusing without impairing the definition of the 
image; there is a rise of 160 V. between the cathode (C) and the last 
section, followed by a potential difference of 870 V. between this and the 
second cylinder (Aj). The electron image is fofmed on a double-sided 
mosaic {M) of the storage type (see section 65), which has a multiplier 
action, and is supported on the signal collecting plate E. Local voltages 
are established over it depending on the intensity of the illuminating 
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electrons, and these are scanned off from the farther side by a controlled 
electron probe (see Chapter VII) in such a way that the electrode E 
receives impulses proportional to the intensity of each portion of the 



Vo--1000v Vf-850v V2-+20 v 


Fig. 96. Image converter with double-sided mosaic (M): the anode system {A^ A^) forms 
an image with photo -electrons on the left-hand side of JIf , the right-hand side of which 
is then scanned by a beam from the gun (?. (Zworykin.) 



Fio. 97. Farnsworth image dissector: the photo-electrons from C form an image on A 
which the scanning field due to Dg., Dy then displaces so that each element in turn falls 
in the aperture before the signal-plate E. 

image in turn. These form the television signals for transmission to a 
distant reconverter. The system proves to be about 10 times as sensitive 
as the earher tubes, on account of the multiplying action of the mosaic. 
The latter is difficult to construct, however, and the single-sided but more 
complicated arrangements (iconoscope, emitron, and orthicon) described in 
the next chapter are used in practical television. 

The Farnsworth image tube (Fig. 97) is a developed form of an ‘image- 
dissector* proposed by Dieckmann and Hell in 1926. The accelerating 
voltage is graded across a graphite coating on the wall of the tube between 
C and A, so that the electron beams from each optical image point are 
drawn off in fine pencils and so form small circles of confusion in the 
electron image. True image formation is ensured by the solenoidal magnetic 
field (/S). Each part of the image is then brought in turn into the collecting 
aperture in the anode by the scanning action of two pairs of magnetic 
deflecting coils (Zip, Dy) set at right angles. The signal received by the 
collecting electrode is then proportional to the light intensity in the 
corresponding point of the optical image. Later versions of the tube 
incorporate an electron multiplier to amplify the signal before injection 
into the normal amplifying circuits. However, the primary signal is less than 
that in the iconoscope, which has accordingly been preferred in practice. 
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52. Secondary Emission 

An incident beam of electrons is capable of ejecting electrons from a 
metal surface, in much the same way as do photons in the photo-electric 
cell. The essential requirement again is that the energy of each individual 
in the beam should be greater than the work function of the surface ; this 
is at once the case if the beam has been accelerated through a greater 
potential difference than Vq, It follows that electron beams moving under 
a potential difference of more than a few volts are adequate to produce 
such emission: in the case of ion beams the required voltage is less in 
inverse proportion to the mass of an ion relative to that of the electron. 
In either case the incident energy may be shared among a number of 
electrons in the metal so that more than one may be ejected at a single 
impact. 

The emitted, or secondary, electrons are mixed with reflected primary 
electrons. The relative proportions may be roughly established by 
velocity analysis, which shows a large low-velocity component, a small 
high-velocity component due to reflection, and an intermediate straggle of 
velocities. It is normally not necessary to distinguish between emitted 
electrons as to origin, and all are termed secondary electrons. From most 
metals, when carefully cleaned, between 1 and 2 secondaries appear per 
primary electron, although the ratio is in some cases as high as 4 or 6. 
Ions are much less efficient, helium ions producing only 1 electron per 
6 incident ions. Contaminated surfaces, on the other hand, have a high 
ratio for electrons, especially when coated with a thin film of rubidium or 
caesium or their oxides or halides. A Cs-O-Ag surface after special 
‘forming’ by heat^ treatment may have a secondary emission ratio as high 
as 10 or 12, for a primary voltage of about 500 V., and may give an out- 
put of 60 ma./watt. The activation process for optimum emission is not 
greatly different from that needed for photo-electric sensitization. 

The details of the collision process in the surface are not yet explained. 
Tn , order to transfer energy and eject a particle in the opposite sense, the 
incident electron must be involved in a 3-body collision of some sort, in 
view of the necessity for conservation of momentum. It is possible that it 
is the bound electrons, and not those in the conduction levels, which are 
ejected. Support is lent to this view by the fact that insulators as well as 
inetals are found to have a^ratio greater than unity. 

If the secondary electrons from one surface are directed by a suitable 
field on to another sensitive surface, the output will be again increased by 
the enussion ratio: if this is 10: 1 the output current will now be 100 times 
the input current. Electron multiplier tubes (next section) operate in 
this manner ; by employing several successive stages, amplifications of the 
order of 10® may be obtained. The other mainiapplication of secondary 
^qsiission is in television pick-up cameras, as already indicated. 

^ The outpiQt ratio from A jingle surface may be raised intermittently to 
the order of 10* by incorporating an insulating layer. The system then 
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combines both field and secondary emission, and is known as the Malter 
effect. The essential features are shown in Fig. 98, where M is the metal 
substrate, I is the thin film of semi-conducting material deposited on it, 
and 8 is & very thin surface film of high 
secondary emission ratio. In Malter’s experi- 
ments S was a caesium film deposited on an 
oxidized aluminium surface. An electrode E 
before the surface serves at the same time to 
accelerate the primary electrons towards it 
and to collect the emitted secondary electrons. 
The loss of the latter rapidly raises the poten- 
tial of the surface towards that of the collector. 
A high field strength is thereby set up between 
8 and the metal substrate across the thin 
semi-conducting layer of oxide. The reduction 
in the work function of JIf is enough to allow 
electrons to be extracted, and this cold emission 
passes through I to the caesium surface and 
augments the secondary emission. The total emission initially is found 
to be of the order of 10® greater than the primary current, but falls as 
the surface potential approaches that of the collector and space charge 
accumulates between them. For this reason the arrangement is best suited 
to intermittent operation. On cessation of the primary bombardment 
the emission is observed to continue for some time, until the potential 
difference across the oxide film becomes too low to maintain field emission. 
This storage, effect may, in favourable circumstances, persist for as long 
as an hour. It causes the output to be slow in response to changes in input 
current, and hence limits the practical utility of the effect. 

53. Electron Multipliers 

In order to utilize the secondary emission effect in amplifying small 
currents it is only necessary to arrange a series of sensitive surfaces in 
such a way that the emission fi:om each is directed on to the next. The 
initial current may be thermionic or photo-electric in origin, and a small 
fraction of a microampere in value ; the output will depend on the number 
of stages of multiplication, and the gain in each, but will frequently be 
of the order of milliamperes. 

The simplest electrode arrangement would be a series of parallel plates, 
each staggered with respect to the previous one and a few hundred volts 
higher in potential ; the electrons would then be accelerated from plate to 
plate by the electrostatic field. A more efficient system was proposed by 
Slepian in 1923, and later perfected by Zworykin, based upon a combina- 
tion of electric and magnetic fields very similar to that used by J. J. 
Thomson for experiments on the nature of photo-electric particles 
(Fig. 6, p. 8). In the multiplier the continuons plates are split into a 
number of parallel sections electrically connected in cascade (Fig. 99a). 


Primary electrons 



Fio. 98. Malter effect: Sis a 
secondary emitting film on a 
semi-conducting layer I depo- 
sited on a metal base M. 
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The photo-eleotric surface P is at earth potential and light is incident 
on it through the gauze 0 parallel to it and 20 to 50 volts higher in poten- 
tial, being directly connected to the secondary emitting surface Si next to 
P, A transverse magnetic field is established over the whole length of the 
tube, directed into the plane of the diagram (Fig. 996) so that the elec- 
trons emitted from P describe a path which to a first approximation is 
cycloidal (see section 7) in the crossed magnetic and electrostatic fields, 



Fio. 99. Slepian electron multiplier: (a) longitudinal section of tube ; 
(6) transverse section of tube and electromagnet. 


and then impinge on Si. There they release a number of electrons depend- 
ing on the secondary emission ratio of the surface, and these in turn are 
guided by the fields on to the next sensitive surface S 2 , and so on to the 
final collecting anode A. If there are 6 stages with a gain of 10 in each, 
the total amplification is 10® and the operating voltage will be of the order 
of 500 V, The gain per stage and hence the total amplification may be 
varied by changing the voltage per stage, since this controls the number 
of secondary electrons per primary. The maximum sensitivity may be as 
high as several amps, per lumen, but the actual output will be of the 
order of milliamps., since the tubes are designed to be operated at very 
low levels of illumination. The threshold of sensitivity is limited by the 
leakage current of the system, which arises mainly from thermionic 
emission from the photocathode ; it is of the order of 10"’ lumen, which is 
equivalent to about lO"^^ photo-current. 

The initial current may be thermionic instead of photo-electric in origin, 
and the tube then takes the place of a multi-stage amplifier of ordinary 
type. It has the advantage of low background noise as compared with a 
thermionic amplifying valve, and is therefore to be preferred for handling 
very small input currents ; it is much more compact than a valve amplifier 
set. Its main disadvantage lies in the technical difficulty of preparing 
the sensitive surfaces, which must retain their high secondary emission 
ratios over a long period. The tendency appears to be to employ a single 
or two-stage multiplier unit for the first step in amplification only, rather 
than to rely upon it for the total gain required ; it clearly cannot handle 
the large power usual in the output stage of a valve amplifier. 

A great number of modifications of the Slepian tube have been proposed, 
ths» most notable being the mesh multiplier of Weiss, in which the electrons 
fravel roughly rectilinear paths through a series of grids at successively 
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higher potentials ; the grids are coated with a secondary emitter, and the 
whole tube is surrounded by a long solenoid which provides the focusing 
field. Farnsworth has developed a so-called ‘A.-C. multiplier’ in which 
electrons are oscillated to and fro at radio frequency between two secon- 
dary emitting surfaces, the current being augmented at each impact 
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Fig. 100. Electron multiplier with focusing electrodes. (Zworykin 
and Rajchman.) 



Tig. 101. Circular electron multiplier with fooufling 
electrodes. (Zworykin and Rajchman.) 

with a surface. A limit is set to the multiplication by the accumulation 
of space charge and by the tendency of the system to break into self- 
osciUation. An overall gain of 2,000 at an output of a few miUiamps. 
bas been obtained. Modified versions of it have been proposed both as 
multiplier tubes and as cold cathode short-wave oscillators. 

The multiplier systems described above, and most of their modifica- 
tions, embody both electrostatic and magnetic focusing. A considerable 
advance was made by Zworykin and Rajchman, who made a detailed 
investigation of electron trajectories in purely electrostatic fields of dif- 
ferent forms, using the rubber model method (section 19). They found 
that the most efficient arrangement for all extended tube was that shown 
in Fig. 100, where each surface is 100 V. higher in potential than the pre- 
ceding one and has the same shape in all planes parallel to that of the 
diagram, up to a length of several centimetres. A mo^ compact arrange- 
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ment was also devised (Fig. 101), in which the sensitive surfaces are 
arranged around the perimeter of a circle. The latter form is the basis of a 
commercial multiplier tube which has 9 stages and operates at a maximum 
voltage of 900 V. Owing to its low noise level it is capable of detecting an 
intensity of illumination 200 times smaller than the limit for a normal 
photocell followed by a conventional amplifier. 
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CHAPTER VII 

THE CATHODE-RAY TUBE AND ITS DERIVATIVES 
54. The Caihode-ray Tube 

T he essential components of the cathode-ray tube have already been 
described, either directly or by implication. It remains here only to 
discuss the instrument as a whole, its uses, and some of its limitations. 
A diagram of the complete electrode system with its glass envelope is 
given in Fig. 102. The electron gun, which is shown as a simple two- 
anode type, provides a fine beam of electrons from an oxide-coated 
cathode indirectly heated. In place of the anode system a magnetic 
focusing coil M may be used for focusing the beam on to the fluorescent 
screen S, The two sets of parallel plates XX\ YY' serve to deflect the 
beam as required in a horizontal (x-) and vertical (y-) direction respectively. 
Each pair is arranged symmetrically about the axis, the XX' plates 
being above and below the plane of the diagram; potentials may be applied 
to them by leads entering through the sides of the tube (as shown) or 
through the base, which supports the electrode assembly and carries the 
connexions to the elements of the electron gun. The interior of the glass 
tube is normally coated with a conducting layer of graphite, which is at 
the potential of the final anode and serves to transmit to earth the elec- 
trons received by the screen and any others that may be scattered from 
the beam on to the walls. 

In operation the focusing of the beam is controlled by the voltage on 
the first anode, which is of the order of hundreds of volts positive with 
respect to the cathode, which in turn is several thousand volts negative 
to the final earthed anode. The intensity of the beam is varied by changing 
the small negative voltage applied to the grid. In the magnetically focused 
tjrpe the current in the coil M controls the focus, the only variable voltage 
being that on the grid. In the gas-focused tube the intensity may be 
controlled either by a grid or by the overall voltage applied. 

When a positive voltage, say, is applied to one of the deflecting plates 
the beam be attracted towards it and at the same time accelerated. 
The increase in speed may be enough to put the spot out of focus on the 
screen, at maximum deflexion. This defocusing effect may be avoided 
by applying an equal negative voltage to the opposite deflecting plate; 
this is called symmetrical deflexion. For many purposes, however, it is 
sufficient to earth one plate of each pair and to apply the deflecting 
voltages to the other plates only. When a voltage is applied across each 
pair in turn, the beam will be deflected in the x- or j^-direction as the 
case may be, and the visible spot will take up a new position on the screen. 
If the vpltage is alternating, then a horizontal or vertical line will be 
observed as the beam sweeps to and fro across the screen, owing to the 
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persistence of fluorescence in the material composing the latter. When 
the two deflecting flelds are applied simultaneously, the spot will describe 
a complex path depending on the relative amplitude, phase, and frequency 
of the applied potentials; such figures are known as Lissajous figures. 
They offer a means of comparing an unknown with a known alternating 
supply. 

The deflexion of the beam may be produced magnetically as well as 
electrostatically (sections 3 and 4), but since the magnetic force is normal 
both to the axis of a coil and to the initial direction of the electron, the two 
pairs of deflecting coils are displaced through 90° with respect to the 
corresponding X- and 7-deflecting plates. The deflecting influence is 
now due to the current in these coils, and not to an applied potential. 



Fig. 102. Cathode ray tube with electrostatic focusing. 


Magnetic deflexion therefore has the advantage of not changing the 
velocity of the beam, and hence of avoiding defocusing. On the other 
hand, the voltage needed to produce a given current in the coils, and thus 
a given deflexion, depends on the frequency employed. Where a wide 
variation of frequency is involved, electrostatic deflexion is to be preferred. 
The deflexion sensitivity is discussed in section 56. 

The screen S is coated with a fluorescent material giving a bright response 
to the incident electron beam, such as zinc sulphide or phosphate, calcium 
tungstate, or a mixture of these or other substances. The duration of the 
fluorescence may vary considerably, and the material used is chosen 
with regard to the nature of the impulses to be applied to the tube. If 
they are of high frequency giving a rapidly moving image, then a short- 
period fluorescence will be demanded ; but if transient phenomena are to 
be investigated, it will be advantageous to use a screen material with a 
slow decay, so that the trace persists for some time. Similarly the type 
of screen will depend on whether observation is to be visual or photo- 
graphic. In television the colour of the response is important, and almost 
any colour can be produced with the screen materials now available. 
These are not problems of electron optics, properly speaking, and will not 
be discussed here ; a great deal of information is available in the technical 
literature. 

The cathode-ray tube finds application in vftiy many flelds where 
Pl^dodio phenomena are to be studied. Almost any simple effect may be 
l^cunslated into a transient or oscillatory voltage and appHed to the deflect- 
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ing system of a calibrated tube. This is especially true of radio and tele- 
vision experiments, but a great variety of other problems are suitable 
for investigation with its use, from the mode of action of muscle to that of 
an internal-combustion engine. The technical problem is only that of 
devising a suitable means of producing or picking up a voltage change, and 
then of amplifying it to a magnitude sufficient to produce a significant 
deflexion of the electron beam. According as the tube is used for direct 
observation or for photographic recording, it may be known as an oscillo- 
scope or oscillograph. Details of particular applications will not be given 
here, since many excellent books on the subject are now available. 

The Dovhle-heam Tvhe. For many purposes, both in research and 
routine work, it is necessary to compare two phenomena as directly as 
possible ; they may be independently produced or may result from the 
operation of two variables on the same system. They may be two fre- 
quencies, the variation of voltage and current in the same circuit, or a 
primary impulse .and its echo, for example. By the use of an electronic 
switching circuit the two impulses may be applied alternately to a cathode- 
ray tube at such a rate that the resulting patterns appear continuous, 
owing to the persistence of the effect on the screen and the flicker limita- 
tion of the eye. It is simpler, however, to employ a tube with a double 
beam and two deflexion systems. In early models the beam was divided 
into two portions by inserting in the anode of the electron gun a diaphragm 
in which two holes were bored. The method now used is to fix a splitting- 
plate edge-on to the beam where it leaves the final anode of the gun. The 
plate extends between the F-plates, dividing them into two separate 
deflexion systems ; it is connected directly to the final anode and is thus at 
earth potential. Each F-plate then affects one half of the beam indepen- 
dently, giving two vertical traces which are spatially tt out of phase when 
the deflecting impulses are in phase. The Z -plates are common to both 
beams, giving the normal horizontal deflexion ; there is therefore absolute 
simultaneity between the two traces on the screen. The Cossor double- 
beam tube incorporates a system of this type ; it may also be operated as a 
single-beam tube when desired. Cathode-ray tubes with three and more 
beams have also been described. 

The Kinescope. In television the cathode-ray tube acts as reproducing 
system for an image transmitted by radio waves. The beam in this case 
not only has to be deflected in a regular manner to all parts of the screen 
in turn, but also has to be modulated in intensity to an extent proportional 
to the light intensity of the original object. The deflecting or scanning 
system already described fulfils the first requirement, but for modulation 
an extra electrode may be inserted in the tube. When used for reproduc- 
tion in this special way, the tube is often called a kinescope. In principle, 
the modulating impulse may be applied to any of the electrodes of the 
assembly. However, a pulse of given size will have much less effect on 
the beam when applied to an electrode at high potential than to one at 
low potential, and it will be most effective when applied in a region where 
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the velocity of the electrons is low. Hence it is normally imposed upon a 
grid at negative potential, an additional advantage being that no current 
is then taken by the modulating electrode. The simple grid of the three- 
electrode gun may be utilized, or a second (‘control’) grid may be inserted 
(GGy Fig. 103). In the latter case the first grid may be connected to the 
cathode, at zero potential, with the result that the emission is considerably 
increased. The actual current in the beam in such tubes ranges from 
100 jLta. up to many milliamperes, and the total grid variation is of the 



Fig. 103. Three-anode electron gun with modulating grid. 


order of 20 V. The final anode voltage may be 5,000-7,000 V., and the 
first anode at about 1,000 V. An additional anode is frequently employed 
to accelerate the beam rapidly from the cathode ; it may be at less than 
the potential of the second anode, when it will be placed close to the grid 
(Ay Fig. 103), or the system may be a symmetrical lens, in which case it 
wiU have the same high potential as the final anode. 

The modulation characteristic for 
such a medium-voltage tube is shown 
in Fig. 104, grid voltage being plotted 
against the intensity of illumination 
(/) in the image spot (in candle-power 
per cm. 2). It has the general form of 
the lower bend of an ordinary triode 
valve, the slope increasing rapidly with 
increase of voltage, until a roughly 
constant slope is obtained ; in terms of 
variation in the exciting beam current, 
this slope b of the order of 30 ma./V. 

When the image on the screen has 
to be projected optically to a large 
size for communal viewing, its bright- 
ness has to be increased as much as possible. For thb purpose a beam 
of wide initial aperture must be employed to increase the total current, 
and the overall accelerating voltage rabed so that the electrons transfer 
high energy to the screen, which must be of high luminous efficiency. The 
voltage on the final anode may theirefore be as high as 100,000 V., in large 
tul^. A wide beam b best collected by the magnetically focused tube, 
^kbcribed in section 47 (Fig. 90), whicblias a large aperture. Alternatively, 



Fig. 104. Modulation oharacteristio for 
medium voltage oathode-ray tube. I » 
intensity of illumination. Vg » control 
grid voltage. (Zworykin and Morton.) 
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the Law type of gun may be used (Fig. 91), in which the aperture is small 
and a cross-over of high intensity is obtained in a gun of special design. 

In circumstances where great deflexion sensitivity is required, but 
nevertheless the final beam velocity must be high in order to give sufficient 
brightness on the screen, an additional anode may be introduced to give 
post-deflexional acceleration. In one type the tube is fitted with a narrow 
graphite coating in the form of a ring around the wall, immediately before 
the screen. The voltage applied to the last anode of the gun proper is 
comparatively low, and the graphite ring is maintained at twice this 
potential. The beam is thus deflected when it is at intermediate velocity, 
and the deflexion sensitivity is correspondingly high (cf. section 56). It is 
then accelerated to a high speed by the field between the ring coating 
and the gun anode, and produces satisfactory brightness in the image on 
the screen. 


55 . Television Transmitting Tubes 

In a television system the signals which actuate the kinescope and 
produce a visible image at the receiving end are generated in the first 
place in a special type of camera in which a light optical image is converted, 
element by element, into a series of electrical impulses. The image, formed 
pn a special surface, produces a temporary electrical (or, rather, photo- 
electrical) effect instead of the chemical action which, occurring in a 
sensitive photographic plate, results in a permanent representation. It is 
usual for the electron image to be scanned, and neutralized, by an electron 
beam. Such a camera is variously known as an iconoscope (the R.C.A. 
trade-mark), as an emitron or super-emitron (in Great Britain), and as an 
orthicon, in'a new and more sensitive form. In the Farnsworth dissector 
tube, on the other hand, no scanning beam is used, but the electron optical 
image as a whole is periodically displaced so that the current density in 
each part is received in turn on a special collecting electrode. This type has 
already been described in connexion with image transformers (section 61, 
Fig. 97). The iconoscope type is more closely related to the cathode-ray 
tube, however, and is conveniently treated here, so far as its electron 
optical construction is concerned. The general features of the transmitting 
and receiving equipment, and the means by which the one is controlled by 
the other, are dealt with later in this section. 

The Icmoscope. The essential components of the camera are a multi- 
element photo-sensitive screen (‘mosaic’), an electron gun and deflecting 
system for scanning it with an electron beam, and a signal plate which 
acquires a voltage proportional to the brightness of the element of the 
image momentarily under the scanning beam. The simplest arrangement 
is that of the original iconoscope, shown in Fig. 106, where the light 
image is focused directly on the mosaic M, behind which is the signal 
plate 8 ; the electron gun E is dispose in a side-arm below the mosaic. 
The normal potential of the mosaic is the same as that of the final anode 
of the gun Aj, which is a graphite coating on the wall of the tube and 

A a 
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serves also to collect electrons emitted from the mosaic. 8 is slightly 
negative with respect to the mosaic. 

The operation of this system requires that the mosaic consist of a number 
of minute conducting elements, well insulated from each other, s6 that the 
photo-electric image is composed of independent points carrying a charge 
determined by the local intensity of illumination. This condition is met 
by depositing a very thin filnn of silver on a mica sheet, which is then 
heated to 700° C. At this temperature, well below the melting-point of 
silver in bulk, the metal atoms aggregate together into globules under 


Fig. 105. Iconoscope type of television camera. 



surface-tension forces. Under favourable circumstances the globules may 
be as small as a few microns in diameter, as microphotographs show. They 
are then sensitized with caesium, and thus form a multitude of insulated 
photo-cells, which are also secondary-emissive under electron bombard- 
ment, having an emission ratio near to unity under the beam voltage 
employed. The mosaic screen is usually a square of about 10 cm. side. 
The signal plate ^ is in the form of a metallized coating on the reverse side 
^f the mica ; with respect to it each photo-cell forms a minute condenser. 
The discharge of any element will result in a corresponding impulse in 
the signal plate. Between each periodical discharge, whilst the beam is 
scanning all the other elements, an individual globule will be continuously 
emitting photo-electrons and acquiring charge. The mosaic thus exliibits 
a storage effect, and its sensitivity is greater than if each element were 
illuminated in turn, or called into use once per'^ictiure, as in the Fams- 
]irj^h tube. The requirement follows that the elements must be well 
insulated from each other, so that the accumulating charge is not dissipated 
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during a scanning interval. Such a mosaic was first suggested by Campbell 
Swinton in 1908 and, when modem technique offered the possibility of 
its realization, he carried out experiments on it in 1926. The first prac- 
ticable system, however, was described by Zworykin in 1933, the patents 
having been taken out several years earlier ; it was essentially the same as 
the tube described here. 

The electron gun is of simple form, consisting of a cathode (7, grid 0, 
and two anodes and the latter being the graphite coating. It pro- 
duces a beam of moderate velocity, the overall potential usually lying 
in the range 100-1,000 V. In the undeflected condition it is focused at 
the centre of the mosaic, or somewhat below it. To keep it in focus over 
the rest of the screen during the scanning process, an auxiliary electrode is 
sometimes used, modulated so that the beam is automatically changed in 
focus. Usually, however, the beam current needed for scanning is so 
small 0-1 jLta.) that the gun aperture can be reduced to such a value that 
the depth of focus is great enough for the beam to remain sharp over the 
whole screen. The horizontal and vertical deflexion of the beam is caused 
by two pairs of magnetic coils W, arranged around the neck of the side 
tube. In order to achieve high definition in the transmitted image the 
mosaic has to be dissected by the scanning beam into a great number of 
elements, in the form of fine horizontal lines; in American usage 441, in 
the B.B.C. system 405 lines. The primary requirement of the electron gun, 
therefore, is the production of a beam to throw on the screen a spot of the 
order of 0*1 mm. in diameter, which will remain of essentially the same 
size during deflexion through a wide angle. Fortunately this is not diiBfi- 
cult to achieve with a gun of normal design when the beam current is as 
small as is required here. Especial attention, however, has to be paid to 
the elimination from the beam of scattered and secondary electrons pro- 
duced from the gun elements, by proper disposition of the limiting aper- 
tures in the anode. 

In operation the tube functions as follows, making the assumption of a 
perfect mosaic so that leakage of charge from one element to another is 
excluded. A light image of an external object or scene 0 is projected by 
the lens system L through the optically flat surface F at the front of the 
tube, on to the mosaic M. Photo-electrons will be emitted from each 
globule in proportion to the intensity of the light falling on it, until such 
time as the electron beam passes across and discharges it, after which 
photo-emission will begin again. The beam scans each element 26 times 
per second (in the B.B.C. system) and 406 lines are covered in each scan- 
ning period; it therefore remains on each globule for less than one- 
millionth of a second. The remainder of each period is available for emis- 
sion of photo-electrons, under constant illumination, and hence the storage 
effect should considerably increase the efficiency, in terms of signal 
strength per lumen. 

After scanning, each globule is found to be at about —1*5 volts 
with respect to the mica substrate. Those which are unilluminated 
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remain at this potential until the beam returns again ; under its impact 
they emit secondary electrons and rise in potential to about +3 V., 
at which potential the secondary emission ratio has fallen to unity. 
After the beam has passed, some of the secondary electrons emitted by 
the rest of the mosaic fall upon them and reduce them again to about 
— 1*6 V. The scanning of each darkened element therefore changes by 
4-6 V. the potential across the condenser formed by the element and the 
signal plate, resulting in a minute current flow through the load resistance, 
which is of the order of 10,000 ohms. An illuminated globule, on the 
other hand, will have acquired charge during the frame period on account 



Fio. 106. Iconoscope: signal output with varying 
Ulununation for two values of beam current. 


of photo-emission, and will rise in potential to some point between —1-5 
and +3 V., depending on the brightness at this point. The scanning 
beam can only raise it to the limiting potential of 3 V., and hence the 
signal transmitted to the plate is less than 4-5 V. in proportion to the local 
intensity of illumination. As the beam scans the whole picture, a train of 
impulses will be passed to the signal plate and into a radio amplifler for 
transmission. 

The variation in output with illumination is roughly linear over an 
appreciable range. In Fig. 106 is shown the output (in millivolts) across a 
30,000 ohms input resistance to the amplifler for two values of the beam 
current. It will be seen that the higher the illumination the more the 
characteristic departs from linearity. The other main disadvantage of the 
simple iconoscope is the small efficiency (6-10 per cent.) of photo-emission, 
owing to the mosaic being almost at the potential of the collecting 
electrode and hence the accelerating potential for the photo-electrons 
being very small. For the same reason stray secondary electrons fall 
back on to the surface and interfere with the storage action in the 
photo-elements. The output proves ,to be only one-half that of a similar 
photo-surface in continuous operation, indicating that the storage effect 
operates to a small extent only. 

The most direct method of increasing the output is to incorporate a 
t^ndary emitting surface to which the primary photo-electrons are 
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accelerated, thus separating the photo- and scanning processes. This was 
achieved by Zworykin in the image tube already described (section 61, 
Fig. 96), in which the electron image is formed on one side of a thin mosaic, 
the other side of which is scanned by an electron beam from a gun situated 
on the axis. This tube has a sensitivity about 10 times that of the icono- 
scope and the advantage of straightforward construction. The double- 
sided mosaic proved difficult to prepare, however. The method used was 
to cover the wires of a fine nickel gauze with an insulating coating of 
vitreous enamel. Silver oxide was then pressed into the interstices and 
reduced to metallic silver by heating in vacuo. 

The Super-Emitron. The earlier super-emitron of Lubsz 3 ni 8 ki and Rodda 



avoided the difficulty of making a double-sided mosaic by using a beam to 
scan the screen from the same side as the incident illumination (Fig. 107). 
The optical image ejects photo-electrons from the transparent cathode P, 
which are aU drawn off by the high potential (400 V.) maintained between 
P and the anode coating A. Owing to the absence of secondary emission 
in this stage, no stray electrons fall back on the photo-elements to re- 
duce the emission. The photo-electrons are focused on to the mosaic by 
the magnetic lens Li. The electron optical system produces a linear 
magnification of 4 : 1 in the image, which is also rotated by the action of the, 
magnetic lens. As before, the signal plate is a few volts negative to the 
caesium-silver mosaic, with a sheet of mica 0*25 mm. thick separating 
them. The electron gun 0 provides a scanning beam at 400 V., the final 
focusing being effected by the collector surface coating; the deflecting 
system is magnetic. Owing to the increased efficiency of photo-emission 
and the multipl 3 dng effect at the mosaic, the sensitivity of the tube is 
found to be 10-16 times that of the earlier emitron, which was of the 
simple iconoscope type and gave 12 /xa. per lumen. The super-emitron 
was used in the B.B.C. transmissions from the Alexandra Palace up to 
the commencement of war in 1939. 

The Ortkic(m. The orthicon of lams and Rose, of slightly later date, is 
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of essentially similar eonstruotion, but operates with a low-voltage scan- 
ning beam. * The purpose is again to ensure that no secondary electrons 
are emitted from the scanned surface, which may be the primary photo- 
electric surface or the reverse side of a secondary emitting mosaic ; at the 
same time the photo-electrons are accelerated off the primary surface by a 
strong field, so that maximum emission is ensured. The scanned surface 
is normally at the same potential as the cathode of the electron gun, and 
the beam is accelerated by 26 V. only. During the scan it discharges each 
illuminated globule in turn, returning to it just as many electrons as were 



Fig. 108. Orthioon television camera, (lams and Rose.) 

lost by photo-emission, and thus bringing the whole surface to cathode 
potential again; the beam is repelled from unilluminated globules, which 
thus take no current and generate no signal. The corresponding current 
to the signal plate, passing through a resistance, gives an output signal in 
direct proportion to the initial illumination of each globule: hence the 
name of orthicon. 

In order to achieve true linearity of response, however, the scanning 
beam must strike the elements at normal incidence and a special defiecting 
system is required to ensure that this occurs at all parts of the surface. 
Ingenious use is made of photo-electric or thermionic beams, no electron 
gun in the normal sense of the term being employed. One experimental 
arrangement is shown in Fig. 108, where light is incident from the right 
pn a transparent photo-cathode electrons emitted from its furtW 
side are accelerated on to a double-sided mosaic M under a potential 
difference Pf 300 V. The secondary electrons emitted from the image on M 
fire collected by the gauze (7, at +10 V. The reverse side of Af is scanned 
by a beam of electrons from the scanning photo-cathode Pg, where they 
are produced by the moving image of the spot on the screen of* a cathode- 
ray tube r, projected by the lens ; they are accelerated on to Af by the 
wall-electrode A, and maintained a& a beam by the action of the longitu- 
dinal field of the surrounding solenoid SS. Beam currents up to 2 /ia. are 
produced by this photo-electric method. The system was found to operate 
saliisfaotorily, although the resolution was not so high as in the iconoscope 
4k emitron ; the tube described was only in the development stage, however. 
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The saturation of photo-emission ensures a high sensitivity, which is 
claimed to be as high as that of the multiplier iconoscope and super- 
emitron. An alternative version gave greater resolution, using a ther- 
mionically produced beam deflected in superimposed electric and magnetic 
fields of special design ; a single-sided transparent mosaic was used in this 
case. The method offers the possibility of improvement in sensitivity, if 
not in resolution, and has been used in television transmission in the U.S.A. 

Television. As television is a comparatively new technique, it may be of 
interest to conclude this section with a brief account of the processes 



Fig. 109. Television transmission and reception (schematic). 
S = synchronizing signal; T = television signal. 


involved. The scene to be transmitted is brightly illuminated and focused 
by a lens system so that a nlear image falls on the photo-sensitive surface 
of the camera (Fig. 109). This image, or the secondary mosaic on which it 
forms an electron image, is scanned in a regular manner by an electron 
beam, which inakes some 400 horizontal excursions in one complete scan 
of the image; 25 or 30 such pictures (or 'frames’) are taken in each 
second, the beam automatically returning to the top of the mosaic after 
each scan. The deflecting system, therefore, has to be supplied with 
suitable saw-tooth shaped impulses so that the beam is moved at uniform 
speed along each line, and caused to fly back sharply from the end of one 
to the start of the next, by the action of the Z-plates; the F-plates 
cause a similar, but slower, motion from top to bottom of the image 
followed by a rapid fly-back to the top. The necessary circuit problems 
will not be considered here, but it is clear that the deflecting system must 
be of great accuracy (see next section). It is also essential to coherent 
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reproduction that the scanning process shall occur at exactly the same 
rate and in precisely the same sequence in both camera and receiver. 
This is achieved b3’^appl3dng the same controlling, or ‘sjmchronizing’, train 
of impulses to the deflexion system of each tube : directly to the camera 
and, by incorporation with the television signals, to the receiving cathode- 
ray tube. The path of the 83nichronizing signal S is shown in Fig. 109. 

The scanning of the mosaic results in a train of television signals T 
being communicated to the signal plate, their amplitude being (ideally) 
directly proportional to the intensity of illumination of the corresponding 
image points. They are amplified and transmitted by short waves to the 
receiving aerial. The radio receiver detects and amplifies the weak input 
signals, appl3dng the sjmchronizing impulses to the deflecting coils or 
plates of the cathode-ray tube, and the television signals between the grid 
and cathode of its electron gun. The electron beam is deflected over the 
whole viewing screen, and its intensity varied according to the strength 
of the original light signal, in exact synchronization with the television 
camera. A visible picture is thus produced, the brightness and definition 
of which will depend on the sensitivity of the camera mosaic and fluores- 
cent viewing screen and on the perfection of the electronic apparatus. 
In fact the faithfulness of reproduction is remarkably good, taking into 
account the very short period in which the technique has been developed. 

66 . The Deflexion System 

It is convenient to discuss the details of the deflecting or scanning 
system after describing both the cathode-ray tube and the television 
camera, since in essentials it is common to both. Many applications of the 
cathode-ray tube do not demand periodic scanning of the screen by the 
electron beam, but one or both parts of the deflecting system are always 
required, if only for static or unidirectional measurements. In television 
practice, on the other hand, scanning has to occur at high speed and with 
, great accuracy, and the deflexion system must be highly perfected. We 
shall discuss here the operation, sensitivity, and possible defects of both 
electrostatic and magnetic methods. In early practice the former was 
preferred, but increasingly in recent years the magnetic system has been 
used in both television and ordinary cathode-ray tubes, on account of 
its simplicity and flexibility, and its greater deflexion sensitivity at high 
beam voltages. 

(a) Electrostatic Deflexion, The deflexion produced in a beam when it 
passes through a transverse electric field has already been mentioned in 
Chapter I (p. 6). The electrons are caused to follow parabolic paths and 
are therefore deviated through a small angle during passage between the 
charged plates producing the field. The system acts as a prism does on 
light rays, the deviation depending on the velocity or equivalent wave- 
length of the entrant electrons. If their speed is too low, however, they 
niay be attracted on to the positive plate and thereby eliminated. The 
amount of deviation produced in a given field can be readily calculated, 
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under certain simplifying assumptions the validity of which will be 
examined later. 

Let the plates producing deflexion in the y-direction be of length I in 
the direction z of the beam and of separation d. Potentials Vy, Vy are 
applied to them so that the upper plate is at higher potential (1^ > F^). 
The field between such plane parallel plates will be essentially normal to 
their surfaces except at the edges, as shown in Fig. 1 10. For the present we 
shall assume that this ‘fringing* effect has a negligible effect upon the 
beam. It will also be assumed that the length of the plates is much less 
than the distance L to the screen, and that they are sufficiently far from 
the last lens of the electron gun for there to be no mutual interference 



between the two fields. The incident electron beam is supposed to have 
been accelerated to a velocity v under the influence of the total potential 
applied to the electron gun. 

Then the motion of an electron will be a straight line on either side of 
the plates, and within, them will obey the equation 


my = eE = e(Vy-ry)ll, (VII.l) 

the field E being the negative potential gradient and the acceleration 
accordingly directed downwards. Taking the origin in the near bounding 
plane of the system, we integrate and obtain the rate of deviation of the 
electron : 

dyjdt = {elm)Ety (VII. 2) 


the constant of integration vanishing since dyjdt = 0 when ^ = 0. As the 
axial electron velocity may be taken as constant within the field, we may 
write V = dzjdt = zjty where z is the distance travelled from the origin in 
time ty and obtain the angle of deviation at any point : 

tanc^) = dyjdz = (elm)E(zlv^) = Ezj^V^y (VII.3) 

since elj = \mv^. 


The total deviation suffered by the beam will be given by setting z = ly 
the path length within them, and thus 

tanoo) = EIJW^ = {yy-yy)W,d. 


(vn.4) 
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The actual displacement of the spot on the screen will be 

r = Z tan 00 ) = (Fy- F;)/Z/2 Fo d (Vn.6) 

and the deflexion sensitivity in cm./volt : 

YI(Vy--V'y) = lLI2V,d. (Vn.6) 

The sensitivity thus depends upon the geometrical factors as would be 
expected: it increases with length of plate and distance from the screen, 
and decreases with separation of the plates. It also proves to depend 
inversely on the accelerating voltage of the electron beam, and therefore 
high deflecting potentials are needed in high-voltage tubes. 

The fringe fields of the plates are not negligible, however, in their 
effect on the beam. They form an electrostatic cylindrical lens of power 
varying with distance from the axis, so that the shape and size of the spot 
on the screen depend on the degree of deflexion in the ^-direction. The 
effect may also vary with displacement in the a;-direction, and thus give 
rise to a mutual interaction, or ^cross-talk’, between the two deflexions. 
In terms of equation VII.6, the sensitivity will no longer be constant for 
all values of the deflecting potential. To overcome this difficulty the plates 
have to be specially shaped and positioned in the tube. Apart altogether 
from this, they are frequently splayed out towards the screen in order to 
accommodate a larger deflexion without increasing the separation of the 
rest of the plate surfaces. 

The same considerations apply to the pair of plates causing deflexion 
in the a;-direction. Ideally they could be disposed on either side of the 
same space as that enclosed by the F-plates, but it is then found to be 
difficult to design a shape of plate giving no distortion of the scanning 
pattern on the screen. In practice the two sets of plates are placed at 
different distances along the axis. At low frequencies of deflexion, how- 
ever, this will give rise to a phase difference in the two displacements of 
the beam, since one will occur slightly later than the other, with respect 
to a particular electron. The effect can be minimized by increasing the 
accelerating voltage and thus decreasing the time of passage of the beam 
between the plates. In special tubes for low-frequency work it may be 
eliminated by having two pairs of X-plates, one on either side of the Y- 
plates. As already mentioned, the deflecting voltage is usually applied 
symmetrically across a pair of plates, and not in toto to one plate, in order 
to avoid influencing the speed of the beam. 

(6) Magnetic Deflexion, In a uniform transverse magnetic field an elec- 
tron will describe an arc of a circle (section 3 and Fig. 2), instead of the 
parabolic path travelled between electrostatic defiecting plates. There- 
fore magnetic coils have a different deflexion sensitivity from that just 
evaluated. The deviation produced is also in a different plane, being at 
right angles to the direction of the field and not in its direction. Hence 
nu^etic deflecting coils of the normal type are shifted through 90^ about 
axis as compared with the corresponding electrostatic plates. The 
coils may be simple windings, or they may be provided with an iron yoke 
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when large deflecting flelds are required. For the present purpose it is 
only necessary to assume that the transverw fleld produced in, say, the 
:r-direction (H) is uniform over the whole of its extension I along the axis, 
and is zero outside this space (Fig. Ill); the effect of the fringe field 
will be considered later. 

The equation of motion of the electron in the y-direction will then be 

my = Hev, 

and the resulting transverse velocity is 

y = (Hevlm)L (VII.7) 



On eliminating time and substituting for v as before, we have for the 
deviation 

dy/dz = tan = zHejmv = zH 

the total effect being found by writing z = l. The displacement on the 
screen is then . 

Y = Lta,iioc, = HIL /^, (VII.8) 

and the deflexion sensitivity 

For magnetic deflexion, therefore, the sensitivity is inversely propor- 
tional to the root of the beam voltage, and not inversely to the voltage as 
in the electrostatic case (VII.6). For this reason the former is preferred 
for all high-voltage purposes, as in high-speed cathode-ray oscillographs 
and modem television tubes. Owing to the difficulty of designing a mag- 
netic circuit of low pow6r loss at high frequencies, magnetic deflecting coils 
were for long used only for low-frequency purposes, including the 7- 
deflexion of the scanning beam in television. This problem has now been 
solved, however, and they are now used for the horizontal line scan as 
well; a typical iron yoke for such coils is shown in Fig. 112a. 

The magnetic method has also the advantage that the two deflecting 
fields can be applied over the same region, with a consequent shortening of 
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the length af the tube. No problem of the shaping of plates to accommodate 
the beam arises, nor of interference with the speed of the beam. For these 
reasons also the tube incorporating both magnetic focusing and magnetic 



Fjo. 112. Magnetic deflecting coils; (a) with iron yoke; (6) without yoke. 



Fio. 113. Magnetic deflecting coils: alternative arrangement. 


deflexion is increasingly used. When strong deflecting fields are not 
required, the coils may be air-cored. They are then of rectangular form, 
curved to fit the neck of the tube, and are frequently lapped over each 
other, as indicated in Fig. 1126 . The magnetic focusing field may then be 
superimposed on them. ^An alternative form of*winding, usually upon an 
Iron core, is indicated in Fig. 113 ; the two coils of a pair are here airanged 
parallel on either side of the tube. 
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The fringing field, which was neglected in the above treatment, must 
now be taken into account. As in the electrostatic case, the field has no 
abrupt boundary and the resulting lack of uniformity at either end of the 
deflecting system causes aberration of the beam ; it may also distort the 
scanning pattern. The actual distribution of the field may be as shown in 
Fig. 114a, in longitudinal and transverse cross-section through the iron 
poles. The departure from uniformity has been exaggerated in order to 



Fig. 114. Distortion in magnetic deflecting field (exaggerated), (a) Longitudinal section, 
(6) enlarged vertical section, of initially circular beam. (After Zworykin and Morton.) 



Fig. 116. Distortion in magnetic deflecting field (exaggerated): (o) barrel field; 

(6) pincushion field. (After Zworykin and Morton.) 

make the effects clear^. If the beam is originally circular in cross-section 
(Fig. 1146), then rays 1 and 3 on a horizontal diameter will suffer different 
displacements, as indicated by the force vectors. The vertical field is 
stronger at 1 than at 3, and therefore in being deflected towards the right 
the beam wiU also be contracted in this sense. On the other hand, rays 
2 and 4 on a vertical diameter through the beam experience the same 
horizontal force but vertical forces in opposite senses, since the horizontal 
component of the magnetic field is finite and oppositely directed at the 
two points. Hence the beam will suffer an elongation in the vertical plane, 
and the resulting shape of the deflected spot will be elliptical. If the beam 
is not in the horizontal mid-plane of the field, as assumed here, the ellipse 
will be rotated about the axis also. 

Distortion of the scanning pattern arises from variation of field strength 
with distance from the axis, which may be of barrel or pincushion form 
(Fig. 116). In the former case (a) the beam will enter a region of higher 
field strength as it moves away from the axis, and thus experience a greater 
deviation, as indicated by the longer force vector at B than at A, The 
outer parts of the scanning pattern will experience a greater relative 
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displacement than the axial portion, and the image will exhibit pin- 
cushion distortion. Conversely, when the field shows pincushion distor- 
tion (Fig. 1166), the beam will be in a stronger field near the axis (A) than 
away from it (J?), and the scanning pattern will suffer from barrel distortion. 
The remedy lies in careful design of the windings and magnetic circuit (if 
any) of the defiecting coils. The finished system of a high resolution 
television tube is of some complexity. 

In the above discussion of defiexion problems it has been assumed that 
the beam follows a scanning pattern of equally spaced horizontal lines of 
equal length. For special purposes it may be desirable to have a circular 
trace on the screen, upon which incoming signals can then be imposed. 
No electron optical problem is involved in effecting this, it being only 
necessary to apply to the X~ and F-plates equal defiecting impulses of 
sinusoidal form ; if a phase difference of Jtt is maintained between the two 
alternating potentials, the resulting defiexion of the beam will produce a 
circular path on the screen. 

67 . High-Speed OsciUographs 

A frirther complication affects the defiexion system at very high fre- 
quencies of operation, when the time of transit of an electron through the 
field may be comparable with the period of the defiecting impulse. Electric 
and magnetic systems will be affected equally. The speed of the electron 
beam at an accelerating potential of a few thousand volts is of the order 
of 10® cm./sec. A given electron will thus take about 10”® microsecond to 
pass through the defiecting system. If the latter is subjected to an alter- 
nating potential of frequency 1,000 Mc./sec., then one complete wave 
impulse will occur during the time the electron is between the plates. 
It will, therefore, receive no resultant deflexion at all, since the integral 
of the impulse over the complete cycle is zero, and the same state of affairs 
will obtain for all whole number multiples (nf) of this frequency. At 
intermediate defiexion frequencies there will be a small residual effect on 
the beam, which will be a maximum at but this maximum de- 

creases rapidly with the value of n. For frequencies less than the critical 
value / the sensitivity rises rapidly to a constant value at and below //2 ; 
in other words, the deflecting f^quency should not be higher than is 
sufficient to impress one half-cycle on the plates (or coils) during the passage 
of the beam through them. Tubes may be designed to operate at very high 
frequency by shortening the plate-length I and increasing the accelerating 
voltage, so that the time of passage of the beam is decreased. The de- 
flexion sensitivity under such conditions is necessarily low (of. Vn.6). 

Cathode-ray oscillographs for recording such high-speed effects are 
similar in principle ^ the low- and medium-voltage type discussed above, 
but very different ecostruction. They operate at 40-100 kV. and usually 
employ a simple cold cathode electron gun follo^d by magnetic focusing 
jot the beam. The high speed of the electrons and the short deflecting 
plates allow the obi^rvation of wave-forms or transients in a ranve of 
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duration from 20 to 1/10 microsecond. The angle of deviation of the beam, 
however, is correspondingly smaU, and it is necessary to have a large 
plate-film distance in order to get an image of readily observable size. 
Photographic recording is normally employed, and here again the high 
accelerating potential is of advantage, 


ensuring that enough electrons fall on the 
image to produce a photographic effect in 
the short tracing time. The film or plate is 
exposed directly to the beam in order to 
give higher recording sensitivity than 
would be possible if a fluorescent screen 
were interposed. The penetrating power 
of electrons at such speeds gives rise to 
high photographic efficiency, producing 
a visible image with much less beam 
current per sq. cm. than does a slower 
beam. 

The introduction of photographic 
emulsions into the apparatus necessitates 
continuous evacuation, on account of 
their high vapour-pressure, even when 
the source of electrons is not a gas- 
discharge. To maintain steady produc- 
tion of the beam in this case a controlled 



leak V of air or inert gas is allowed into p,Q. hb. High-speed oathode-ray 
the discharge tube so that its pressure is oscillograph. (Burch and Whelpton.) 
of the order of 10“2 mm. Hg ; it is usually 

connected with the rest of the apparatus only by a channel of very small 
bore through which the beam passes into the deflexion space (Fig. 116). 
With such low vacuum conditions prevailing, it is unnecessary to seek 
the same perfection of construction that causes a glass envelope to be 
employed for the normal sealed-off type of cathode-ray tube. It is now 
sufficient to use insulating material (glass or steatite) only for the dis- 
charge tube D and the bushes carrying connexions to the deflector plates. 
The main body of the instrument is made of metal, allowing of robust-, 
ness of construction and safety in operation at very high voltage, the 
body being earthed and the cathode maintained at high negative potential. 

A typical version of the high-speed oscillograph is shown in Fig. 116, 
the Metropolitan-Vickers type due to Burch and Whelpton. The cold 
cathode C delivers a beam of electrons through a fine hole in the anode A 
to a region in which concentration is effected by the magnetic focusing 
coil if. The trapping plates T, T are normally biased with a potential 
sufficient to deflect the beam on to the plates P^, so that the photographic 
plate at iS is only exposed when desired. The pair of deflecting plates Py 
carry the unknown impulse, and the upper plates P^ carry saw-tooth 
impulses of controlled frequency, giving a linear sweep (or ‘time-base’) to 
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the beam in the Z-direction. The preliminary adjustment of the beam is 
carried out under visual observation on a fluorescent screen S, which 
normally covers the photographic plate and can be raised when a record 
is to be made. The impulse under investigation is caused to lift the bias 
from the trapping system and thus release the beam, which is then deflected 
by the transient or high-frequency impulses applied to giving a 
corresponding trace on the emulsion. Evacuation of the apparatus is 
carried out by oil-diffusion pumps, or in other models by rotary molecular 
pumps, in order to exclude mercury entirely from the system. The Burch 
and Whelpton oscillograph operates at 16 kV. and is made in both single- 
jand three-phase models. The Finch oscillograph is essentially similar in 
its construction, but operates at voltages up to 60 kV. ; the general 
form is the same as that of the Finch diffraction apparatus (section 69, 
Fig. 119). 

The electron optical arrangement of the usual cold cathode discharge 
tube is of the simplest, a rod of aluminium or magnesium-aluminium alloy 
serving as cathode and a plate of brass or copper as anode. In order to 
concentrate the emission into a small spot the cathode is sometimes made 
convex in shape or surrounded with a concave shield at the same potential. 
The returning beam of positive ions bombarding the cathode gradually 
results in the formation of a pit, around the edges of which emission is 
then concentrated. The cathode therefore has to be changed, or its surface 
repolished, after every few hundred hours of operation. A hot cathode 
was not favoured in the earlier instruments because of the rapid disinte- 
gration it suffered at the low vacuum which was achievable, even in the 
absence of the air-leak required by a discharge tube, and because of the 
difl&culty of forming a beam of small initial cross-section without a com- 
plicated electrode assembly. The cold cathode also had the advantage of 
not requiring a filament heating circuit at high voltage. In any case, an 
oxide-coated cathode was out of the question as it would not withstand 
the electrostatic stresses set up at high accelerating potentials. More 
recently, however, progress has been made in designing a hot-cathode gun 
' employing a tungsten wire bent to a V-shape, the point of which is the 
emitting surface, and a surrounding Wehnelt cylinder at like potential. 
A high pumping speed maintains a good vacuum and thus assists in pro- 
longing the life of the filament, which is constructed so as to be easily 
removable. A beam is produced which is of readily variable intensity and 
‘ steadier than that firom a cold cathode^ especially in the region of 100 kV. ; 
the difficulties caused by the leak of gas from the discharge tube to the 
rest of the apparatus are automatically eliminated. At lower voltages the 
tungsten point may be coated with an oxide emitter. On the other hand, 
the simplicity of the cold cathode system has favoured its retention for 
most routine work. 
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CHAPTER VIII 


ELECTRON DIFFRACTION: THE ELECTRON 
MICROSCOPE 

58. Electron Diffraction: Principles 

I N discussing the behaviour of electron beams we have so far assumed the 
electron to be a corpuscule to which the ordinary methods of dynamics 
may be applied. Similarly, in the study of light the treatment of geo- 
metrical optics proceeds without reference to the ultimate nature of the 
rays considered. Any wave motion, however, will experience diffraction 
in passing through apertures of the same order of size as its wave-length. 
The electron exhibits wave properties and therefore may be diffracted. 
Its associated wave-length depends on its velocity and is less than an 
Angstrom unit when the accelerating voltage is 160 V. and upwards, so 
that diffraction is only possible in apertures of atomic dimensions. It was, 
in fact, the demonstration that electrons were diffracted by the regular 
array of atoms in a crystal lattice which first gave direct evidence of the 
wave nature of the electron. 

As stated in section 50, the energy of a photon of radiation is given by 

E = hv,. (VIII.l) 

where h is Planck’s constant and v is the frequency ; that is to say, in regard 
to their energy light waves show corpuscular properties. In 1924 de Broglie 
put forward the hypothesis that conversely material particles might 
behave in some respects as waves. He suggested that their momentum, 
rather than their energy, was quantized and related to the equivalent 
wave-length (A) by an equation analogous to VIII.l: 

mv = A/A, (VIII.2) 

where wi is the mass and v the velocity of the electron, and A again is 
Planck’s constant. On inserting numerical values and expressing the 
motion of the electron in terms of its accelerating voltage F, we have for 
the wave-length (in Angstrom units) 

A = V(160/F). (VIIL3) 

Hence at the comparatively low voltage of 600 V. the wave-length is 
only J A, and at the practicable value of 60 kV. it is 1/20 A. Protons and 
more massive particles have a wave-length smaller in inverse proportion 
to their mass, and consequently diffraction of them is more difficult to 
observe. It must be noted that m, in equation VIII.2, is the instantaneous 
and not the rest mass of the electron. The relativistic correction (see 
p. 13) must be applied in accurate work when F is greats than 10 kV., 
giving an additional term in VIII.3. 

Direct experimental verification of de Broglie’s hypothesis by electron 
diffiraction was provided independently by Davisson and Germer and by 
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G. P. Thomson. The diffraction effect may be discussed in terms of reflec- 
tion from regularly spaced layers of atoms, as in the case of X-rays, or 
from rows of atoms. The latter corresponds more closely to the condition 
obtaining when electrons are transmitted through thin Aims, and will here 
be taken as the starting-point of discussion. In practice diffraction will 
occur from a three-dimensional grating, and not in a line grating as is 
usually the case with visible radiation. 

A row of atoms, A^, A^, -^g,..., extends in the direction of travel of 
the electron beam E (Fig. 117). Scattering, or ‘reflection’, of the electron 
waves occurs from each atom, and these waves will arrive at a screen 8, 



Fig. 117. DiSraction of electron beam at a row of atoms (atomic separation greatly 
exaggerated in comparison with L and r). 

placed normal to the beam, with all possible phase relations. The condition 
for reinforcement, or maximum intensity, will be a path difference of n\, 
where n is any integer ; zero intensity should occur where there is a phase 
difference of tt or a path difference of (n-|-J)A. If d be the interatomic 
distance, then the condition for reinforcement may be written 

nX = d cos 6y (VIII.4) 

and will be satisfied at all points on the screen on a circle of radius 
r = L tan 0, if L is the distance of the screen from the point of diffraction. 
The diffracted beam of the first order leaves the crystal as a diverging 
cone of angle 20i, and higher orders form similar cones of semi-angle $ 2 ^ 
^ 3 , etc., as given by equation VIII.4. Bright rings are formed where these 
cones intersect the screen ; the greater the number of atoms of spacing d 
which participate in forming the diffraction pattern, the brighter and 
sharper will be the rings. 

The crystal consists of a regular array of such rows of atoms in three 
dimensions, and their co-operative effect is found to give not circular 
rings but separate diffraction spots on the screen, in a pattern determined 
by the symmetry of the lattice (cf. Plates IV a and TV 6). The addition of 
rows parallel to the first row, and in the same plane, will introduce a 
second periodicity dg along the direction normal to the electron beam. A 
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second set of difiraction cones will be produced at angles given by the 
analogous form of VIII.4, but with their axis normal to that of the set 
shown in Fig. 117. Diffraction maxima will therefore only appear on the 
screen where these cones intersect the rings due to the first spacing d : the 
result is a pattern of bright spots. The addition of atoms in planes parallel 
to that of Fig. 117, to form a three-dimensional grating, gives rise to a 
third set of diffraction cones about an axis perpendicular to the other two. 
Diffraction spots can now appear only where three cones intersect, a 
condition so rigid that a pattern is only obtained in special circumstances 
of alinement of the beam with respect to the lattice planes (Laue spots). 
Fortunately the specimens used in much electron diffraction work are of 
necessity so thin that they present effectively a two-dimensional array 
to the beam, and a ‘cross-grating’ pattern is readily obtained. If the 
lattice is of hexagonal structure, then three arrays of atoms intersecting 
at 60° are presented to the beam and six spots appear on the circumference 
of the diffraction ring of each order, but each row of atoms produces such 
a set and a regular hexagonal pattern is formed (Plate IV a). The form 
and size of the spots depend on the size of the beam and the perfection 
of the lattice. If the structure is cubic, four points are formed on each circle 
and the resulting pattern is square in form (Plate IV &). Structures of 
other symmetry produce more complicated patterns, the form of which 
gives direct evidence of the lattice structure. 

Such patterns can only be formed, however, if a perfect single crystal 
is responsible for the diffraction, and if it is orientated with its broad face 
normal to the beam. In general the specimen consists of a microcrystalline 
mass, and the pattern is more complicated. If the crystals are aU parallel, 
but in random orientation about an axis in the beam, then the spots 
formed will lie around the circumference of circles having radii as given 
above, and in the extreme case will form one continuous ring for each 
order of diffraction (Plate IV c). More usually the arrangement will be 
completely random, so that different crystals will make different angles 
with the beam, and thus expose rows of atoms of different spacing to it. 
The values of d, determining the radius of the diffraction rings (VIII.4), 
will then take values corresponding to all the different sets of crystal planes 
present. A set of rings will then appear in the pattern, characteristic of 
the symmetry of the diffracting lattice (Plate IV d). If the crystal structure 
is known, the associated wave-length of the electrons may be calculated 
and equations VIII.2 and VIII.3 confirmed. Alternatively we may use 
electrons of known wave-length to investigate the crystal structure of 
chemical substances. All the methods employed in X-ray analysis are 
equally possible with electrons : single crystal rotation and polycrystal- 
line powder observations being made. Surface reflection from solid 
objects as well as transmission through thin films 3 delds an intelligible 
pattern. An essential practical limitation is the^ small penetrating power 
ci the electron as compared with X-rays, the former being a particle with 
mass and therefore very readily absorl^d and scattered by matter. Even 



a. Crofls-grating pattern of hexagonal 
structure (mica). 


6. Cross-grating pattern of cubic structure 
(aluniiiiiuin). 



c. Ring pattern from chromium deposited on d. King pattern from chromium deposited 

iron, showing partial orientation (strongly on bismuth, showing random disposition of 

pronounced (111) rings). crystals (very imperfect (111) orientation). 

Plate IV. ELECTRON DIFFRACTION PATTERNS. 

{Finch, Quarrell, and Wilman.) 
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for beams accelerated by voltages of tens of kilovolts the specimen 
thickness may not be more than a few hundred Angstrom units without 
causing undue diffuse scattering of the electrons. Therefore, electron 
diffraction is primarily of value for the examination of thin films and sur- 
face layers, in which X-rays do not suffer sufficient diffraction to give a 
visible pattern. For the same reason the electron beam is diffracted by a 
jet of gas or vapour if the molecules have simple symmetry, as in carbon 
tetrachloride. In general, the efficiency of scattering of electrons is much 
greater than that of X-rays. 



Fig. 118. Electron diffraction camera of G. P. Thomson. 


59 . Electron Diffraction: Practice 
The original apparatus of G. P. Thomson is shown in Fig. 118. The 
electron beam was generated in the cold cathode discharge D, being 
limited by the channel T in its passage to the specimen F supported at 
right angles to it. The resulting diffraction pattern was observed on the 
fluorescent screen 8, before which a photographic plate P could be exposed 
as required by lowering it from above. A slow leak of gas maintained 
steady conditions in the discharge, the apparatus being continuously 
evacuated. The source of high tension was an induction coil and the 
voltage was measured with a spark gap; up to 30 kV. were employed. 
Diffraction patterns were obtained from a number of metal films, and it 
was shown that the radius of the rings depended inversely on the root of 
the voltage applied to the electrons, as required by equations VIII. 3 
and VIII.4. Thomson then verified, by measurements on films of known 
structure, that the wave-length of the electrons agreed with that given by 
de Broglie’s relation (VIII.2). Davisson and Germer produced similar 
evidence independently, from the diffraction of slow electrons from nickel 
single crystals. They used a Faraday cylinder as collector, in a fixed 
position, and observed the variation in current to it as the accelerating 
voltage of the beam was changed ; the collector was then moved to a new 
position and the experiment repeated. Most subsequent work has used 
the Thomson method, with a constant high voltage and photographic 
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recording, the Bpeoimen usually being adjustable in one, and sometimes in 
three, dimensions. 

Modem diflFraction cameras make more use of electron optical technique. 

The Finch (or Cambridge) apparatus is 
an outstanding example and will be 
described here (Fig. 119). It is mounted 
vertically, for convenience of operation, 
and is made on the lines of the high- 
speed cathode-ray oscillographs already 
described (section 67), being constructed 
, entirely of metal apart from the dis- 
charge tube. The cold cathode E is 
surmounted by a corona ring F and 
is ground into the neck of the glass 
tube A. The anode Af is a copper tube 
of fine bore, convex at the upper end 
to concentrate the beam, and is sur- 
rounded by a metal shield B for pro- 
tection against X-rays. The discharge 
is maintained by a controlled leak H, 
evacuation taking place through the 
tube L by means of high-speed pumps. 
The anode block is water-cooled in order 
to allow high current densities to be 
used. The high tension (60 kV.) is 
supplied through a saturated diode, 
which ensures a constant current in the 
beam. A magnetic coil N focuses it to 
a fine spot on the observation screen /, 
which may be raised to expose a photo- 
graphic plate or film. Whilst the dis- 
charge is being stabilized, the beam is 
deflected by a small potential applied 
to the plates and Pg, so that it falls 
in the beam trap T. The specimen is 
supported by the holder P, which may 
be rotated about three axes and also 
translated by operating the ground joints K and screws J mounted on 
metal bellows. The diffraction pattern produced by the specimen in 
different orientations in the beam may thus be readily observed. 

A number of workers have employed hot filaments for generating the 
electron beam, sometimes also using Wehnelt cylinders or other secondary 
electrodes for concentrating it. The use of a magnetic coil for final 
concentration of the beam is universal. ManjT types of specimen carrier 
and of recording chamber have been described. When it is desired to 
observe diffraction in gases, the former is replaced by a jet which delivers a 



Fig. 119. Electron difEraction camera. 
(Finch.) 
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molecular beam across the electron path, to be condensed on a liquid-air 
cooled surface. Such special cameras have been described by Wierl, 
Cosslett, Brockway, and others. The regularity of atomic separation in a 
symmetrical molecule such as carbon tetrachloride gives rise to diffrac- 
tion maxima and minima, but the random distribution of molecules in 
the gaseous state causes a diffuse background which severely limits the 
resolution obtainable. 

The electron diffraction camera has thus become a research instrument 
of great importance for investigating the structure of matter, and par- 
ticularly for the study of thin films, surfaces, and the molecular structure 
of gases. The electron optics of the apparatus is comparatively simple, and 
its operation a matter of no difficulty. The chief demands on skill arise 
in preparing specimens for observation and in interpreting the resulting 
diffraction patterns. 


60 . Electron Microscopy 

The practicability of producing electron lenses of short focal length at 
once suggests their use in combination as a microscope. Indeed, the refine- 
ment of the magnetic lens has been due in large part to its development 
for electron microscopy ; electrostatic lenses were developed primarily for 
cathode-ray tubes and have only recently been adapted to the severe 
requirements of short focus at high voltage. In exact analogy with light 
optical practice electrons may be used to illuminate (thin) objects and, in 
passing through a proper combination of lenses, to produce a greatly 
enlarged image. Magnifications of the order of 10* are readily obtained. 

Resolving Power, Before describing the construction of such an instru- 
ment, howeVer, it is necessary to make clear the limitations of light micro- 
scopy and the reason for the special advantages possessed by the electron 
microscope, which have rapidly made an important place for it in research 
laboratories. As is well known, the resolution of any piece of optical 
apparatus has a definite limit: two objects must subtend more than a 
certain minimum angle before they can be observed as separate points 
(‘resolved’) in the image. The limit is set by diffraction phenomena 
entirely similar to those discussed above. In terms of Fig. 120, each of two 
object points A, B will give rise to a diffraction pattern in the image 
plane, at A', B', These image points will only be observable as separate 
entities if the primary maxima of the two patterns do not overlap. The 
usual assumption is that the minimum permissible separation is one half- 
period: the central maximum of the one must fall at least at the first 
minimum of the other. For this to be so the paths to any image point 
from the two object points must differ by A/2, or, by analogy with VIII.4, 

A/2 = lio sin 6, (VIII.6) 

if.0 is the semi-angle subtended by the object at the lens, the sine instead of 
the cosine now being involved, since the row of diffracting atoms is arranged 
normal to the beam, and not along it as in Fig. 117. The limiting linear 
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resolving power of the lens is then said to be equal A and B are 

closer than this distance, their image points will fuse and will no longer be 
separately distinguishable. When the refractive index of the object and 
image space is different, this becomes Abbe’s relation: 

do = A/(2i^sin0), (VIII.6) 

where N is the relative refractive index of object and image space; 
N sin^ is frequently written as NA, the numerical aperture of the lens. 
For optimum magnification it is usual in microscopy for the object to be 
situated very close to the focus of the lens, and we may write i)/2/ for 



Fia. 120. Resolving power: limitation by difEraction effects. Diffraction at points A and B 
gives rise to diffraction rings about the image points the intensity distribution is as 

shown when the images are just resolved. 

sin By where D is the diameter of the lens and / its focal length. We then 
have for the angular resolving power (in radians) 

a = do//=A/Z), (VIIL7) 

a form which is convenient for use in respect of instruments of small 
resolution, such as telescopes and the eye. 

The limit of resolving power thus depends on the numerical aperture, 
or diameter, of the lens and on the wave-length of the light employed. 
The normal human eye has a pupil of only a few mm. diameter and a 
oonespondingly poor resolving power: it is of the order of 1 second of 
arOj or about 0*1 mm. at the distance of distinct vision. Finer detail than 
this cannot be appreciated by the unaided eye in objects or photographic 
images. In microscopy the l^st linear resolution will be obtained if the 
numerical aperture of the objective lens is high, that is, if sin ^ and the 
refractive index of the medium are both large. By using hemispherical 
condensing lenses practically the whole of the light transmitted by the 
object may be gathered, so that 0 = 90® ; and by immersing the object 
in a mediuBl of the same re&active index as the condenser the value N 
ifl made uniform and approximately equal to 1*5. The resolving power 
may then be written 

dp « A/3. 
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The limit of resolution proves to be one-third the wave-length of the 
illuminating radiation, in the best type of light microscope. Even with 
the use of light from the blue end of the spectrum this limit will be of the 
order of 1,500 A ; with white light it is about 2,000 A (2 x 10“® cm.). Since 
the resolving threshold of the unaided eye is lO"® cm., a magnification of 
500 will then be sufficient to render visible detail of this order ; greater 
magnification will result merely in enlargement of the ultimate image 
points without effecting further clarification. The highest power optical 
microscopes are therefore designed to give magnifications little greater 
than 1,000. By employing ultra-violet light, quartz lenses, and photo- 
graphic recording it is possible to lower the limit slightly farther, but it is 
impracticable to use radiation of wave-length less than 2,000 A. The 
maximum resolution so far achieved in an instrument of this type is 
800 A. 

The Electron Microscope. A very large range of organisms, as well as 
nearly all chemical molecules, are of this order of size or smaller: viruses, 
many bacteria and bacteriophages, chromosomes and other units of cell 
structure. The light microscope makes visible a great range Of biological 
and metallurgical structure, but fails at the borderline of the most impor- 
tant units of living matter. X-rays, being smaller in wave-length than the 
atom, permit investigation of the arrangement of atoms in molecular 
structures by true diffraction, but they cannot form direct images of a 
structure since they cannot be focused in lens systems. However, as 
pointed out in discussing electron diffraction, the electron has a wave- 
length of the same order as X-rays, when accelerated by more than a few 
hundred volts. Even if only small numerical apertures may be employed 
in electron lenses, it follows from VIII.6 that the resolution achievable 
should be substantially better than that of the best light microscope. 
In this expectation a magnetic electron microscope was constructed by 
Knoll and Ruska in 1931 and has been substantially improved since; 
its electrostatic counterpart has also been developed. Although nothing 
like the theoretical limit of 1 A or less has yet been reached, resolving 
powers of 25-30 A have been frequently claimed and a research instru- 
ment is now on the market with a guaranteed resolution of 100 A or 
better. 

The general lines of the electron microscope are shown in Fig. 121, 
side by side with a schematic view of a light microscope ; the electronic 
type is normally arranged with the viewing screen at the lower end, and 
the light type has accordingly been inverted from its usual position, for 
convenience of comparison. The source of electrons C, usually a tungsten 
filament,' provides a beam which is collimated by the condensing magnetic 
lens into ^ practically parallel beam, which falls on an object 0 
supported immediately above the pole-pieces of the magnetio ob|ective 
lens Irg, of a few mm. focal length. The primary image formed by the 
latter is projected into the focal plane of a second strcmg lens (the 
projection lens) which forms a further magnified image on the fluorescent 

Dd 
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screen 8 , beneath which is placed a photographic plate or film. The chief 
difference in form from the light microscope is in the comparative weak- 
ness of the condensing lens, due to the small lens apertures which may be 
used in the present state of correction, and in the use of a projection- 
rather than an eye-lens, necessitated by the method of viewing. Otherwise 
the two systems are exactly analogous. The resolving limit being now of 



Fig. 121. Comparison of light and electron miorosoopes. 


the order of 60 A, a total magnification of 2 x 10^ will be required to en- 
large such minute detail to the resolving threshold of the eye; this is 
achieved with a magnification of 100 in the first stage and 200 in the 
second stage. A smaller magnification may be used if recording is made 
on fine-grain photographic plates, the image on which is subsequently 
enlarged. It is undesirable to make the instrument very long, and if an 
image distance of 50 cm. in each stage is allowed, then the lenses must 
heve a focal length of 2*5 mm. in order to give a magnification of 200. 
Such high-powered objectives are not difficult to design in the case of the 
magnetic lens, but it is found that spherical aberration is troublesome, 
^th the result that very small apertures only Ikte employed : of the order 
of 10~’, as compared with the optical values of 1 to 1*5. All the lenses in 
the election microscope of Fig. 121 may be replaced by electrostatic 
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lenses, and a number of instruments have been constructed of this type, 
symmetrical lenses being employed (section 62). Considerable difficulty 
arises, however, in making them of sufficiently small focal length at the 
high potentials required by other considerations, but the avoidance of 
corona discharge appears now to have been largely overcome, and there 
is a prospect that the advantages of the electrical lens may be exploited, 
in particular the small aberration of the uni voltage lens. 

The Specimen. The objects investigated require special preparation 
and mounting. They must be largely transparent to the electron beam, 
and therefore less than about 600 A in thickness, except when accelerating 
voltages of 200-300 kV. are used. Sections of such fineness cannot be cut 
by the normal t 3 rpe of microtome, although Ardenne has devised a type 
which cuts sections of wedge shape with such precision that they fall 
below this limit at the thinner end. Otherwise the objects must be sus- 
pended in water or other liquid and carefully deposited on extremely thin 
films of a cellulose nature ; after drying, they are mounted in a special 
holder and inserted into the vacuum of the microscope. The necessity of 
drying specimens and exposing them to a vacuum prevents at present 
the investigation of living material. On the other hand, it is possible by a 
special casting technique to observe the structure of solid surfaces. Direct 
reflection of electrons from, say, a metal surface does not yield an in- 
telligible image. The method employed is to deposit on it a thin layer of a 
structureless substance such as a resin or plastic, which may then be 
stripped off or released by dissolving the metal in acid. A few metals, such 
as nickel and aluminium, form oxide coatings which can be stripped from 
the surface without destropng their microstructure. The best results have 
been obtained with a casting method in which polystyrene is first pressed 
on to a metal surface at 160° C. and under about 100 atmospheres pres- 
sure. The metal specimen is then sawn off short and the rest dissolved 
with acid, the polystyrene mould is mounted in vacno and a thin layer of 
quartz very rapidly deposited on it by evaporation. After dissolving 
away the plastic in ethyl bromide, the silica replica remains and is 
mounted for examination in the electron microscope. It gives clearer 
definition in the ultimate image than does the original polystyrene mould 
itself. Heidenreich and Peck obtained a resolution of about 100 A from 
replicas of metal surfaces made by this two-stage process ; an example is 
shown in Plate VII a. 

Image Formation, A word is necessary concerning the details of image 
formation in the electron microscope, since they differ from those obtain- 
ing in the light microscope in a manner that materially affects the problem 
of lens design. In a light beam the structure of a specimen is made visible 
primarily by differential absorption of the radiation in different regions, 
mded frequently by the application of special staining materials. In the 
electron microscope, however, the absorption of electrons (in the strict 
sense of the term) may vary little in the different parts of a specimen. 
The main cause of diminution of intensity of the beam lies rather in 



204 ELECTRON UiJ'l'itAUiii/iY; injs. muHOSCOPE (g^ 

differential scattering from molecules of raiying structure and ciemicsl 
nature. Begions transparent to electrons cause negligible change in the 
loofd betan intensity, on a sufficiently thin carrier. Materially denser 
regions scatter more or less electrons from the incident beam, with the 

result that corresponding areas in the 
image are less brilliant or may be entirely 
unilluminated. The scattered electrons 
form a diffuse background to the image, 
or may be lost from the final beam 
altogether, since the magnification is 
very great. It follows also that only a 
portion of the field in the objective lens, 
and a still smaller portion in the pro- 
jection lens, is concerned in the imaging 
of a given object point, the effective 
aperture thus being less than that given 
by simple geometrical considerations and 
the aberrations of the lens being to that 
extent less effective. 

The path of the bundle of rays con- 
cerned in the imaging of a single object 
point is shown in Fig. 122. The con- 
densing lens collects a beam of aperture 
from the electron gun and forms it 
into a convergent illuminating beam of 
aperture determined by the position 
of Li between gun and object. This beam 
is scattered by an amount dependent on 
the mass-thickness of the object 0, and 
also diffracted at its edges. The position of the image point in the primary 
image is determined by the point of intersection of the unscattered rays 
of emergent aperture as shown. Those electrons which are scattered 
elastically will be imaged in a circle of confusion around this image spot, 
the size of which will depend on the degree of aberration displayed by the 
lens. To reduce this effect a very small aperture stop 8 is introduced at the 
plane of minimum cross-section of the emergent beam, corresponding to 
the cross-over of an electron gun, as indicated. According to the Abbe 
diffraction condition, at least the full width of the first maxima must be 
focused if a clear image of the edges of the object is to be obtained. The 
stop must therefore have an aperture not less than that of the incident 
beam, cx^, plus twice the aperture of the diffracted pencil, The latter is 
given by VIII. 6, on insertion of the wave-lepgth of the illuminating 
electrons and the diameter d of the object point. The width of the 
aperture stop must thus at least correspond Id If the bright- 

ness of the image is sufficiently large, and the value of d is as small as 
desired, there is no virtue in using a larger aperture, since the result 



Fig. 122. Image formation in the 
electron microscope. 
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would be an increase in the confusion of the image owing to spherical 
aberration. The use of a small stop also eliminates most of the inelastically 
scattered electrons, that is, those which lose energy on collision. These 
slower electrons are deviated more strongly in the lens than those of 
unaltered speed, and will thus not fall into the aperture. Such as reach 
it from other object points will mostly be travelling on paths which fall 
outside the aperture of the projection lens L3, and will be eliminated at 
this stage; the early microscopes, which did not employ an aperture 
stop, probably owed their good definition largely to this chromatic effect. 
A proportion of scattered electrons will, however, reach the final image 
/g both from this cause and from scattering at the rim of the aperture 
or lens diaphragms, but they will be distributed over the image and form 
only a diffuse background. The small degree of confusion is seen from 
the illustrations reproduced. 

Apart from spherical and chromatic aberration, lens errors play a 
comparatively small role, as mentioned in the earlier discussion of aberra- 
tions. The spherical error predominates, although the chromatic effect 
is by no means negligible, especially at low accelerating potentials (see 
p. 140). Together they set an upper limit to the angular aperture which 
may be employed if a given resolution is to be obtained in the image, 
whereas the diffraction effect sets a lower limit. After a full investigation 
of the matter Ardenne lays down the rule that for optimum resolution 
the size of the aperture should be such that the total aberration effect is 
roughly equal to the diffraction error. The total aberration in the image 
plane and its variation with aperture are given by equations V.20 and V .34, 
and division by the magnification M gives at once the corresponding lack 
of resolution in the object. The variation in the angle of the diffracted cone 
with object size is given by the Abbe rule, VIII.6. Comparison of the two 
curves gives the aperture for which the object size equals the limit set by 
aberration. In this way is found the optimum angle (atg) of the illuminating 
beam for any object point, and thus the operating conditions of the con- 
densing system. The total extent of the diaphragm in the objective lens 
Lg will then be governed by the size of specimen to be imaged, and this in 
turn is determined by the maximum permissible size of the final image. 
In practice a diaphragm opening D of about 0-1 mm. is employed in a 
lens of focal length 2 mm., the effective aperture being of the order of 
10“^ mm. in diameter and thus the angular aperture approximately 
5.10-«. 

It will be clear from Fig. 122 that similarly only a very small portion 
of the field of the projection lens takes part in the focusing of an 
individual pencil. The aberration of an image point is thus much less than 
would be concluded from measurement of the distribution of the field, 
with the light optical analogy in mind. Entirely the same considerations 
®’PPty to the imaging action of electrostatic lenses, the main practical 
difference being that the chromatic error is much less when they are of 
the univoltage type. 
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61 . The Magnetic Electron Microscope 

The first electron microscope was described by Knoll and Ruska in 1932, 
and was of the magnetic type, being similar in its essentials to that shown 
in Fig. 121. Subsequent independent developments by Marton in Li6ge, 
and by Hillier and Prebus in Toronto, led to a much improved model 
being produced when these workers joined Zworykin in the R.C.A. labora- 
tories. In Great Britain Martin’s early instrument has now been refined 
by Metropolitan-Vickers and will be described here. 

A section through the microscope is seen in Fig. 123, where E is the 
electron gun employing a tungsten point as hot cathode and a grid shield G 
at the same potential. The lenses Lg, and Lg are so designed that they 
carry adequate energizing current without need of cooling. A cleverly 
contrived object chamber 0 enables a specimen, in a special cartridge, 
to be introduced into the correct position above the poles of the objec- 
tive lens without more than a slight disturbance of the vacuum condi- 
tions. High-speed oil-diffusion pumps maintain a pressure of the order 
of 10“^ mm. throughout the apparatus, large ports allowing a high 
pumping speed. The photographic plate or film is located at B in the base 
of the instrument ; it can be racked along by external control in order 
that several successive exposures may be made. The bevelled surface of 
the lower chamber carries pairs of viewing ports V which allow binocular 
vision of the final image, seen on the fluorescent screen which normally 
covers the plate. An intermediate viewing screen 8i is available for 
observation of the first image when adjusting the specimen in the beam. 
The total electronic magnification is 10,000 times, and provision is made 
for a further optical or photographic enlargement of 10 times. The main 
body is made of metal in several sectional units, for ease of assembly and 
demounting, and is earthed. The whole of the path of the electron beam 
must be completely shielded against stray magnetic fields, and this is 
effected by tubes of Mumetal or some other material of high permeability. 
The high-tension supply, operating at 50 kV. or lower, is contained in a 
separate unit from which leads run to the electron gun and to the windings 
of the lens coils. Meters recording the beam current and accelerating 
potential, the coil currents, and the vacuum pressure are conveniently 
mounted on a desk panel together with the controls. The whole system is 
comparatively compact and easy to handle, so that it can be considered 
a finished research tool. 

The R.C.A. high-resolution model is similar in its essentials, except that 
the high-tension unit and controls are contained in the same assembly 
as the microscope ; a console model is also made (see below, and Plate VI a) . 
An electron diffraction adapter is provided, which permits micrograms and 
diffraction patterns to be obtained from the same specimen. It takes the 
place of the normal projection lens Lg, and colnprises a projection lens, 
specimen holder, and focusing lens. 

Both instruments give a resolving power of 100 A, or better, in their 




plate at earth potential. The curved edge C of the 
X-plates and the shield T correct distortion ; the 
wires B reduce inter-modulation (‘cross-talk’). 
{A. C. Cossor Ltd.y London.) 
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commercial form ; the prototypes in experienced hands have given results 
down to 30 A. Typical photographs of bacteria and oxide smokes are 
shown in Plates VI and VIII, which include reference scales to indicate 



the degree of resolution. A magnetic microscope of similar efficiency has 
been described by Ardenne, using an accelerating voltage of 200 kV. in 
order to obtain greater penetration of the specimen ; R.C.A. have operated 
an instrument at 300 kV. 

For many purposes in a research laboratory a lower magnification 
than 10,000 is sufficient, covering the order of resolution immediately 
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beyond the limit of the light microscope : from 200 to 2,000 A. To meet 
this need the R.C.A. have produced a smaller magnetic instrument, and the 
G.E.C. an even more compact electrostatic microscope. The R.C.A. instru- 
ment is mounted nearly horizontally on a desk, for convenience of opera- 
tion, and is shown in section in Fig. 124. In order to reduce the total 
length the condenser lens is eliminated and the other two lenses are 
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Fig. 124. Desk model magnetic electron microscope (vertical section). (R.C.A.) 


combined in one unit. Adequate coUimation of the beam is obtained by 
using the filament shield as a control grid, biased at a potential ranging 
from 0 to —76 V. with respect to the filament. The objective and projection 
lenses, and Lg, are energized by a common winding encased in an iron 
shroud (heavy lines) except for the gaps between the two sets of pole- 
pieces at either end. A removable inner pole-piece is fitted to the projec- 
tion lens, which has the effect of intensifying the focusing field. In its 
absence the total magnification is 600, but becomes 6,000 when it is 
inserted; the magnification otherwise is fixed in this model. The final 
image is received on the fluorescent screen S, outside which a large glass 
lens may be used for enlarged vision of the image. A photographic plate P 
may be exposed before the screen as required. The microscope is operated 
at 30 kV., and at the larger magnification gives a resolving power of 100 A 
at maximum. The pumping unit and other apparatus is oontained in the 
, same desk, the controls being reduced to a mininriiiTn for ease of operation. 

The main features of short-focus magnetic lenses have already been dis- 
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cussed in section 33 and in the treatment of aberrations (especially in 
sections 39 and 43). Spherical aberration is kept to small proportions by 
using very small apertures and high accelerating voltages (cf. equation 
V.23), both circumstances also contributing to the reduction of chromatic 
aberration. But, as explained in section 43, it is inherently impossible to 
correct a lens for the latter defect, and therefore it becomes essential to 



Fig. 126. High-voltage rectifying circuit for electron microscope. (Hillier and Vance.) 

reduce the fluctuation in applied voltage to very small proportions. If 
the chromatic error is to be less than the spherical error, affecting the 
resolution by an amount of the order of tens of Angstrom units only, the 
voltage must be stabilized to an accuracy of 1 in 20,000. This is probably 
the most difficult technical problem in the construction of an electron 
microscope of the magnetic type. It was solved by Hillier and Vance by 
the application of modem radio technique to high-tension supply. The 
outline of the resulting system is shown diagrammatically in Fig. 126. 
A high-frequency voltage is generated in the self-excited driving oscillator 
0, which is regulated by negative feed-back. The oscillator output, of 
frequency 32 kc.p.s., passes from the series-resonant circuit of high step-up 
ratio (‘Q-factor’), to the doubling rectifier R which delivers 30 kV. direct 
current to the microscope electron gun ; at the high frequencies employed 
the output can be smoothed with high efficiency, especially as the high 
selectivity of the resonant circuit admits a very pure wave-form to the 
rectifier. Regulation is achieved by passing a sample voltage, from a 
voltage divider in the rectifier, through a two-stage D.C. amplifier D 
back to the regulator unit H which controls the high-tension anode input 
to the driving oscillator. The resulting stability of voltage is in the region 
demanded, 1 part in 25,000. Similar constancy of supply must obtain for 
the current through the winding of the magnetic lenses. It is pointless to 
seek much greater accuracy, since the variation in the velocity of thermal 
emission of electrons from the cathode is of the same order. In comparison 
with spherical aberration, the chromatic error is thus largely eliminated ; 
it will demand further attention, however, as soon as means are found of 
reducing the former error. 
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62. The Electrostatic Electron Microscope 

The use of electrostatic rather than magnetic lenses in the electron 
microscope offers certain definite advantages. No limitation is placed on 
the field strength by saturation effects, and also the chromatic error may 
be reduced to negligible proportions if the uni- 
voltage type of lens is employed. The general form 
© of such a system is shown in Fig. 126, the central 
HT elements of each of the two lenses and being 
at the same potential as the tungsten cathode C of 
the electron gun ; the outer, symmetrical elements 
of the lenses and the body of the instrument are 
earthed. With respect to the electron, the second 
potential in each lens is therefore always zero 
and the focal length fixed. Any increase in velocity 
of the electron caused by a rise in cathode voltage 
is counterbalanced automatically by an increase in 
the power of each lens. Chromatic aberration due 
to fluctuations in the supply voltage (apart from a 
relativistic effect discussed below) is thereby elimi- 
nated, leaving only the small inevitable variation 
in velocity of thermal emission. 

On the other hand, the technical difficulties of 
constructing electrostatic lenses of very short focus 
are greater than for magnetic lenses. The main 
difficulty lies in designing the shape of apertures so 
that high potentials may be safely applied to them 
Fig, 126. Electrostatic when their separation is of the order of millimetres 
electron microscope only, as is necessary if a focal length of this order 
(schematic). is to be obtained. The problem was first solved by 
Mahl, and^ independently by Ardenne. Another solution was recently 
evolved by Bachman and Ramo, and forms the basis of the compact 
microscope already mentioned. The form of lens electrodes used by 
Mahl and by the latter workers are shown in Figs. 127 a and h respec- 
tively. 

The microscope of Bachman and Ramo employs three stages of magni- 
fioktion, with the same type of lens in each. No condensing lens is used, 
the optimum aperture of the illuminating beam being fixed by careful 
adjustment of the filament in its shield and of the position of two limiting 
apertures. The hot cathode gun is shown in Fig. 128, the shield 0 being 
at the same potential (36 kV.) as the cathode, A A being the apertures at 
anode potential (earth), and MM being magnetic shields to protect the 
focusing system from the fields set up by the filament heating supply; 
the object is situated at 0. The three symmetrical lenses are arranged in 
^ single cartridge, the end of which carries the object stage and adjusting 
mechanism. The focus being fixed, focusing must be carried out by axial 
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movement of the object. The final image is projected on to a small fiuores- 
cent screen of the finest possible grain, where it is viewed or photographed 
with the aid of a light microscope. This combination of electronic and 
optical magnification was chosen iti order to facilitate the construction of 



Fig. 127. Short-focus electrostatic lens, (a) Mahl; (6) Bachman aUd Ramo. 
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Fig. 128. Electron gun of electrostatic electron microscope. (Q.E.C.) 


the lenses and to reduce the size of the instrument. The total length from 
cathode to screen is no more than 11 inches. The overall magnification, 
including a sevenfold optical enlargement, may be varied from 3,000 to 
8,000 by changing the spacing of the lenses ; the highest resolution obtained 
is of the order of 200 A. 

The statement that microscopes of this type are entirely independent of 
fluctuations in the voltage supply is valid only to a second approxima- 
tion. Ramberg has pointed out that a disturbing effect must be taken into 
account when the electron velocity is such that the relativistic change in 
mass becomes appreciable. An increase in voltage, producing an increase 
in V and therefore also in m, then results in a slight increase in the focal 
length of the symmetrical lens. Under the conditions of operation of 
existing models, however, this effect only sets the wide limit of 1,000 V. to 
the permissible voltage fluctuation; fortunately also the extent of the 
aberration decreases with increasing focal power for lenses having a 
negative central electrode. 

The higher voltage electrostatic microscopes constructed by Mahl 
and by Ardenne have given resolving powers down to 60-80 A, about 
twice that of the magnetic type. So far, less attention has been paid to 
the development of the former as compared with the latter type, and very 
possibly it may eventually provi(te the higher resolution. In both cases 
further advance depends chiefly on the improved correction of lens errors, 
and in particular of spherical aberration. 
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63 . Other Types of Microscope 

The field emission, or point projector, electron microscope has already 
been described (section 49). It involves no electron optical system, other 
than the provision of a high rectilinear field at the cathode, and does not 
belong in the present discussion. A somewhat different 
type of projection microscope has been described by 
Boersch, which employs a fine beam of electrons to 
cast a shadow of an object on to a viewing screen ; 
the fine beam corresponds to the point source of 
electrons in the field emission type, but is produced 
by demagnification of a larger beam in a number of 
electron lenses. The system is shown schematically in 
Fig. 129 where C is 'the cathode from which an elec- 
tron beam is projected into the first electrostatic 
lens Lj. The beam is brought to a focus close to the 
lens so that a much demagnified image is produced, 
which in turn acts as object for the second lens Lg. 
The final image point is of the order of 100 A in 
diameter ; owing to the high degree of demagnification 
(1:10^ or 1:10®) the beam current is now reduced to 
the order of 10“^® amp. acts as a point source of 
illumination for the specimen 0, throwing a shadow- 
graph of it on the fluorescent screen 8. Magnification 
is thus produced by simple projection, its magnitude 
being given by the geometry of the arrangement, as in 
the field emission type ; the essential difference is that 
specimen may now be imaged, whereas the 
(Boersch.) latter microscope can only project the cathode surface 
itself. By careful adjustment of the position of the 
specimen magnifications greater than 10^ may be obtained, but the 
resolution is limited by the size of the image point /g. Attempts to 
reduce its diameter below 100 A lead to such a reduction in beam current 
that the recording time becomes unduly long. Here again progress waits 
upon better correction of the lense§, so that beams of wide angle may be 
focused. Resolving powers of the order of 400 A have been reported with 
present technique. 

Ardenne has utilized a demagnified beam for another method of micro- 
scopy, in which the fine point source (or ‘electron probe*) is scanned 
across the object and the transmitted intensity is recorded photographically 
or electrically. The same type of deflexion system as in the cathode-ray 
tube is used for the scanning process, but at a much lower frequency. The 
time of scan is about 1 sec. per line and 20-30 min. per picture, owing to 
the low beam intensity. The resolution depends on the fineness of the 
probe and on the number of lines in the scan ; Ardenne reports values 
down to 400 A. The method nresents the nossibilitv of investigating living 
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tissues in air, since the specimen may be placed on the outer surface of a 
thin metallic window which is scanned on the inner side by the electron 
probe. Owing to the degree of scattering which 
occurs, however, high resolution in the recording 
of the transmitted intensity is difficult to obtain. 

The scanning principle has been employed in 
the R.C.A. laboratories in a different manner: for 
the direct investigation of surface structure, 
which is otherwise inaccessible to the electron 
microscope, except where the plastic replica tech- 
nique can be applied. A fine electron probe is 
produced by two stages of demagnification with 
electrostatic lenses (L^ and Lg, Fig. 130). A third 
lens projects an image of this source, at unit mag- 
nification, on to the surface of the specimen 0, 
across which the beam is scanned by the deflect- 
ing influence of magnetic fields M. Electrons 
are diffusely reflected from the surface to an 
extent determined by its structure, and these 
secondary electrons are collected on the fluores- 
.cent screen S, the illumination from which 
produces a photo-electric response in the photo- 
cathode P of an electron multiplier. The input, 
and therefore also the output, of the latter is thus 
proportional to the local intensity of reflection of 
electrons from the surface at each instant of the 
scan. After further amplification this current 
modulates the synchronously-moving printing 
bar of a facsimile recorder, which thus produces 
a representation of the surface structure. Such 
a complicated system requires greater care in 
operation than the electron microscope and so 
far has not proved capable of comparable per- 
formance. Zworykin, Hillier, and Snyder have 
obtained reproductions showing a resolution of 500 A, a considerable 
improvement over the best optical microscope but not so refined as the 
resultjs of the replica method of surface investigation. 

It remains to mention a further possibility of observing living specimens 
in air, rather than in vacuo : to use a stationary electron probe as a point 
source of X-rays, which then cast a shadow of the object on to a screen or 
plate. The differential scattering of X-rays by the structure of the 
specimen gives rise to a true image by geometrical projection, against a 
diffuse background. The object is again fixed across a thin window paling 
the vacuum in which the electron beam is produced. Comparatively low 
accelerating voltages are necessa-ry (^10,000 V.) in order to avoid a 
broadening of the point source of X-rays in the window, and so that the 


Incident electron beam 
— Secondary electron beam 
Light beam 

Fio. 130. Electrostatic scan- 
ning microscope. (R.C.A.) 
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rays themselves shall be of medium wave-length and comparatively easily 
absorbed. Such an arrangement is described by Ardenne, but it is not 
clear what results, if any, he has obtained with it. The resolving power 
is not likely to be of the same order as that of the electron microscope, 
bht it offers a possibility of observing living organisms which lie imme- 
diately outside the range of the best light microscopes. 
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CHAPTEE IX 

OTHER APPLICATIONS: CYLINDRICAL FIELDS 

64. Beta-ray Spectrometry 

AN important branch of the study of radioactivity is the investigation 
IjL of the beta-rays, or fast electrons, which are emitted in the process of 
atomic disintegration. They exhibit a considerable variation of intensity 
with velocity both from a given atom, and from one atom to another. It is 
desirable to have detailed information of this velocity distribution, and 
particularly of its upper limit, for each stage in disintegration. Just as in 
the emission of visible light, it is found that sharp maxima occur at certain 
velocities, and this analogy gives the subject its name of beta-ray spec- 
trometry. 

Semicircvlar Method, The simplest form of beta-ray spectrometer 
utilizes the deflecting properties of a uniform magnetic fleld. If a line 
source of electrons, Sy is set up along the direction of the field (Fig. 131), 
the emitted electrons will describe circular paths in a plane normal to this 
direction and more complicated paths in any other plane (cf. section 3). 
The radius p of the trajectory will be given by equation I.l : 

Hp = mv/e, (IX. 1) 

if H is the field strength, v the velocity, and e the charge of the electron ; 
m is again its momentary mass, and the relativistic correction must be 
applied at velocities greater than 10^® cm. sec.“^ All electrons emitted 
normally from the line source with the same velocity v will describe semi- 
circular paths and again intersect, the plane containing the source in some 
line I, which may be regarded as the image of the source S ; but no true 
focusing obtains in the sense of the concentration of a bundle of rays 
emitted mthin a given angle. The velocity distribution of the electrons 
may at once be found by varying the stren^h of the deflecting field whilst 
recording the number received at any fixed position such as /. The means 
of recording may be photographic, when the intensity of emission is high 
enough to give a visible image in a sufficiently short time, or may be an 
ionization chamber or Geiger-Muller counter when the emission is small. 
The source-image distance SI (= 2/}) is such that a uniform magnetic field 
can be established across it without undue difficulty, whilst not so small 
that direct passage of radioactive radiations from 8 to I may not be 
prevented by interposition of lead blocks: it is usually of the order of 
centimetres rather than decimetres. Owing to the ease of absorption and 
scattering of electrons, the whole path must be in vacuo. 

The line source will in practice have a finite width, and the image l^rmed 
by electrons of the required velocity v^. will have an equal width if the field 
is perfectly homogeneous ; a number of semicircular paths, having centres 
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in close proximity, now lead from the one to the other. In addition, how- 
ever, a proportion of beta-rays of other velocities will be received in a 
recording slit of this given width, after travelling paths such as those shown 
in Fig. 131. In order to limit the beam, and thus obtain a high resolution 
in the recording, diaphragms must be sited along the semicircular path. 
For this reason the source is usually placed at 8' below the diametrical 



Fio. 131. Semicircular method of focusing beta-rays 
(magnetic field H directed into diagram). 

plane and the line 8 becomes a limiting slit. Simple geometrical con- 
siderations then allow the resolution dvfv (= d(Hp)jHp) to be calculated; 
it is usually of the order of 1 per cent. 

The semicircular method has been the standard means of beta-ray 
analysis since the early days of radioactive investigations; it will be 
observed that the system has (semi-)cylindrical symmetry. A numerical 
evaluation of equation IX. 1 shows that with a radius of 6 cm. a field 
strength of only 120 gauss is required for focusing electrons of velocity 
10^ cm. sac.“i At a velocity equal to 0-9 that of light the equivalent (Hp) 
value is 3,500 gauss-cm., and the required field strength is still not difficult 
to obtain. Beta-rays of this velocity correspond to electrons accelerated 
by a potential difference of 660 kV. Most beta-ray emission from 
naturally radioactive substances occurs with lower velocity; a typical 
spectrum is shown in Fig. 132, obtained from thorium-B. A number of 
sharp ‘lines’ appea^: in the emission, superimposed upon a continuous 
background which stretches from zero up to a sharply defined maximum 
velocity. Theoretical interest attaches primarily to the position and 
intenaty of the lines and to the upper limit of emission. 

The, Letts 8pectroineter. It is found that many artificially induced rewiio- 
aoiive transformations give rise to beta-rays of much greater energy, many 
Sj^ctra extending beyond an equivalent voltage of 10® V., and some as 
high aS 10* V. The semicircular focusing method would require very high 
o^ V^ity extensive fields in order to deal with such electrons, and these are 
diffi^t to attain. To solve the problem, as well As to achieve higher 
jntend^ and resolution of recording at lower velocities, an alternative 

r itr(meter has been developed which utilizes 'the focusing properties of 
short magnetic lens ; a solenoidal method has also been employed. 

As first devised by Klemperer, the apparatus is as shown in Fig. 133. 
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S is the beta-ray souroe,^ which may be a disk or' a slit at one end of an 
evacuated tube, at the other end of which is situated the aperture of a 
recording device R, The direct path from /Sf to 12 is barred by a thick lead 
stop B, placed at the centre of the magnetic lens M which focuses upon R 
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Fia. 133. Lens method of focusing beta-rays. 


all electrons incident in it with appropriate velocity. The relation, between 
velocity and focal length has been given earlier (section 31), and, since 
the lens is short compared with the object-image distance SR, the simple 
lens formula (1// = 1/p+l/?) may be used to determine the focal len^h for 
a given apparatus. As the current in the coils is increased, the kns wm 
possess this focal length for successively faster groups of electrons and, 
once the field distribution has been measured, a current-velocitjl^ (or 
momentum Hp) calibration curve may be calculated from IV. 1 2. An 
independent t^t of its accuracy may be obtained by emplo^dng it to 
record a well-defined beta-ray spectrum, such as that of thorium-B, which 
has a very sharp, line at Hp = 1,390 gauss-cm. and an upper limit at 3,000 

4914 Ff 
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gauss-om. The recording system may be a Geiger-MuUer electrical counter 
or a Wilson chamber. The instrument may indeed be used either as a 
direct spectrometer or to select groups of electrons in a required velocity 
range for observation in the cloud chamber. 

In this tjrpe of spectrometer only a small part of the electron path needs 
to be in the magnetic field, and therefore sotirce and recorder can be widely 



Fig. 134. Magnetic lens with iron yoke, for high-energy beta-rays. (Cosslett.) 


separated and more efficiently shielded one from the other than in the 
semicircular method; also higher energy beta-rays may be focused. A 
.field of 1,000 gauss in an iron-shrouded lens suffices to focus, at a focal 
length of 17*6 cm., electrons of velocity equal to 0-92 that of light; since 
= 4/) in the symmetrical arrangement employed, the correspond- 
ing length of the focusing tube is 70 cm. Using very heavy iron shield- 
ing, Cosslett obtained fields strong enough to focus 16.10® V. beta-rays 
{vjc = 0*999) at a focal length of 37*6 cm. The apparatus is in the form of a 
large yoke-magnet Y (Fig. 134), the poles PP of which are adjustable 
along the axis and are bored with holes of 6 cm. diameter to accommodate 
the focusing tube T, A series of lead cylinders BB serve to isolate the 
recording counter X from the effect of direct and scattered rays from the 
source S ; the tube is evacuated by a tube through the end-cap. The six 
strip-wound coils C energize the magnet, and focusing occurs in the gap 
of 4few cm. length between the pole-faces. The maximum field attainable 
* is of the order of 10,000 gauss ; the value of J dz, which determines the 
focal length (cf. IV. 12), is found to be 16 times that given by the un- 
shrouded coils. 

The resolving power, d{Hp)IHp, of this type of spectrometer may be 
ipxpressed in ter^ of the geometry of the system, depending on the size 
of the ring aperture of the lens, and on the diameters of the source and 
the recording aperture. ll% the two models described its value is poorer 
than that of the semicircular Hiethod, but Siegbahn has recently con- 
structed a lens of larger aperture wfcich equals the latter in resolution, and 
^as indicated the direction of £^her improvement. I^utsoh, Elliott, 
^^lind Evans have made similar ^oi^p^iments, using an unshiddsd coil, and 
^|efined the calculation of resoli(ing power, ^e chief advantage of the 
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lenB method, in the range of velocities in which the semicircular method 
may also be used, lies in the higher intensity and dispersion which can 
be obtained in the recorded beam ; weaker parts of beta-spectra may 
accordingly be investigated with greater accuracy. 

66 . The Magnetron 

The magnetron is a type of thermionic valve used to generate ultra- 
high-frequency oscillations. Like the original form of beta-ray spec- 
trometer it depends upon the deflecting influence of a transverse magnetic 



Fio. 135. Magnetron high-frequency valve. 




Fig. 136. Electron paths in magnetron, (a) Magnetic field H < the cut-off value; 

field, but, as an electrbstatic field is also present, it is in principle more 
closely related to the Slepian electron multiplier (section 53). The electrode 
system is similar to that of a simple diode (Fig. 135), except that the 
cylindrical anode A may be split into two or more segments. The filament 
C is a fine tungsten wire extending along the axis of the anode, relative 
to which it is at high negative potential (^ 1,000 V.). A strong magnetic 
field H is applied along the axis of the electrode system by the poles of the 
electromagnet PP, Electrons emitted normally from the filament, along 
the lines of the electrostatic field, will also be moving at right angles to the 
magnetic field and therefore will travel in a cycloidal path towards the 
anode (cf. section 7). The amplitude of the path will be determined by 
the field strength and the velocity (= accelerating voltage) of the electron. 
If the field is sufficiently weak, for a given anode potential, the generating 
diameter If of the cycloid will be greater than the radius R of the anode 
and the ee^ted electrons will reach it, oonstituting an anode current as in 
the normat diod^ At a critical value of the field, however, the value 
of P will laqiU^lJ^ and electrons will eit^fT'^ist reach the anode (Fig. 136 a) 
or graze it ^nd travel a circular patl^ b(^)k to the filament (Fig. 1365), 
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aoDording as their velocity is slightly greater or less than the average 
given by the energy equality: eV = Jmv*, When the field is greater than 
He, the anode current will be completely interrupted, the electrons 
travelling in smaller cycloids back to the filament (Fig. 136 c). The cor- 
responding case of crossed electric and magnetic fields between plane 
parallel electrodes was fully discussed in section 1, leading to a value for 
the critical magnetic field: He = ^(2Emled), where E is the electric field 
strength and d the normal separation of the planes. Substituting values 
for the charge and mass of the electron, and replacing E by Vfd, where V 
is the applied voltage, this becomes 

He = 3-^0 Id. (IX.2) 

In the magnetron we have an arrangement of concentric cylinders, the 
filament being a cylindrical wire; a comparable analysis of it has been 
made by Hull, and extended by Brillouin. The critical cut-off field in this 
case proves to be 

He= 6-74VF/r, (IX.3) 

where r is now the radius of the anode. 

In practice it is found that the cut-off of current is not sharp, owing 



Fio. 137. Split-anode magnetron as oscillator. 


to the variation in emission velocity of the electrons, to the voltage drop 
along the filament, and to departure from true cylindrical symmetry. 
Consequently, the anode current-voltage characteristic, at constant 
magnetic field, also does not drop instantaneously to zero at a critical 
anode voltage, but displays a region of negative slope. Such a ‘negative- 
resistance’ or ‘dynatron’ characteristic indicates that the system can 
generate self-oscillations, and this may be achieved by connecting a 
reson^t circuit to the two segments of a split-anode magnetron (Fig. 137). 
Analy^ reveals the physical basis of the oscillatory condition: when a 
potential difference exists between the tWo segments, the electrons follow 
paths which carry them ultimately to the segment momentarily at lower 
potential, so that a negative relation exists between current and voltage. 
Wave-lengths of less than a metre are readily produced from this system, 
and values as low as 20 cm. have been reached with water-cooling of the 
jwode. The efficiency is low unless high magnetic fields ^d small anode 
^meters are used, when the dissipation of energy from the anodp causes 
, difficulty, water-cooling becomes necessary. 
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Another type of oscillatory condition occurs, however, depending on 
the transit time of the electron from filament to anode. For the oscillations 
to be self-maintained the electrons must, on balance, deliver energy to 
the pxtOTial resonant circuit. The physical mechanism by which this 
occurs may be described in outline as follows, sup- 
posing the magnetic field to be at cut-off value. If 
the steady potential of the anode (assumed not to 
be split) has superimposed on it a small alternating 
voltage of very high frequency, it will change appre- 
ciably in magnitude during the passage of an electron 
along a grazing path from filament to anode and 
back. It is convenient to let the frequency be such 
that the transit time for this path is equal to the 
period of the applied voltage. Any electron which 
leaves the cathode at the beginning of a positive 
half-cycle will experience a greater acceleration towards the anode than 
an average electron, and may therefore approach close enough to strike it. 
However, if it only grazes it and returns to the cathode, it will now be 
moving in a negative half-cycle of the alternating component and will 
lose less kinetic energy than it gained on its outward trip. It will, there- 
. fore, have enough residual energy to carry it to the cathode, to which it 
gives up this excess energy acquired from the source of alternating 
voltage. 

On the other hand, an electron starting out on a negative half-cycle 
will suffer less acceleration than the average and will approach less closely 
to the anode. On the return journey it will likewise lose its kinetic energy 
more rapidly, the potential of the anode now being higher than before, 
and wiU come to rest before reaching the cathode. It thereby delivers 
energy to the alternating source, and, moreover, can continue to oscillate 
to and fro (with diminishing amplitude) delivering further minute energy 
contributions at each excursion until it comes to rest. As it is at the same 
time precessing about the axis, its path has the form shown in Fig. 138. 
All electroi^ leaving the cathode on a positive half-cycle will thus take 
energy from the alternating source and deliver it to the electrodes, but 
will be lost at the cathode or anode during their first excursion. Those 
electrons leaving on a negative half-cycle may make several excursions 
between the electrodes, in each of which they deliver energy to the external 
source. Since electrons are leaving the cathode at a constant rat6, the net 
amount of energy delivered over a whole cycle wiU be a positive quantity. 

The action of a split anode magnetron differs in detail from that of the 
simple type, but the mechanism of energy transfer is essentially the same. 
If this energy, ultimately derived from the source of steady high potential, 
is applied to a resonant circuit (cf. Fig. 137) connected across the two 
anode segments, and if it is sufficient in quantity to make up for the 
damping Josses therein, then self-oscillatons will be maintained. The fre- 
quency necessarily be very great, as it must correspond to the transit 



Fio. 138. Precession of 
electron (decelerated) in 
magnetron with fluc- 
tuating anode voltage. 
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time o£ ^ electrons between the electrodes ; this being of the order of 
lO”* sec., the fequency must be of the order of 10* Mc.p.s. and the 
wave-len^h a few decimetres only. Bnllouin has shown that the basic 
wave-length A is given by 

A = 16,160/^ cm., 

although oscillations are possible in other ranges of frequency above and 
below this. In such circumstances the values of tiie inductance and capacity 
required in the resonant circuit (/q = l/27r-^(LO)) are so small that a short 
parallel or coaxial wire system is sufficient. At very high frequencies the 
resonant circuit may even be provided by a special form of anode assembly 
itself. Magnetrons of this type have been reported to generate wave- 
lengths of less than 1 cm. 

The transit-time magnetron differs in details of construction as well as 
in principle from the dynatron type first described. Those electrons which 
on balance deliver energy to the circuit move a shorter distance on each 
successive excursion, so that the transit time goes down and the electronic 
oscillations advance in phase with respect to the basic oscillation of the 
circuit; eventually they may begin to absorb energy. It is essential to 
remove them from the system before they come to rest, but, on the other 
hand, not before they have contributed usefully to the transfer of energy. 
End-plates are therefore supplied, at an intermediate voltage between 
cath^e and anode, in order to give the electrons an axial drift velocity. 
Alternatively, the magnetic field may be tilted at a slight angle to the 
filament, the adjustment being very critical. Okabe found that oscillations 
could also be maintained if the anode were continuous but the end-plates 
segmented and connected to the resonant circuit. Good results have also 
been claimed for a multi-segmented anode and continuous end plates. 
When one of these methods is Mlopted to remove the retarded electrons, 
the transit-time magnetron is found to be much more efficient, as well as of 
higher frequency, than the d 3 niatron type, and high outputs are possible 
at very short wave-lengths. 

66 . The Cyclotron 

In it® ^essen^iial construction the cyclotron is no mOTe than a two- 
segment magnetron of large radius and short axial length, with semi- 
circular end-plates connected to each half of the anode. An external 
high-frequeiicy voltage is now connected to the two sections (the ‘D’s’) in 
order to accelerate the electrons (or ions) when they cross the gap between 
them. In contrast to the magnetron, however, the applied electric field 
is so low that the particles make a large number of revolutions in the strong 
magnetic field, following a spiral path from the 'axii^ the anode and 
gaining energy twice in each revolution. The apparatus is usually em- 
{>]oyed to obtain high-energy ion beams (protord; deuterons, a-particles) 
than electron beams. 

The maiu features of the apparatus are shown in Fig. 139. The two 
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anode segments DD, in Lawrence and Livingston’s original model almost 
a metre in diameter and some 15 cm. only in axial extension, contain gas 
(hydrogen or helium) at a low pressure mm. Hg). A potential 

difference of 10-100 kV. is applied to the electrodes at a frequency of the 
order of 10 Mc.p.s. The filament F acts as a source of electrons at the 



Fig. 139. Cyclotron, in horizontal and vertical section (schematic). 


centre of the gap dividing the segments. The emitted electrons produce 
positive ions in the gas, which are then accelerated by the alternating field 
towards the segment momentarily at negative potential. Under the 
influence of the transverse magnetic field, produced by the poles N8, an 
ion will travel an almost circular path, since the electrostatic field is 
relatively weak and the shallowness of the segments causes it to be 
concentrated in the gap (cf. Fig. 140 a), the major part of the path thus 
being in a space where the electric field strength is negligible. 

As shown in section 30, the time of revolution in a transverse magnetic 
field is constant, for a particle of given charge and mass, and independent 
of the radius of the path, being given by 

t = 2itMIHE, (IX.4) 

where M is the mass and E the charge of an ion. The frequency of the 
applied field is adjusted with high accuracy so that its period is equal to t. 
Hence an ion which crosses the gap at the peak of a negative half-cycle 
will travel a semioii^dulac, path and arrive again at the gap at the instant 
the negative peak vilue is reached on the opposite anode segment, and will 
thus undergo a further acceleration. The process will be repeated at every 
half-revolution, so that ions rapidly gain energy and consequently travel 
in a path of ever-increasing radius but of constant orbital time. When they 
approach the outer wall of the anode, they come under the influence of a 
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strong extracting field applied to the deflector plate P and pass from the 
apparatus tibrough the slit iS as an ion beam' of velocity equivalent to 
several million electron volts. 

Hiose ions which pass the gap at some other part of a cycle than its 
peak value will acquire less energy each time and will therefore require 
to^make many more revolutions before they can leave the apparatus. 
Since the radius of the path is determined o^y by the ion velocity, in a 
constant magnetic field, all ions which eventually attain the radius 
necessary for extraction will have the same velocity, and the emergent 
beam is homogeneous. It follows from IX. 1 that its energy is given by 

EV = \Mv^ = (EHRfl2M, 
and the equivalent voltage 

F = (Ej2M)(HR)\ (IX.5) 

Thus the final voltage is determined by the strength of the magnetic field 
and by the maximum radius R of the anode segments. It is limited by 
the practical consideration of the large magnet poles and correspondingly 
massive iron yoke required. The value of R is limited also by the fact 
that the capacity of the anode (dependent on its size) forms the largest 
part of the im^dance in the resonant circuit of the high-frequency oscil- 
lator, and thus determines the shortest wave-length which may be 
generated. The minimum period of revolution of the ions is thus fixed, 
and equation IX. 4 at once gives the value of H required ; when R is of the 
order of decimetres, H must be of the order of 10^ gauss, giving an emer- 
gent beam of some millions of electron volts in energy. The necessary 
wave-length is 10-20 metres, or a frequency of 30-15 Mc.p.s. In later 
models generating very high energies a quarter-wave transmission line is 
used to feed the energy to the resonant circuit which is formed by the 
segments themselves. 

The number of revolutions made by an ion travelling across the gap 
at the peak of the applied voltage, IJ,, is equal to the final voltage V 
divided by 2TJ,, since it receives two impulses per revolution. In a proton 
.beam of 2 MeV. energy such an ion will have made 100 revolutions under 
an applied potential of 10 kV., and those emitted at other parts of the 
cycle correspondingly more. For ions making more than about 150 
i^vplutions the chance of collision with a gas molecule is so high that 
are mostly l^st from the beam. Therefore only ions emitted near the 
peak of the voltage wave can appear in the final beam, which thus has a 
pulse character. The pulse frequency is so high, however, that the beam 
is effectively continuous. The intensity of the emitted beam is deter- 
mined otherwise by the emission from the filament and by the gas 
pressure, and is of the order of 50 microamperes. With the use of an arc 
source of ions Livingston has obtained beam currents as high as 300 
^croamperes. 

The intensity of the initial beam at the centre of the apparatus is con- 
served by two focusing properties of the fields: an electrostatic effect at 
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small values of the radius^ and a ma^etic ^eot at large radius. In the 
gap between the ^anode segments the electric field has the configuration 
shown in Fig. 140 a, the lines of force (broken lilies) running from edge to 
edge and the equipotentials intersecting them orthogonally. The gap 
constitutes a true cylindrical lens for the ions, entirely similar to the two- 
tube lens for electrons (section 24) ; the positive ions, travelling in reverse 



Fio. 140. Cyclotron: focusing effect of (a) electrostatic field in gap between ‘D’s* ; 

(b) radial component of magnetic field. 

direction to electrons, will experience a strong focusing action when 
passing across the gap into the negative segment. Twice in eV^ery revolu- 
tion, therefore, errant ions will be deviated towards the ‘axis*, which is 
here the median plane of the anode, and will thus be concentrated into a 
flat beam. The focal length of the lens, however, is proportional to the 
voltage of the beam (cf. III. 23), and so the focusing effect is appreciable 
only during the early part of the path and decreases with radius. The 
influence of the fringing field of the magnet then comes into play. The 
curvature of the magnetic lines (Fig. 1406) introduces a. horizontal 
component into the field, which is directed inwardly above, and outwardly 
below, the median plane. Consequently ions in a plane above or below the 
latter will experience a force directing them towards the median plane 
(Left-hand Rule). As the magnetic field is only truly normal to the poles 
near the centre of their faces, this effect is operative over most of the path, 
and the )[)ea'm is found to be well concentrated on emergence, having a 
cross-sectional area of about 1 cm.^ 

The above discussion has assumed the mass of the accelerated particles 
to be constant, but at the high velocities finally reached the relativistio 
correction becomes appreciable : a 100 MeV. deuteron would have a mass 
10 per cent, greater than its rest mass. Hence, from IX.4, the strength of 
the magnetic field should increase correspondingly with the radius, 
the time of revolution is fixed by the oscillating source. When tMs is 
achieved by proper shaping of the poles, it is found that the focusing effect 
of the fringing field is lost, and a defocusing action occurs instead. In 
present cyclotrons this sets a limit of about 16 MeV. to the attainable 
energy of a deuteron beam, which can only be overcome by using very high 
voltages between the segments, in order to increase the electrostatic 
focusing action. Such a voltage is in any case desirable in order to reduce 
the number of revolutions made by an ion, and thus to increase the beam 
intensity. The new Berkeley cyclotron employs a peak voltage in the 

4014 a g 
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neighbourhood of 10^ V., and is expected to yield beams of 100 MeV. 
energy* 


67 . The Betatron^ or Induction Accelerator 
The relativistic increase in ma^s which, as just noted, affects the pro- 
duction of high-energy ion beams in the cyclotron, is much more important 
for electrons with their bigger ratio of charge to mass. It is, indeed, so 
large that the velocity of electrons becomes almost constant when the 
accelerating potential exceeds a few million volts: at 3. 10^ V. it is 0*99, 
and at 10’ V. it is 0*999 that of light. Therefore it is in principle impossible 
to establish resonance between the circulating electron and the applied 
electric field, even if the very high radio frequencies could be generated 
which are demanded by the relatively large charge-mass ratio (cf. IX.4). 
The cyclotron thus cannot be employed to generate high-voltage electron 
beams: and only very energetic beams (60-100 MeV.) are of value for 
work on atomic disintegration. No alternative method existed until the 
development of the betatron. 

It is a fundamental law of electromagnetic induction that a change of 
flux linking a circuit gives rise to an electromotive force in that circuit of 
magnitude dependent on the rate of change of fiux. The induction is none 
the less effective when the circuit is an electron moving in a circular orbit 
of radius r. If 0 be the magnetic flux enclosed by its path, then the induced 
electric field E (in electromagnetic units) will be 

E = ^/277r; 

and the rate of change of momentum, by Newton^s Second Law, is 

p = eE = e^/27rr, (IX.6) 

writing p for the momentum of the electron. We assume for the moment 
that the electron can be constrained in this orbit of constant radius during 
the change of flux. Then, if the flux changes from to in a time 
interval the resulting change in momentum will be 

Pi-Po = 


The final momentum of an electron starting from rest will then be 


Pn 


27Tr 


(IX.7) 


if is the maximum value of the flux, the initial value being zero. But, 
by equation IX. 1, the momentum is also given by 


p = mv = erH^f 


where is the field strength at the orbit. j|^oe ^ or the average 


field strengtii across the orbit must be equal to twice the value at the 
orbit. If this condition is satisfied at every iacitant of the variation bf 
4Ux, the electron will be maintained in a path of constant radius r. The 
^'hm^ieot shaoe of the noles to give a field of the required distribution is a 
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technical problem easily solv^: they must have the shallow conical form 
shown below in Fig. 142 (P, P). 

If high final energy is to be imparted to the electron, the mean field 
within-the orbit must rise to a high value in a very short time. If it rises 
linearly from zero to 10,000 gauss in l/^,000 sec., and the path radius is 
10 cm., then from IX.6 the electric field strength will be 

E = Hrl2 = 0-6 volt/cm. 

From IX.7 we have for the resulting velocity 
eHt 

V = = (c/2m)10® cm. sec.-^, 

zm 

if the electron starts from rest. Insertion of the value for c/mo (1*76. 10’ 
e.m.u./gm.) gives a velocity of nearly 10^® cm. per sec., considerably beyond 
the velocity of light. If correction is made for the increase in mass of the 
electron with velocity, it still appears that the electron is accelerated to 
approximately the velocity of flight in a very short time compared with 
1/1,000 sec. Hence it will travel in this time a distance of the order of 
3 X 10’ cm. in an electric field of 0*6 V. per cm. Its final energy must there- 
fore be about 16 MeV., being primarily determined by the strength of the 
induced electric field in which it moves. Provided that the initial accele- 
ration is sufficiently great, the period of the flux change is not important, 
since it affects in opposite senses the electric field strength and the distance 
travelled in it. The beam energy W therefore depends on the total flux 
change (IX.6) and thus on the final value of the field and the radius of the 
orbit. It may be shown that 

W = 3X lO-^^r-0-61 (MeV.), 

where is the maximum field strength at the orbit. In the example 
given Jiere, is 6,000 gauss, being half the average over the whole orbit, 
and r = 10 cm. so that W = 14-6 MeV., in agreement with the approximate 
value deduced above. The original betatron used an orbital field of 3,000 
gauss and a radius of 6 cm., generating a beam of 2*3 MeV. electrons. 

The construction of such an electron accelwator was attempted by 
Walton in Cambridge and by Wideroe in Germany, but the difficulties 
were only finally solved by Kerst (of Illinois) after a careful analysis of the 
conditions necessary for stability of the electron in its orbit. The radius 
of the orbit will remain constant during the change of flux, so long as the 
field at the orbit is always half the average value over the area enclosed 
by the orbit, as shown above ; but the form of the field should be such that 
eleotrons scattered into larger or smaller orbits are returned to the equili- 
brium orbit. It is also essenti^ to the production of a useful beam that the 
electrons should be constraineK to rotate in a given plane: any deviation 
of the path from this plane orbit should bring into play restoring forces 
of adequate magnitude. Kerst determined the nature of these 'focusing* 
condi^ons, which must be rigidly satisfied, since an electron will make 
some 10^-10* revolutions in the field during the rise in flux. As regards 
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deviate &om the median plane, the stabil^ing condition is the same as 
in the cyclotron: the magnetic field must have a horizontal component of 
opposite sign on either side of this plane. Such^l)ulging of the lines of 
force occurs naturally with the type of conical pole-piece needed to reduce 
the field to the correct value at the orbit. 
Deviated electrons will then execute a damped 
oscillation about the orbit, returning to the 
median plane after a few revolutions. 

Radial deviation from the orbit will give 
rise to a similar oscillation in the median plane 
itself, provided that the radial decrease in 
field strength is less than a given value. The 
centripetal force acting on an electron 
moving at velocity v in an orbit of radius r is 
mv^jr, decreasing in magnitude inversely as 
the radius. It is supplied by the action of the 
magnetic field, exerting a force = eHv. In 
the equilibrium orbit these two forces are 
necessarily equal: F^ = F^ (cf. Fig. 141). If the field decreases less 
rapidly than 1/r, then at larger orbits more than the required centripetal 
force will be applied to the electron, which will be directed back to the 
equilibrium orbit; if it now passes momentarily to an orbit for which r < 
then the field exerts less than the necessary force and the electron moves 
outwards again. It oscillates about the equilibrium orbit, the amplitude 
decreasing because of the rising value of ^ ; it is, in fact, inversely propor- 
tional to the root of H. The radial oscillations are thus also rapidly 
damped, and the orbit of radius is maintained so long as the field is 
increasing. In practice the pole-pieces are so shaped that the magnetic 
field decreases proportionally to f“*. 

As constructed by Kerst the betatron has the form indicated in 
Fig. 142. The conical pole-pieces P, P are surrounded by an evacuated 
glass tube of annular form, the cross-section being that of a truncated 
cone ; with reference to American conditions, it is described as of * dough- 
nut shape*. The electron injector consists of a filament P, concentrating 
grid Qy and anode A, to which an injection voltage of about 100 V. is 
applied. The magnet is comparatively small and is energized by a 600 
o.p.s* generator, the coils forming the inductance of a resonant circuit ; a 
large bank of condensers is required across the coils in view of the low 
frequency of operation. The first quarter-cycle of the sinusoidal wave is 
used for accelerating the electrons, the injector supplying a beam at the 
instant 0 = 0 and the final beam being extracted at 0 = ; that is, the 

flux change occupies 1/2,400 sec. The maximum value of the field at 
the orbit is 3,000 gau£(s, giving a voltage gain per revolution of about 12 V. 
a radius o^ 5 cm. . 

.^The beam may be extracted in a number of ways, that depicted in 
9%. 142 a utilizing iron dust in the pole caps P, which therefore become 



^ 10 . 141. Betatron: radial 
variation of magnetic {F^) 
and centripetal force on 
circulating electron. 
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saturated Inore readily than the main body of the poles, so that towards 
the end of each quarto-cycle the held at the orbit increases faster than is 
necessary and the bealn^spirals in and strikes the target at T. Altema- 
tively, solid pole caps may be used and extra windings employed to 
weaken the field at the orbit, and thus allow the beam to increase in radius 
and strike the rear of the injector (Fig. 1426). In either case X-rays of 




Fig. 142. Betatron; (a) vertical* (h) horizontal, section. 

extremely short wave-length are generated ; in this original apparatus the 
radiation corresponded to an electronic energy of 2*3 kV., the beam current 
being about 0-5 microamp. A later model operates at 180 c.p.s., having a 
magnet of pole diameter 48 cm. and yoke 90 cm. x 160 cm., weighing 
3*6 tons (as compared with the 60 tons of the comparable cyclotron). 
The equilibrium orbit is of 7*5 cm. radius and the final l^am has an energy 
of 20 MeV. and a current of 1 microamp. At this potential the efficiency of 
X-ray production is very high, about two-thirds of the energy appearing 
as radiation. The heating effect is therefore not great, and, the focus being 
excellent, the beam spot is very small and the dissipation of heat in the 
target rapid > so that the latter is not melted. In this model it is possible to 
make use of the scattered electrons from the target, as well as the X-rays, 
for radioactive and therapeutic investigations. 

Whilst the magnetic field is changing, the beam is continuously 
accelerated and thus no phase relation between electron and field is 
involved. The relativistic change in mass consequently does not limit the 
use of the betatron as it does the cyclotron. The magnetic fields required 
are neither extensive nor very great in magmtude, and there is no major 
obstacle to the construction of models to operate at yet higher voltages. 
The problem becomes mainly the engineering one of supplying adequate 
electric power at the required frequency. A 100 MeV. apparatus is under 
construction in America, and Cockcroft has discussed a project for the 
production of a 240 MeV. be^-m, at which energy it should be possible 
to reproduce some of the cosmic-ray phenomena, 

68 . Radio Valves 

In most of the electron optical problems discussed in earlier chapters 
the field distribution has displayed rotational symmetry, being the same 
in all planes containing the axis. The applications so far described in this 
chapter, on the other hand, mostly employ magnetic fields of cylindrical 
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aymmetty : thft difitributioii is the same in all parallel planes transverse to 
tih© Azis, the field at a given radial distance from it being independent of 
the ATifi.1 coordinate z. The normal tj^s of thermionic valve similarly 
utilize electrostatic fields of cylindrical symmetry, although the symmetry 
is rarely complete. A certain degree of focusing is displayed, being small 
in an ordinary triode and pronounced in a beam tetrode, the field in each 


Fio. 143. Cylindrioal lens formed between longitudinal slits in two 
oonoentrio cylinders (F* > Fj). 



case acting as a cylindrical lens in the glass optical sense (as distinguished 
from the two- or three-cylinder electrostatic lenses, which display rota- 
tional symmetry). 

The simplest form of cylindrical lens is formed by two parallel longi- 
tudinal slits in two concentric cylinders A^, A 2 maintained at different 
positive potentials with respect to an axial filament F at potential 
Vq (Fig. 143). Provided that the cylinder radii are large compared Trith 
the width of the slits, the field has a similar form to that between two plane 
electrodes with circular apertures (cf. Fig. 37), the cylinders being effec- 
tively parallel planes. The system behaves in every way like an aperture 
lens, and Davisson and Calbick have shown that the focal length is given 

f=2VJ{E,-E,), (IX.8) 


where Ei and Ef are the field strengths on either side of the slit in the 
smaller cylinder. The circular aperture lens has a focal length given by an 
identical expression (111.17), save that the factor 4 appears in place of 2. 
Hence the cylindrioal lens is twice as powerful as its circular counterpart, 
as might be expected from the deeper penetration of the stronger field 
into the weaker, through the longitudinal slit. Davisson and Calbick 
determined the focal length by finding the potentials necessary to give a 
parallel emergent beam, in which case it must be equal to the radius of the 
innor cylinder. 

At the other extreme lies the case of a slit ^hiclNs so wide that the inner 
criSnder shrinks to two narrow plates or rods (Fig. 144 a). The curvature 
cr ^ field lines is then little altered from the simple cylindrical form, so 
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to the filament F , and therefore the divergent beam emitted from the 
latter experiencses a very small focusing effect. A negative potential on the 
grid, however, radically alters the field distribution, negative equipoten- 
tials surrounding its two rods and giving rise to a more pronounced 



A 



Fig. 145. Focusing action of grid in triode valve with plane electrodes, 
for various ratios of (after Knoll). 

focusing effect the more negative they are made (Fig. 144 6). The similar 
effect in a plane parallel arrangement of cathode, grid, and anode is shown 
in Fig. 146 for various grid potentials. When the grid is at such a positive 
voltage that the field strength has almost the same value on either side, 
the beam suffers negligible concentration ; but decreasing the voltage, and 
finally making it negative, gives rise to an increasing focusing effect. 
When the cross-over occurs close to the grid, the beam leaves it with greater 
divm^nce than from a positive grid. At a high negative potential, how- 
ever, a second cross-over may occur and the beam meets the anode in a 
comparatively small spot. 

The construction of a triode valve is, of coui^se, more complicated than 
eittier the plane parallel system or that of Fig. 144. The grid is not 
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composed of two parallel rods but of a flattened helix of small pitch. It 
may be approximately treated as a rod system on which is superimposed 
a set of parallel conducting loops at regular axial spacing, so that true 
cylindrical symmetry is lost. In some degree the latter act as weak aper- 
ture lenses and concentrate the emission into the transverse planes inter- 
mediate between the grid loops. The normal valve shows very little of 



Fig. 146. Beam power valve: (o) horizontal section; (6) electrode form. 


this effect, no concentration being desired and therefore the necessary 
alinement, spacing, and potential ratio of the grids not being provided. 
Some types of tuning indicator (or ‘magic-eye’), however, utilize this 
variation of beam size with grid voltage, the latter being controlled by the 
magnitude of the signal and thus by the accuracy of tuning. 

The beam type of power valve, on the other hand, is directly based upon 
the principles of cylindrical focusing. It is designed to fulfil the same 
function as a pentode, and therefore must effectively suppress the 
secondary electrons emitted from the anode under the influence of the 
screen grid. The construction is shown in Fig. 146, where C is the rod 
cathode, G the control grid, 8 the screen grid, and A the anode. Two 
segmental electrodes, B, B, the beam -forming plates, are interposed between 
the screen and the anode. The system is usually described as a ‘beam 
tetrQ4e\ but it is in actuality a pentode in which one electrode is much 
less extensive than the others. The beam-forming plates are at cathode 
potential and act in essentially the same way as the rod grid of Fig. 144, 
forming the cathode emission into fan-shaped beams which impinge on the 
anode over a sharply defined area only. At the same time, the accurately 
alined grids concentrate the emission between consecutive loops, so that 
the beam consists of nearly parallel sheets and not of a continuous distribu- 
tion. These wedges of electrons are retarded in, the space between the 
b^m-forming plates, since they are at cathode potential, and set up a 
i^oe charge before the anode which effectively prevents secondary elec- 
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irons from reaebing the soieen this action is assisted by the large screen- 
anode distance. The accurate alinement of the two, grids also ensures 
that very few electrons strike the screen, the directed beams having very 
small axial thickness when passing between the loops. The screen current 
is therefore reduced to less than 2 per cent, of theanode current. The anodh 
characteristic of the beam valve is found to have a sharper top bend than 
a pentode^ whilst the straight part extends over a wider range of anode 
voltage ; as a result its power output and efficiency are greater for a given 
amount of harmonic generation. The mutual conductance also proves to 
be several times greater than that of a pentode, and has led to its use in 
wide-band amplifiers for television reception. 


69 . Maas Spectrographs 

Electrically charged particles may be separated according to their 
charge-mass ratio by deviation in electromagnetic fields, on similar lines 
to the separation of electrons according to velocity of ejection in beta-ray 
spectrometry (section 64). The particles to be separated and identified 
are usually isotopes of a given element: they have differing nuclear masses 
(atomic weights) but identical electron configurations (atomic number), 
and hence cannot be chemically separated. Any beta-ray spectrometer 
may, in principle, be used as a mass spectrograph for isotope separation, 
a source of positive ions (‘positive rays’) taking the place of the j8-radio- 
active body ; it is an advantage to accelerate aU ions to a common velocity 
before they enter the dispersing fields. Analysis of particles of given 
velocity but differing values of E/M then takes the place of velocity 
analysis of beta-rays of uniform charge and mass. 

From the ray -path equations (11.16 and IV.8) it is clear that particles 
accelerated by a common voltage have identical trajectories in pure 
electrostatic fields whatever their E/M ratio, but have different paths in 
pure magnetic fields. Hence a combination of electric and magnetic fields 
is required in any practical mass spectrograph, an electrostatic field being 
indispensable fpr producing and collimating the ion beam. A considerable 
variety of systems has bwn employed for the purpose, and only those 
of major historical and ju^actical interest will be described here. 

(a) J. J. Thomson's Method, The original method used by Thomson for 
positive ray analysis consisted essentially of the system of concurrent 
electric and magnetic fields discussed in sections 5 and 30. When both 
fields act in the same direction, the trajectory of a charged particle is a 
helix of increasing pitch about the field axis: the radius depends on the 
strength of the magnetic field H, and the pitch on that of the electro- 
static field E (ef. Fig. 4). In J. J. Thomson’s method the positive ions 
weie.produoed in a cold cathode discharge and passed, with a wide distribu- 
tion of velocities, through a hole in the cathode to enter an electromagnetic 
field normal to its axis. The fields being small in extent and in magnitude, 
only a slight deviation of the particles results before they meet a screen 
or photo^phic plate (Fig. 147); i.e., only.a small portion of one turn of 

4M4 Hh 
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the helical path is traversed. Curved traces are made on the screen by 
particles of common E/M and different velocity. 

From the discussion of the deflexion of electron beams by charged 
plates or magnetic coils (section 56) it follows that the electrostatic de- 
flexion suffered is inversely proportional to the square of the, velocity 



Fio. 147. Concurrent electric and magnetic fields as mass spectrograph (schematic). 

(8^ oc F-1 oc IT*), whereas the magnetic deflexion is inversely proportional 
to the velocity (cf. equations VII.5 and VII.8). Hence, particles of given 
E/M suffer a net deflexion which gives a parabolic trace on a plane normal 
to their initial direction ; the vertex of the parabola is at the origin, corre- 
sponding to infinite velocity, the slower particles falling farther away along 
the trace. From a mixed source of ions a set of parabolas will be formed, 
corresponding to the different ratios of E/M present in the beam. As the 
ratio of the electric to the magnetic deflexion is paroportional to the velo- 
city, particles of the same velocity but differing E/M will fall on straight 
lines radiating from the origin. By comparison with the traces given by 
pure ion sources in the same fields, the ratio of charge to mass for the 
different components in a mixed beam may be found and isotopes of 
different mass identified. Thomson’s original method had a resolution 
corresponding to a mass difference of about 6 per cent. 

(6) AsUm'a Mass Spectrograph, The resolution was greatly increased by 
Aston’s method, in which electric and magnetic fields crossed at right 
angles (cf. section 6) are applied in succession to deflect the ion beam, 
instead of the parallel coincident fields of Thomson’s method. It follows 
from equations VII.6 and VII.8 that the dispersion produced by an 
electric field is twice that of a magnetic field: dS/B = 2d^/^. Hence, if 
the deviation ^ produced by the latter is equal to twice that of the former 6, 
and in the opposite sense, the emergent beam will show parallel paths for 
particles of identical E/M but differing velocities (direction HO^ Fig. 148). 
S’, however, ^ > 2$, the beam will converge towards a point, and if the 
mi^gnetic field is relatively so strong that ^ = 4^, the ion beam will leave 
it,!mth a degree of convergence equal to the divergence introduced by the 
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electric field earlier in the path. AH particles of the same E/M will thus 
be brought to a focus at a point F given by EH = HF, EF being parallel 
to HG^ The net deviation suffered by the beam is 6, which depends on 
the ratio E/M, So long as 6 remains small, particles having a range of 
values of E/M about that corresponding to the focus at F will give a series 



Fig. 148. Crossed electric and magnetic fields as mass spectrograph (schematic.) 

of sufiaciently sharp images on a plate placed along the direction EF , 
Isotopes having masses in the neighbourhood of that of a reference element 
may then be identified. 

Since Aston’s method brings to the same focus all ions of common E/M 
whatever their velocity, it has both higher resolving power as to mass and 
greater sensitivity as to abundance than Thomson s method. He was able 
to distinguish ions differing in mass by only one part in 600, and to com- 
pare the ratio of two masses to one part in 10,000. 

(c) Semicircvkir Method. The semicircular method of analysing beta- 
rays in a uniform transverse magnetic field, described in section 64, may 
be applied also to mass spectrography. From equation IX.l it follows 
that ions of differing mass will be brought to different focuses in a given 
field (cf. Fig. 131). In order to obtain sharp images it is necessary to 
employ ion sources giving an effectively monochromatic beam. This was 
first done by Dempster, using the electrons from a thermiomc filament to 
ionize the gas or vapour containing the elements under investigation; 
Thomson and Aston had used cold cathode discharges, which give ion 
beams with a wide range of velocities. Dempster s apparatus is essentially 
the same as that of Fig. 131, with the ion source and accelerating electrodes 
replacing the beta-ray source. The recording system may be an ionization 
chamber or Geiger counter instead of a photographic plate. The former 
are particularly suited to measurements of relative abundance; ions of 
different E/M. may be focused into their aperture by a change in the; 
strengrii either of the magnetic focusing field or of the electric field used 
to accelerate the ions. The sensitivity of the method has been increased 
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by both Dempster and Bainbridge by the introduction pf a collimator, or 
velocity selector, in the form of a radial electrostatic field between curved 
condenser plates. It is then possible to distinguish between ions which 
differ in mass by only one part in 4,000. 

(d) Other Methods, A number of other systems have been pmployed with 
varying success for mass spectrography or for isotope separation on a 
larger scale. The principles of both the magnetron (cf. equation IX.3) and 
the klystron (see next chapter) have been applied to the separation of the 
uranium isotopes required for the production of atomic energy, but with 
less success than the semicircular method (‘ calutron ’). The use of the short 
or long magnetic lens (sections 30 and 31) is theoretically possible, as in 
beta-ray spectrometry, but it is difficult at present to obtain both high 
resolution and quantity sensitivity owing to the effect of aberrations. 
t)ther systems, in the form of specially shaped fields, have been proposed 
£rom time to time for bringing a parallel ion beam to a point focus at 
positions varying with E/M, A valuable summary of the various methods 
is given in the paper of Jordan and Young quoted below. 
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CHAPTER. X 

VELOCITY-MODULATED BfeAMS 
70. Principles 

T he electron differs fundamentally from a light wave in that, being a 
charged particle, it may be subjected to acceleration or retardation 
by the application of an electric field. When an electron beam enters a 
steady field, the same acceleration (apart from relativity effects) is 
experienced by each of the component electrons ; the beam is affected as 
a whole, and continues with a uniform (but new) charge distribution along 
its length after leaving the field. When, however, a rapidly fluctuating 
field is applied to a beam which is initially homogeneous as to velocity, 
the result is very different. If the field fluctuates in a sinusoidal manner 
over a shai^ly defined region only, on either side of which the beam moves 
in field-free space, then electrons entering during a negative half-cycle 
will suffer retardation, whilst succeeding electrons experience an accelera- 
liion during the positive half-cycle. The * packet * of electrons which passes 
through the field during a complete cycle will then contract along the 
axis of the beam as it continues in field-free space, the foremost members, 
of reduced velocity, being overtaken by those which experienced a positive 
acceleration. After a certain distance a sharp pulse of current will have 
been established, so that the originally continuous beam becomes a 
succession of groups or ‘ bunches * of electrons, which change position in a 
regular manner with distance ^s the beam proceeds, somewhat after the 
nature of rarefactions and compressions in a sound wave. The applied 
field, or ‘buncher*, in effect imposes longitudinal oscillations of density on 
the electron beam, which consequently differs in character from the flow 
of electrons in a normal thermionic valve, where variations in grid voltage 
produce current pulses of coherent form. 

Oscillations thus set up do not suffer from the limitations of power loss 
and frequency that beset those generated in material resonant circuits 
containing inductance and capacity. They can be used to convey oscilla- 
tory energy to a quarter-wave transmission line or a cavity resonator, 
and vdth very high efficiency, since the input power absorbed at the 
buncher is almost negligible. The system can also be used as an amplifier, 
when the energy exchange, or ‘reaction’, falls short of the value needed 
to maintain oscillations in the external circuit, f^quencies higher than 
10* Mc.p.s., or wave-lengths of a few centimetres, may be readily generated 
by this means with an efficiency greater than is attainable with the 
magnetron. As the determining factor is the relative axial position or 
phase-relation of the electrons, the method is often referred to as ‘phase- 
foousing’, or alternatively as ‘space-time foculhig’, and the practical 
^^oes as ‘velocity-modulation’ tubes. The term ‘focusing’ is here used 
tiie optical sense of concentrating at a point an appreciable proportion 
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of the emission but tiiis is effected intermittently only and no focusing 
occurs in the wider sense of gatiering the radiation incident on an aperture 
and producing an image, whether of a point or extended object. The 
term ‘concentration’ or ‘density-modulation*, rather than focusing, 
would fit the case better. No similar phenomenon is found in light optics, 
as it could only be produced by periodical variation of the refractive index 
of the transmitting medium. The term ‘phase-focusing’ is used in quite 
another sense in light microscopy, providing an additional reason for 
avoiding its use to describe a method of modulating an electron beam. 

Pulse Formation. In order to appreciate in detail the bunching process, 
suppose a beam of electrons to be generated in a three-element gun 
(Fig. 149), under an accelerating potential Vq. It passes through two closely 
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Fig. 149. Electrode system for velocity modulation of electron beam (schematic). 


spaced modulating grids M (the ‘ buncher ’) to which an alternating voltage 
is applied at such a high frequency that the time of transit of the 
electron between the grids is comparable with its period. The field 
strength must vary appreciably during the passage of a single electron, 
but not so rapidly as to reverse before it passes the further grid; in 
practice the transit time is adjusted to be less than half the period T of 
the oscillator. Successive electrons approaching the first grid may be 
assumed to have the same velocity Vq to be equally spaced along the 
beam, as is indicated in Fig, 150 by a regular row of points passing the 
buncher. Their subsequent motion is shown by a set of distance-time 
curves, the slope of each being given by the emergent velocity of the 
corresponding electron as determined by the instantaneous strength of 
the electric field, varying sinusoidally as depicted ; such a representation 
of the relative separation of electrons along the length of the beam is 
known as an Applegate diagram. 

Ah electron A entering the field at its zero value (^ == 0) is uninfiuenced 
and continues with the same velocity Vq. Those immediately succeeding it, 
up to Bj suffer increasing retardation and leave with less velocity, B having 
a minimum value where is given by the energy relation 

e^V^ = c(Fo+AP;)-cFo = = im^vJv,+v,) 


Up to time JT, therefore, the space-time lines have decreasing slope, 
indicating that these electrons increasingly lag behind each other and that 
the beam thins out with time. Between B and C the retardation decreases 
and the corresponding lines increase in slope up to’ the point C, which 
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Biiffers no change and continues with vel^ty i^. I^beequent electrons 
are adoeleraj)ed and the space-time lines 4)ontinue to steepen, up to a 
maximum at Z?, with = VQ+At^^i; After D tte slope decreases again 
through JS7 to a seocnd miniTmim at J, the peak of the next negative half- 
cycle. As a consequence, the eleotroijs on either side of C approach it as 


D 



time goes on, those in front of it being slower, and those behind faster, 
than Vq; so that after a certain time the electron density about C 
reaches^ maximum, as the Applegate diagram shows by the corresponding 
liensity of lines. Beyond this the faster electrons overtake G and the 
slower lag behind it, and after a further interval of T/2 the electron 
density about C will become a minimum. Similarly those electrons 
{A and E) which pass the buncher at the middle point of a falling wave of 
Voltage experience at first a diminution of density as electrons on either 
^ide are accelerated and retarded respectively. They thus have minimum 
^electron density when C has a maximum, and later show a maximum when 
electrons that started a half-cycle before or after them arnve in their 
neighbourhood, at the moment when there is minimum denMtyin the 
nei^bourhood of C. Hence, as the be^ progresses, density maxima will 
occur in it twice in each period T of the applied field, in the neighbourhood 
pf consecutive jefeiCnoe electrons in turn (spaqgd, in time, by T/2) ; so 
a mydmum occurs about 'C’-eleotrons at times tg^, (nT+i*), 

4m about *A’-eleciTOns at times 0«+r/2),..., [(n+ ' 
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and mefedioM, occv^ m ttie pwsage of sound vibrations tLuTa 
stationary modim. Indeed, it is MpM to view the beam aa a ui4,rm 
steady totnbntion of elefltrons upon wbiob the alternating field impieBaea 
variationB in density, the maxima and tninimn. of which, occur always at 
the same points in space: The modulated beam thus corresponds to the 
stationary wave produced by interaction of a direct and reflected sound- 
wave. It must be observed, however, that the change in speed of indivi- 
dual electrons is proportional to the root of the change in voltage which 
produces it, since it is the energy and not the velocity which is directly 
influenced by the field. The above considerations are only valid, therefore, 
if the maximum voltage fluctuation AT^ is small compared with the 
accelerating voltage Vq applied to the beam ; the change in velocity is then 
small compared with the initial velocity and has approximately the 
sinusoidal variation of the modulating field. Alternating voltages of 
saw-tooth or other wave-form will also produce bunching of the beam, but 
the Applegate diagram will differ from that given above. 

Separaticm of Electrodes. The time and distance s^. from the buncher 
at which the first pulse is formed may be found by the following simplified 
treatment, with reference to Fig. 160. The electron C continues with 
unaltered velocity v through the field-free drift space beyond the buncher, 
which it leaves at time t = 0. The electron D passes the buncher a quarter- 
cycle T/4 later, and acquires the maximum additional velocity Av„,. 
On leaving the buncher it is a distance Vq Tji behind C and has a velocity 
Avjn relative to it : it wiU overtake it after a time Thus G and D 

are in closest proximity at time 

= i;„ TliAv^+iT = (vJ^v^+ l)ir. (X.l) 

Similarly C overhauls electron B which pa^ssed the buncher a quarter-cycle 
in advance of it, suffering the maximum retardation of Av„j. When C 
passes the buncher, 5 is a distance (vq — ahead of it and their 
relative velocity is in favour of G. Hence these two electrons are in 
closest proximity at time 

tbc = 

= iT(v,IAv„-l), (X.2) 

BO that G passes B a half-period earlier than it is in turn passed by D. A 
well-defined current pulse may therefore be said to exist during the timp 
interval to Since in any case the mutual repulsion of the electrons 
prevents very close approach, we may take the peak of current density to 
occur at the middle of this interval, at time 


<* = »o r/4Ar„ ?s (X.3) 

on substituting voltages for velocities. The distance firom buncher to catcher 

, T^. ,X4, 
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where A is ilfe generated wave-length and j3 the ratio of Vq to the velocity 
of light. 

As meiltoned a{)ove, other current pulses will be formed at later 
iutervals of T/2 in the motion of the beam, and the general expressions for 
the time and distance from the catcher of their occurrence will be 

Jn = (io>-i)Tvol^v^ = iT(2a-l)vJ^v^, (X.6) 

and «„=ir(2a-l)«*/A«;„ = ^(2o-l)^, (X.6) 

liriteio a is any integer. The approximation made in arriving at the condi- 
tibns for the initial pulse becomes less valid with increasing value of a 
and ^e pulses become less well defined, as is evident if the Applegate 
diagram be continued to greater distances. Hence it' is desirable to set the 
collecting electrode at the minimum distance from the buncher ; under 
the usual conditions of operation this will be less than a wave-length. The 
position is not at all critical, however, since the pulse will be adequately 
sharp over a time equal to half the period of the alternating field, as 
shown by equations X.l and X.2. By comparison with X.3, it will be 
seen that the latitude of adjustment allowed is equal to a fraction 2^vJvq 
of the total separation which under normal operating conditions will 
amount to several per cent. If this were not so, the conditions necessary 
for oscillation would be so stringent that the tube would be very difficult 
to operate. For a klystron of given dimensions 8^ is fixed and the resonant 
frequency and period T can be varied only within a narrow range. It 
follows from X.3 and X.4 that any change in the accelerating voltage must 
be accompanied by a corresponding change in the modulating amplitude, 
a condition which is farther discussed below. 

It will be evident that a period of drift after the beam passes the 
bunching grids is essential to the operation of the system, allowing the 
velocity modulation to be converted into density modulation of the beam. 
An ordinary triode valve produces such pulses of density in a direct manner, 
by the influence of the varying grid potential on the thermionic current 
passing from cathode to anode. At very high frequencies the transit time 
of these electrons has an adverse effect on the maintenance of oscillations. 
The klystton type of valve overcomes these difficulties by separating the 
density modulation stage from the control of emission, in such a way that 
the power taken by the modulating grids is a minimum whereas that 
delivered to the collecting anode is very large. 

71 . The Klystron 

If a collecting electrode be inserted in the path of a density md(|alated 
beam of the type just described, at the distance from the modidlllng 
bfootrodes given by equation X.4, then it will expQ^ence current impulses 
of yiaximum intensity at intervals of T, the period of the modulating 
voltage. The coUector may be in i^e form of a transmission line of such 
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lengtii, or cavity of such shape or size, that it resonates electromagnetically 
with impulses of this frequency, and oscillations will then rapidly develop 
in it. .If the energy thus acquired from the beam be greater' than that 
delivered to it by the modulator, the oscillations will be self-maintained 



Fig. 161. Klystron oscillator; essential structure. (Varian and Varian.) 

and the system will act as a generator of ultra-short waves. The speed of 
the electrons being of the order of lO'-lQi® cm. sec.-i, the transit time 
between the electrodes will be less than KH microsec., equivalent to a 
wave-length of less than 30 cm. A practicable oscillator of this form was 
devised by Varian and Varian and is known as the klystron j in later 
development it has proved capable of generating waves of a few cm. length 
only. On account of the inherent difficulties of operating a normal triode 
valve at frequencies of the order of 10* c.p.s., the klystron has found many 
uses, especially as it is more efficient than the magnetron in this range. 
T.iIta the magnetron it turns to positive advantage the transit-time pheno- 
mena that limit the performance of conventional thermionic valves. 

The essential structure of the klystron oscillator is shown in Fig. 161. In 
order to produce self-oscillations the collecting resonator must feed back 
energy to the modulator, and this is most efficiently effected if the latter 
is also in the form of a cavity resonator (or ‘rhumbatron’). The cathode 
F and control grid (? are therefore foUowed by a ‘bmuffier’ M in the 
form of a shallow double-walled cup, circular in cross-section, the base of 
which is covered by wire grids to admit the passage of the electron beam. 
The shape of the cavity is designed to give maximum efficiency of reso- 
nance (high O-fector) and minimum input-impedance. The modulator is 
directly connected to the second resonator and both are several thousand 
volts positive in potential with respect to the cathode, so that the nearer 
Bur&fi^^of M acts as accelerating anode to the beam. In order to’ obtain 
hi||t flower output, two collecting electrodes are employed, the oM to 
^towt the high-frequency component and the other to absorb the direct- 
ourrwit energy of the beam. The former is in the form of a second resonator 
G identical in form with the modulator, but reversed in its attitude to the 
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beam and known as the ^catcher’. The other collector is a simple disk 
electrode P in the direct path of the beam and at cathode j)otential, so 
that a retarding field is applied between catcher and collector. 

Oscillations will be set up in the catcher electrode if successive pulses 
in the density modulated beam pass through it at the resonant frequency 
of the cavity (or at one of its harmonics). The passage of the pulse across 
the annular gap in C induces a displacement current in the resonator, 
vV^hich quickly builds up in amplitude if the phase relations as well as the 
frequency are correct. Energy can only be delivered to C if electrons are 
retarded in passing through it, and the exchange will be a maximum if the 
centre of the current pulse passes the centre of the resonator gap at the 
^peak of a negative half-cycle of its electric field. Ideally the amplitude 
of the peak should be just sufficient to bring to rest the slowest electrons 
of the pulse at the further grid of the gap ; if the field were stronger than 
this, then these slow electrons would be accelerated in the reverse direction 
and would take energy from the field. The electrons that finally reach the 
collector plate P are therefore of low velocity and the heat dissipated is 
small. 

It follows that for optimum working a current pulse must travel between 
buncher and collector in such a time that it arrives at the latter at the 
peak of a negative half-cycle. The reference electron at the centre of the 
pulse is that marked C in Fig. 150, passing the buncher as its field changes 
from negative to positive (at t = 0). The time of passage must therefore 
be {n—l)Ty where T is the period of oscillation and n is any integer. If 
the separation of the catcher and buncher is d and the velocity of the 
unaccelerated electron C is Vq, then we have for the required time interval 

dlVo={n-i)T and d = {n-D^ = (X.7) 

. c 


Since d and T are fixed for a klystron of given dimensions, the catcher will 
collect energy only at certain values of the accelerating potential, accord- 
ing to the value of n. However, the resonator responds to a variety of 
harmonics, which are not usually simple multiples of the fundamental, 
and it can also be tuned within a certain range by varying the shape and 
size of the free cavity, so that condition X.7 is not in practice as rigid as 
at first appears. 

On the other hand, X.4 gives the minimum distance at which A 
(^fined pulse can be formed, in terms of the modulating conditions, and 
shows that in a, given tube the magnitude of the accelerating potential at 
once fixes the modulating amplitude required for oscillation. From 
X.4 and X.7 we thus have the equality 

= = (X.8) 


or. 
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In effect, therefore, the modulating voltage is * quantized’ with these 
discrete values, although again in practice enough energy is delivered to 
the catcher over a range of velocities for thief requirement not to be highly' 
critical. 

The energy acquired by resonator G is fed back to the modulator M by 
a quarter-wave concentric line, as shown in Fig. 151. So long as it is 
greater in quantity than the energy delivered to the beam by M, together 
with losses in the resonators and line, then a net increase in oscillatory 
energy occurs in each cycle and the oscillations will grow in amplitude, 
drawing energy from the high-voltage source employed to accelerate the 
beam. The high-frequency oscillations may be transferred to an external 
circuit by inserting a wire loop into the resonating cavity in a region where 
the magnetic flux density is high, so that high-frequency currents are 
induced in the loop. Detailed discussion of the theory of cavity resonators 
will be found in the works quoted at the end of the chapter. To start 
oscillations in the first place the resonators are tuned mechanically, if it is 
already known that the accelerating voltage is in the correct range for 
pulsations to pass from buncher to catcher in the time necessary for 
resonance. In .other circumstances tuning may be a long process, since the 
correct voltage range is very small and therefore difficult to locate. It is 
then simpler to connect in series with the accelerating voltage supply an 
alternating source of amplitude sufficient to ensure that the total voltage 
will run into at least one range in which oscillation is possible. Oscillations 
are readily maintained once the correct conditions exist. The beam takes 
negligible energy from the buncher, over a whole cycle of the field, since 
as much is returned to it on the negative half-cycle by the retarded electrons 
as is expended in the positive half-cycle in accelerating other electrons ; 
assuming, that is, that the entrant beam is of constant current density, 
so that equal numbers of electrons are retarded and accelerated. Thus 
a very small acquisition of energy by the catcher will allow oscillations to 
build up in the resonators. 

The klystron is consequently a very efficient high-frequency oscillator, 
in comparison with a triode or magnetron. The power consumed is very 
small, owing to the symmetrical action of the buncher, and at the same 
time the output power can be made very large owing to the use of two 
collecting electrodes. The catcher removes most of the energy from the ' 
beam, without sufiering heating from the impact of electrons such as 
occurs on the anode of a normal valve or magnetron. The direct current 
of the beam is absorbed by the second collector after retardation, and the 
heating effect here is correspondingly small. The theoretical efficiency of 
a klystron oscillator is given as 58 per cent. ; a power output of 10 watts is 
easily obtained at 10 cm. wave-length. It may be modulated by applying 
signals to the control grid Q before the buncher, but the variation of 
fi^uency with accelerating voltage makes such amplitude modulation 
difficult in practice. It is more usual to produce frequency modulation by 
applying a small modulating voltage in the cathode circuit. 
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The M 3 nsrfcron may be used as an amplifier if the bunoher is energized by 
an external source of high frequency. As stated above, the catcher readily 
gains more energy than is consumed by the 
buncher, and the tube may show a gain of 20 
to 1 when used as a voltage amplifier, at a 
wave-length of 10 cm. It may also be used 
as a detector if an extra grid, or some other 
means of interfering with the emergent beam, 
is provided between the catcher and the collect- 
ing plate. The current to the latter then varies 
according to the degree of high-frequency 
excitation of the resonators. 

In a later form of the klystron only a single 
cavity resonator is employed, the beam being 
reflected back into the modulating buncher, 
which then acts as catcher also ; it is known as the reflex klystron. The 
collecting plate P (Fig. 162) is now at higher negative potential than the 
cathode and repels the emergent beam, thus acting as an electron mirror. 
Careful adjustment of the voltages ensures that the returning electrons 
pass through the resonator R again in correct phase for energy to be 
delivered to it. The grid Q, slightly positive with respect to the cathode, 
assists in focusing the beam. Both grid and plate may be specially shaped 
in order to assist the focusing and mirror effects respectively. The tube 
is more compact than the original klystron and is reported to be more 
efficient. 

72 . Other Velocity Modulated Tubes 
(a) The Haeff ultra-high-frequency generator is a hybrid between an 
ordinary triode and the Varian t 3 rpe described above. The beam produced 



Fig. 162. Reflex klystron. 





Fig. 163. Haeff ultra-high-frequenoy tube. 

by ^ cathode C (Fig. 163) is here modulated by a grid G instead of by a 
b^hing resonator, and is accelerated by two anodes A and B so that it 
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pasm the oentte o£ the aunnlai apett\iie of a cavity Tcsonator E iiefoTc 
impini^ on the oohecting plate P, •wMoh is at still hij^et positive 
potential. The lesonator is in the form of a oonoentric quarter-wave line 
surrounding the outside of the evacuated 
tube. The beam is collimated by the action 
of a focusing electrode F and a longitudinal 
magnetic field due to the coil if. The tube 
is shown connected as an amplifier, the grid 
0 being energized by a separate high-fre- 
quency source. It directly produces pulses of 
current density in the beam in the same way 
as in any triode oscillator, the accelerating 
potential between cathode C and anode A 
being constant. The passage of these pulses 
across the gap of the resonator sets up sym- 
pathetic oscillations in it, if the voltages are 
properly adjusted. Haeff employed an acce- 
lerating voltage of 6,000 V., and reported an 
output of 110 watts at an amplifying effi- 
ciency of 36 per cent., for a wave-length of 
60-70 cm. If excitation of the grid is pro- 
duced by feeding back energy from the 
resonator, self-oscillations may be maintained 
as in a klystron. 

(6) The Hahn-Mekalf tube operates in a 
different manner, the beam being modulated 
and demodulated by grids in the form of short 
cylinders, between which a series of accelerat- 
ing diaphragms and focusing electrodes keep 
the beam in the axis of the tube. The cathode 
C is surrounded by a first grid (1) at a fixed 
potential of 60 V. and an accelerating electrode (2) at 300 V., which 
ensure that the fiuctuation of voltage on the modulating grid (3) does not 
affect the number of electrons emitted from the cathode (Fig. 164). The 
cylindrical electrodes 6, 7, 9, and 11, at 30 V. positive with respect to the 
cathode, form a series of electrostatic lenses, in conjunction with the 
diaphragms 4, 6, 8, 10, 12, and 14, all at 300 V. positive; the syslem is 
equivalent to a multi-element symmetrical lens. The beam is thus pre- 
vented from spreading during the period of drift, and then passes through 
the centre of the * catching’ anode 13 before reaching the collector 15. 
The grid 3 and anode 13 are both operated at a positive potential of 
from 10 to 30 V. An alternating potential imposed on the grid serves to 
modulate the velocity of the beam, so that current pulses are formed in 
the ensuing drift space, just as in the klystron, and finally deliver energy 
to the anode. If an external source drives the grid, the tube acts as an 
amplifier ; it operates at frequencies of the order of 100 Mo.p.s. As with 



Fia. 164. Velocity modulation 
tube of Hahn and Metcalf. 
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other relooity-modulated tubes, however, the output may be fed back 
to the input grid and self-maintained oscillations then generated. Hah^ 
and Metcalf describe the operation of such oscillators down to a wave- 
length of 4*8 cm. 

The apfKpation of the principle of velocity-modulation is still in its 
early stages, as will be seen from the references. It has rapidly led to the 
production of new types of oscillators, operating at frequencies which are 
unattainable by the triode valve and yielding large output power. There 
can be little doubt that the incorporation of focusing devices, as in the 
tube last described, will allow of increased efficiency and flexibility of 
operation. Considerable improvements must have been made in the past 
few years, which have remained unpublished owing to the necessities of 
war. It is hoped that the brief description of fundamentals given in these 
pages wiU aid in the understanding of further information as it is released 
for publication. 
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APPENDIX 


THE HAMILTONIAN METHOD IN ELECTRON OPTICS 
A 1. IrUrodiiction 

T he treatment of trajectories given in the text has been that of 
classical dynamics, based upon the corpuscular nature of an ion or 
electron. A more concise and exact discussion is provided by the theory of 
wave mechanics, as developed especially by Schrodinger, the foundations 
of which are the hypothesis of de Broglie and the experimental verifica- 
tion of it by electron diffraction (cf. section 68). The equations for the 
material waves associated with, or 'guiding an electron lead to a straight- 
forward expression (A. 12, below) relating the ‘refractive index' of afield 
to a characteristic function V when the wave-length is very small. This 
expression* defines the surfaces of constant phase, or wave-fronts, the 
orthogonals of which give the permitted trajectories in the medium. It is 
referred to by continental authors as the ‘eiconal equation’, and corre- 
sponds to the Hamilton-Jacobi equation for the motion of a particle in a 
conservative field of force, that is, when the total energy of the particle is 
constant. There may then be deduced from it (see Picht, § 3, p. 26) an 
expression (A. 3) which is essentially Fermat’s principle of least time, 
familiar in optics. 

From Fermat’s principle Sir William Rowan Hamilton had, a century 
earlier, developed a complete theory of the passage of light through 
anisotropic heterogeneous media, wherein the refractive index not only 
varies continuously from point to point, but depends also on the instan- 
taneous direction of a ray. As we have seen (section 36), the electro- 
magnetic field behaves as a medium of this t 3 q)e towards charged particles, 
an expression for the meridional potential (= refractive index) being 
obtained (IV.61) which involves implicitly the direction as well as the 
position of a particle at any time, owing to the anisotropy introduced by 
the magnetic field. It is therefore legitimate to tranter Hamilton’s 
method directly to the electron optical problem, the form Of the expres- - 
sions remaining unchanged and the special value of the refractive index 
being inserted. Consequently the rigorous wave-mechanical introduction 
is here omitted, the interested reader being referred to the short account 
in Picht’s work and to a valuable application by Glaser of wave mechanics 
to image formation in the electron microscope. 

Glaser has been responsible for developing electron optical theory on 
Hamiltonian lines, and his method will be followed here: Fermat’s 
principle is taken as an axiom and the Hamilton-Jacobi equation deduced 
from it, instead of vice versa as in wave mechanics. It leads to an elegant 
treatment of aberrations, alternative to the trigonometrical method of 

4»M . sk ‘ 
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Soherzer, Chapter V (above), as well as allowing thO d^u^ion of the 
fundamental differential equation of the ray path. It will find iqbreasing 
use in the discussion 6f electron optical problems, and therefore is treated 
in this Appendix. An excellent account of Hamilton’s method in light 
optics is available in Synge’s monograph in the Cambridge series of 
tracts. Although it does not deal with the general case of anisotropic 
heterogeneous media, which are not met with in practical optics, it will 
be found to give a helpful picture of the Hamiltonian standpoint, the last 
chapter being especially illuminating for its discussion of isotropic hetero- 
geneous media. Unfortunately the notation employed on the Continent 
is not that of Hamilton ; it differs also from author to author and even in 
different papers by the same author. Synge uses Hamilton’s own nota- 
tion and the same practice will be followed here, the variants of Glaser 
and Pichtf being indicated when the symbols for the chief quantities first 
appear. 

The principle of Fermat, on which Hamilton’s optical work is based, 
-states that the actual path along which light travels between two points 
has a stationary (maximum or minimum) optical length as compared with 
adjacent curves joining the two points. In his work on dynamics Hamilton 
used an analogous ^principle of least action’, known after him, which 
states that a particle follows such a trajectory between two points that 
the * action ’ has a stationary value in comparison with neighbouring paths 
joining the points. The action is defined as a time integral of energy, and 
Hamilton’s action principle may be stated as 

mv^dt 

or 

His optical and dynamical theories being very closely related, this expres- 
sion leads also to the Hamilton-Jacobi equation mentioned above and 
derived later (A. 12). Using these concepts, Funk has developed an 
electrodynamical treatment of electron lenses on parallel lines to the 
wave theory of Glaser. Gray has used the same principles in simpler form 
in or^er to derive the form of field having minimum aberration. The 
method is equivalent to considering a flux of electrons, rather than a single 
particle, in an electromagnetic field and finding expressions for the 
possible paths between two given points. The details will not be repro- 
duced here, the results being essentially the same as those obtained by 
Glaser, but Gray’s work in particular will repay study, as he obtains 
approximate expressions for the conditions of minimum aberration in a 
form from which physical consequences may be immediately drawn. 

t Fioht in his Einfuhnmg in die Theorie der EUktronenoptik follows Glaser's early 
treatment, whioh differs in many respects from his later pS^]^ in the Beitrdge wt 
EMffriinefiopfijt and Z. teehn, Phya. References to Glaser in this Appendix are to 
tlMi.later and more concise work. 


= j mvds 


maximum or mimmum. 


} J vda = 0, 


(A.1) 
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A 2. The Point Ckarackristic, and the Fundamental Ray 
^ Equatione 

Fermat’s principle of least time, as stated above, involves the optical 
length of the ray path. In its original form it referred to the time of 
passage, stating that this must have a stationary value along the actual 
path as compared with adjacent curves joining the same two points ; but 
the time integral may be directly transformed into a path integral : 

Aa Aa Aa 

t=zjdt = j^ dajv = 1/c I maximum or minimum. (A.2) 

The integral is taken along the true path of the ray, of which ds is an 
element, between two points and Ag*, c is the velocity of light in 
space and fi the refractive index of the medium for the (monochromatic) 
radiation used. The product (/i ds) is then defined as the optical length of 

Aa 

a path element and the integralj fids as the optical length of the complete 

path. Hence the optical length^L is the path length in free space which 
would be travelled in the same time as is taken by an actual ray between 
•two points in the given medium : 

L = ct = {fids. (A.3) 

Ai 

By Fermat’s principle the difference hL in the optical length of two neigh- 
bouring paths must be zero : 

8L = 8 J /X = 0. (A.4) 

These concepts and the criterion of the stationary path may be at once 
applied in electron optics to the discussion of the trajectories of charged 
particles in the electromagnetic field. In place of fi we write the re- 
fractive index N of the field, which depends on the position and direction 
of motion of the electron. Referring its position in rectangular coordinates 
Vi ^ an arbitrary origin 0, then N will be a function of r, y, z, and of 
their first derivatives with respect to s, the path parameter: 

N = N{x, y, z, dxjds, dy/ds, dzjds) = N[x, y, z, a, y), - 

if we write a, jS, and y for the direction cosines of the tangent to the path 
at this point. Let the path parameter have the value at and at A^ 
the two termini of the path ; then we have for the path length 

* 'ti 
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using the prime notation for derivatives with respQpt to s ; or 

(A.6) 

if we put w = Ji^ocy,)(x'*+y'*+zy. ) 

(Glaser uses F, and Picht n, instead of the symbol w.) 

Now consider a set of adjacent curves joining and A2, described in 
terms of the parameter Sf which thus has the same terminal values and 
Sg on each of them. The variation of path length on passing from one 
curve to its neighbour is 


r 

= j wds, 

•1 


8 L = j Swds 

81 

81 

if 2 indicates the sum of the three terms obtained by changing 
x->y-^z, and 8a;', 8 y\ 8 z\ 8a;, 8y, 8z are the infinitesimal increments 
obtained on passing from a point on one curve to the point on the next 
having the same value of s. Then, since 

**'- 5 **^ *»'->■ 

partial integration gives 

8i 


As the curves have common end-points, 8a; = 8y = 82 = 0 at these points 
and therefore the first term vanishes. By Fermat’s principle the second 
term must vanisl^^also along the true, or * natural’, ray from A^ to A2, 
so that the differential equations which must be satisfied by the trajectory 


are: 

d dw dw 
da dx' dx 

d dw dw 


(A. 7 ) 


d dw dw 
dsdz' dz 


These are the Euler differential equations for the extremals of j w da, 
Notmgthat 
d dw 


dw dw d\ Nx' 1 1 ^9 1 M 


YA.8) 
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beca^ x*^+y'^+z'^ 1 when the parameter « is the arc length of the 

path, and substituting for w from A.5, we have 



From this form of the Euler equations Picht (p. 43) proceeds to derive the 
differential equations of the electron path in the form otherwise arrived 
at above (IV.64, IV.66). 

In the present discussion we are concerned with the variation in the 
path length L with the position of the object point and the correspond- 
ing image point Ag. For this purpose it is convenient to replace L by the 
characteristic function F. If the coordinates of these two points are 
^i> Vv ^2» y2» ^2’ respectively, then the characteristic function is 

defined, in the same way as L, as the optical length of the natural path 
Ai Ag, and may be written : 

y = y(^vyvh>^2^yz*h) = j Nds. (A. 10) 

As it specifies the ray between two points it is known as the ‘point charac- 
teristic* of Hamilton, or among continental writers as the ‘point-eiconal*. 
Glaser uses the symbol ^ or IF for it, and Picht the symbol €. 

An expression may now be obtained for the change produced in V by 
any infinitesimal displacement of Ai to and Ag to jBg. If the terminal 
values of the parameter 8 remain the same for the new ray, the variation 
in the optical path length V is given by A.6 and, since the path Ag is a 
natural ray, the integral must vanish. Then, as in A. 8, we have 

dwjdx' = Nx' = NoL = a; dwjdy' = Ny' = t; dwjdz' = Nz' = u, 

(A.11) 


where a, t, and u, as defined by these equations, are styled the * components * 
of the ray. The path difference is now given by the first term of A.6: 

8F = [2 dwjdx' = 2 (jgSajg— 2 

where 2 ^ before indicates a sum of three terms involving x, y, and z 
identically. We then have for the partial derivatives 




8V ■ 

dV _ 

dxi 

= -<'i: 


dzi ~~ 


8V 

8V 

dV 


. II 


= Vi 

8Zf ’ 
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But smoe the direction oosines are related by the identities 
wehavealso 


oi+Tj+u! = -^1. and <i+'i+vi = 


and therefore 



IA2 


(A.12) 


These two partial diiOferential equations are satisfied by the point charac- 
teristic function F. They are identical with the Hamilton-Jacobi equa- 
tions obtained by a dynamical treatment for the motion of a particle in a 
conservative field of force, and form the basis of the alternative method of 
Funk and Gray already mentioned. 


A3. The Mixed Eiconal: Equatim of the Image 

The expressions in V given above define the surfaces of constant path 
length emanating from an object point of which the orthogonal tra- 
jectories are the ray paths. The final equations (A.12) give the variation 
in path length with position of and and therefore provide the 
possibility of determining the resulting aberration of the image point in 
terms of a difference in path length. However, this longitudinal aberration 
in the direction of the ray is not of immediate practical application. It 
is preferable to find the lateral aberration in the Gaussian (paraxial) 
image-plane, for which purpose a function must be used which is dependent 
on the direction rather than the coordinates of the ray at the object and 
image. Glaser’s treatment proceeds from a different formulation of the 
first term in the path difference equation A.6, and leads to a definition of 
a second characteristic function, the * mixed’ characteristic (IF), involving 
the cocnnlinates (ff the object point and the direction cosines of the uuage 
point. Ficht employs the third, or angle, characteristic T (IF, in his 
notation), which is a function of direction cosines only. 

It is convenient to refer all measurements to the z-axis, and to restrict 
discussion to fields of rotational 83rmmetry. Expression A.6 for the 
optical path length of a ray then becomes : 

V = I ;FV(«i»+y;*+l) dz=:Jw dz, (A.13) 

defining w in the same manner as before. Glaser proceeds as above to 
write fen: the variation in path length between two rays starting from the 
sune object point A^ (at y ^) : 
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where 2 now indioates the sum of two exprmions involving x and y 
identically. On partial integration this ^ves the corresponding expres- 
sion to A. 6 , 


8F=[2|H 


■ (*•») 


The integral must vanish for a natural ray, so that if we hx attention on 
such a ray from to the image point A, (at then the first term 

gives the path difference between this and any other adjacent ray start- 
ing from 



(A.16) 


This may be expressed in vector form by defining a radial vector r with 
components x and y, and a ‘normal’ vector n with components a and t, 
where a (= dwjdx') and t (= dwjdy*) are the ‘components’ of the ray as 
definedbyA.il. Hence 


8F = (A.16) 

which is known as Hamilton’s fundamental equation, since it contains 
implicitly all the laws of image formation. In an isotropic medium the 
normal vector will coincide with the tangent vector of the ray at Ai (or Aj). 
Rearrangement of the fundamental equation gives 

8F = 8(n2-r2)-(r2-8njj)-(ni.8ri), 
or ^{^-(ng.ra)} = -(r 2 . 8 n 2 )-(ni.ari), 

which becomes 

-W = (ra-8n2)+(ni.8ri), 

= (X2 8a2+y2 ^^ 2 ) + (<^i SiTi+Ti 8yi), (A. 17) 

Am 

on writing W = F— (na*rj) = f wdz—{n^-r^), (A.18) 

Ai 

The function W as thus defined is known as the mixed charactenstic (or 
eiconal), being a function of the coordinates of the object point (x^, y^) and 
the ray components of the image point (og, Ta). Glaser employs for it the 
symbol F, thus interchanging Hamilton’s notation for the point and mixed 
fimctions ; Picht does not use it, preferring the angle-characteristic (T, in 
Hamilton; ?r, F, or IF in Picht). In light optics the latter is usually 
employed when the incident rays form a parallel beam, the mixed function 
when they are emitted from a point, as in the present discussion. 

The meaning of W may be more obvious from a geometrical derivation. 
If Ai be a natural ray from Ai to Ag (Fig. 155), and 0 is the origin of 

coottlinates, then and rg are the radial vectors defined above. Let the 
tength and direction of the normal vectors and Ug be as shown ; they wiU 
not be tangent to the path, as the medium is supposed anisotropic. From 
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0 let a perpendicular be dropped on to n^, to meet it in Then the 
optical path length from to Pg is given by 

~ A) = ^^i-4,)“"(ll2***2)» (A. 19) 

since P 2 is the orthogonal projection of r 2 on n 2 . The right-hand side 
of the expression is now defined as the mixed characteristic in 

agreement with A. 18. Hence the mixed function assigned to a given ray 



Fio. 155. Construction of mixed and angle characteristic functions. 

path is identical with the point function of a path having the same 
starting-point but leading to the foot of the normal from the origin on to 
the final normal vector : 

W^A,A,) = V(A,P^ = V(A,A^)-[AiP^, (A.20) 

where square brackets indicate an optical, not a geometrical, length. 
Similarly the angle (or ‘normal’) characteristic is defined as the path 
length between the feet (i^, Pj) of the normals dropped from the origin on 
to the initial and final normal vectors respectively. When the media con- 
taining and A^ are both homogeneous and isotropic, then the normal 
vectors lie in the initial and emergent rays respectively, and the different 
values of the three characteristic functions arise simply from selecting 
different points on the path of the ray between which to make measure- 
ments ; this is the usual condition in light optics. In the electron optical 
case the three functions are equivalent to the optical length, or value of 
the point function, along three neighbouring rays having terminal points 
defined as above ; the two imaginary rays will differ from the true path 
by amounts depending on the rapidity of variation of refractive index 
with position and direction in the object and image media. 

The mixed characteristic allows the coordinates of the image point to be 
found. It follows from A.17 that 

and (A.21) 

so that if IT is known, as a function of and T 2 , the position of the 



i&kftge point Af ooiresponding to can be found. It is to be noted tht 
by its ooi^ruotion If is a function of the direction the ray at the hnag 
not at the object, and it is therefore usually impossible to evaluate 
directly. Instead, we proceed by expanding If in ascending powers of tl 
variables Xq, ^ 2 ) ^^d r^, taking only those terms determining the riiir( 
order aberrations and finally replacing the angular variables by tl 
physically more accessible coordinates of the ray in some arbitral 
aperture plane. The expansion of If involves even powers only, the od 
vanishing in the conditions of rotational symmetry assumed, so that 

W=Wo+W,+ W,+..,^ (A.2! 

where the subscripts indicate the order of the variables entering into tl 
respective terms. Differentiation of this series with respect to ag and - 
will then give the coordinates of the image point (by A.21) to any desire 
accuracy, according to the number of terms taken. By taking the fin 
two terms only, BJ+Ifg, we obtain the image point for paraxial rays. B 
including also II^ the image point is obtained with the same accuracy as h 
including the third-order term of the sine expansion in the trigoni 
metrical method (cf. section 37). We denote this ‘Seidel’ image point b^ 
the coordinates a; 2 ( 4 ),yi( 4 ), and the first-order (or Gaussian) image point by 
the result a? 2 ( 2 )> 2/2(2)) indicating in brackets the highest term in A.22 which 
contributes to it. In the same way as in the text (p. 119) we then define 
the third-order aberration to be the displacement of the first point with 
respect to the second : 

AaJg = ^2(4)“ ^2(2) > = 2 / 2 ( 4 )"* 2/2(2)’ 

In each case the difference will be due to the derivative of the fourth- 
order term in the expansion of If, and the aberrations are given simply by 

= -eWJda^; = -dWJdr^, (A.23) 

The term however, has still to be found by expansion of the integral 
for If (A. 18), and ambiguity rema&s as to the path over which the integral 
is to be taken : that of the paraxial ray, or of some closer approximation 
to the tcno path. It proves to be sufficiently accurate for third-order 
theory to ti^ke the former. By a theorem which will not be demonstrated 
here (see Synge, p. 66) a small change |n the path length affects If (and F) 
, only^ proportion to its square, so that restriction to the Gaussian condi- 
, tions, dropping terms of tffird and higher orders in z and y, is equivalent 
to i^glecting terms of sixth and higher orders in If. Hence the value 
obliged for is not affected by employing in the expansion the integral 
otw t|£eh along the pars^ed path^ linear instefad of cubic equations are 
- thus obtained for the aberribti<^, and the solution greatly simplified. 

' A4. SeiM's Charaderistic: the Total Abencri^im Eqv^ 

llit^pt to evaluate the aberration firom A.23 is im|^cticable, since 
the ray at the image point are involved. It is preferable 
introduce the coordin^|es (a;^, y^) convenient 
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apertmre plane (at z^) in place of the components (73 and tq. Owing to the 
linearity of the solutions for the paraxial ray equation (cf. section 36), we 
may replace W^ directly by 8^, a function of Xj, and and write 

^2 ~ ^ ( A . 24 ) 

from A. 23. By analogy with light optics the quantity ^4 is known as 
Seidel’s characteristic function or eiconal; the same S3rmbol is used here 
by both Glaser and Picht. 

The Seidel function depends on x^ and but not all values of 
these variables are admissible. In view of the rotational symmetry of 
the system the value of 8 (and that of IT) is determined by the radial 
distance of the ray from the axis and not by independently varying x 
and y coordinates. The four variables can therefore only appear in certain 
combinations : if is the radial coordinate of the object point, and that 
of the ray in the aperture, then the possible combinations are 

■R = rf = p = r% = x|,+y|; 

« = Ti • ffl = *1 «b+2/i Vb’ I = Tj X Tb = »! yg—yi Xg-, 

R, p, K, and f are convenient symbols for use in the subsequent expansion 
which gives ^4. It will be seen that k and ^ are the scalar and vector product 
respectively of the radius vectors Tj and r^, as indicated in the usual nota- 
tion. As only fourth-order products of the variables enter into /S4, it must 
have the form 

^4 =? — \AR’^ — \Bp^ — Ck^ — \DRp-\-ERK-\-FpK-\-OR^ — (A.25) 

where A, etc., are coefficients depending on the refmctive index and 
therefore, in the electron optical case, on the form of the field ; a term 
in does not appear, being already included in terms C and D. The 
negative signs and numerical factors are inserted in reference to the 
expressions for the coefficients derived below. Partial differentiation then 
gives the aberrations in the a:- and y-directions by A. 24: 

Q O 

^ = BpXB+Dx\xB+^Cx\xB—Ex\—Fpx^—2Fx^x%+ 

OXb 

d8 

Ays== — ^== ■BpyB+2)x*iyB— JpXj— 

^ -2Jxiy%-, (A.26) 

we fo&bw Sdierzer in setting = 0, so that the object point is on the 
a;-axis ; We may then set x^ =s r^, as in section 38. Then the total aberration, 
qr the displacement of the third-order image point with respect to the 
paraxial position, is given by 

+{C+iH)rl{xB-iyB)-(E+iO)t»- 

-HF^iJ)r,(x%+yyi^(F-iJK(xB+iyEf; 
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or, writing UbUb—\^b?=^‘<>b^ square 

of the radial distance of the ray in the chosen aperture, and r^= [ri| , 


+{C^riIiyluB+{^-\-^yl^^ (A.27) 

Equation A.27 is formally identical with that given by Scherzer’s 
method (V.20), and the two sets of coefficients used to specify the indi- 
vidual aberrations may be compared directly. Scherzer’s terms contain 
the magnification which is implicitly unity in the above treatment ; 
they also involve the initial potential Vq and special solution in a 
slightly different manner. Putting Scherzer’s symbols first, the several 
terms refer as follows to the eight aberrations discussed in Chapter V : 

distortion: \ _ 

anisotropic distortion: j ~~ 

curvature of field: jS = (C+Z)), 

'^olB 


astigmatism: \ 

anisotropic astigmatism: 

coma: W ^ ^ —M(F—iJ)y 

anisotropic coma: ) I ^ = —2M(F+iJ)y 


spherical aberration: 




^'^OtB D 

VFo • 


Picht employs the same coefficients as those of this section, apart from 
the use of — / in place of H, and H instead of J ; Glaser uses 6?oo, Gqi and 
Oil for Oy Hy and J. 

In order to obtain detailed expressions for these coefficients it is 
necessary to insert the equivalent refractive index of the electromagnetic 
field in equation (A. 18) for the characteristic function Wy and then to carry 
out the complete expansion required in the above derivation (cf. A. 23). 
It has been shown in Chapter IV (section 36) that the motion of an electron 
in combined fields of rotational symmetry can be discussed in terms of a 
meridional potential Q, given by IV.51 : 



where A is the magnetic vector potential and V the electrostatic, potential 
at any point (r, z)y and C is a constant determined by the initial rotation 
of the electron about the axis. When the origin is on the z-axis, as hqre 
■ assumed, C vanishes and we have 


e 


1 



260 


APPENDIX 


[A 4 

on substituting velocity v for potential, from the energy relation. Since 
the equivalent refractive index of the field is proportional to the root of the 
potential, we may then write 



According to the conditions of the discussion of section 36, this expression 
gives the index of refraction in a meridian plane rotating around the axis 
with the same angular velocity as the electron. More generally Glaser 
shows that the refractive index at any point (r, z) in the field is given 
by a similar expression 

where is the angle between the magnetic vector potential and the 
direction of the path at this point, which is otherwise given by drjds. 
Expressed thus, it is more obvious that the value of the refractive index is 
a function of direction as well as position, so that the Hamiltonian theory 
of anisotropic heterogeneous fields may be directly applied to the electro- 
magnetic case. In terms of the present discussion we then have for A. 18, 
neglecting (n 2 *r 2 ) in the first instance: 

Ai A» As 

Ai Ai Ai 

where s is the unit vector in the ray direction. 

Going over to cylindrical coordinates (z, r, ijj), we may write A = 
in the rotationally symmetrical field, and thus 

As 

W = I y{V^^,y^(x’^+y'^+l)}-±A^,r2]dz 

As 

As 

Reference should be made to Glaser’s work for details of the expansion of 
this expression, giving the fourth-power terms constituting the required 
function /S 4 and, by partial differentiation, the several aberration terms ; 
the end result only will be quoted here. In the process and are 
replaced by the first few terms of their representation as series in the 
axial values I^qc) respectively (IV.43 and IV.44). 

As proved in section 36 (p. 109) any ray paj^h satisfying the general 
differential ray equation (IV. 64) may be expressed in terms of two special 
solutions. Glaser chooses for the latter the solutions and specified 
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by the following values at the origin and in the aperture (z^), and 
corresponding to Scherzer’s and respectively (cf. p. 120) : 

fi^(2i)=l; sr(2B) = 0; 

h(z^) = 0 ; hizs) = 1 . 


These two solutions are used to specify the paraxial path which 
forms the basis of the above discussion, the aberration being expressed 
as the extent of the departure of the third-order path from the paraxial 
path at the Gaussian image plane. Glaser thus finds the values of the 
aberration coefficients entering into A.28 to be 


•B = rrV. f dz\ 

Si 

Si 

0 = (Lg%^+^Mgg'hh'+Ng'%'^-KW^K)dz-, 

Si 

Si 

Zi 

Zi 

-^7^1 (Lfh-^Mgg’(gh)’+Ng’%')dz-, 

Si 

Si 

F= {Lgh^+Mhh'{ghY+Ng'h'^)dz-, 

^ ^ Si 

Si 

t 

B = 2|y|| {Pgh+Qg'h')dz-, 

Si 

Zi 

The first coefficient A (cf, A.25), which contains neither nor and 
hence disappears in the partial differentiation which yields the abena- 
tions (A.26), has the form 

Si 

4 {g*L+g’^N+m^mdz. 

® ^Zi 

In these expressions the functions X, L, M, Ny P, and Q, which derive 
from the refractive index (A. 30), contain only the axial values of the 
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electrostatic and magnetic field, apart &om electronic constants. They 
have the form 


K = ^ -^Qg . 

16mc2 

F - 1 r Wf'' 




I 17 ri. 


FS 


Oz > 




In comparing these expressions with Picht’s treatment it must be 
remembered that Glaser does not confine consideration to the electron 
and hence inserts no negative sign for e, and that K differs by a factor of 4 
in the two treatments. Further, the function Q employed in this sense is 
to be distinguished from the meridional potential in A.28, for which the 
same symbol is used. 

The discussion of individual aberrations continues in terms of the 
expressions given above on entirely the same lines as in Chapter V, 
and leading necessarily to equivalent values for the parameters of each 
error. Glaser, for instance, proceeds to obtain concise expressions for the 
spherical aberration of the magnetic field acting alone (cf. V.23). Gray 
resorts to approximation in order to obtain convenient expressions for 
the minimum conditions for certain aberrations. The final relations are 
effectively the same whether derived by the trigonometrical method of 
Chapter V or by the Hamiltonian treatment. The advantage of the latter 
lies in its mathematical elegance ; it has not so far found application in 
the practical problems of ray -tracing. 
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I 

4. Myers, Electron Optica (1939). 

A comprehensive treatment of the subject, especially valuable for the historical 
discussion of applications and for an exhaustive bibliography of original work. 

6. Maloff and Epstein, Electron Optica in Televiaion (1939). 

Contains a good exposition of the fundamental principles and a detailed dis- 
cussion of their practical application in the design of cathode-ray tubes. 

6. Picht, Elektronenoptik (1939). 

A concise presentation of the essential theory, including a chapter on the Hamil- 
tonian treatment of electron optics; difficult reading. Reprinted in U.S.A. (1944) 
under licence from the Custodian of Enemy Property. 

7. Zworykin and Morton, Televiaion (1940). 

A very full accoimt of television apparatus and technique, including excellent 
introductory chapters on fundamental principles. 

8. Millman and Seely, Electronica (1941). 

A good general account of the principles and practice of electronic devices used 
in radio. 

9. M.I.T. Staff, Applied Electronica (1943). 

Similar to Millman and Seely, dealing with the main branches of radio technique, 
but is valuable also for chapters on electrons in metals and the conduction of 
electrons in gases. 
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TablSi III 

Electronic Constants 

Velocity of light c = 2-9978 X 10^® cm. sec.“^ 

Electronic charge e = 4*8026 XlO”^® e.s.u. 

= 1 -6020 X 10-20 e.m.u. 

Specific electronic charge elm^ = 1*7692 X 10’ e.m.u. gm. ^ 

' Kest mass of electron w-q = 9* 1066 x lO”*® gm. 

Equivalent wave-length of electron A = ^(160/F) X 10 ® cm. (F in volts). 

Energy of 1 electron-volt (eV.) = 1*6020 X lO-i® erg 

= 1* 169 X 10® degrees K. 

Energy of photon in volts V = hv/e = X 10‘ V. (A in Angstrcms). 

Specific charge of proton e/Af , = 9-6788 X 10» e.m.u. gm.-i 
Specific charge of alpha-particle e/Af, = 4-8223 X 10® e.m.u. gm. ® 

Planck’s constant h = 6-624 x lO"®’ erg sec. 

Avogadro’s number If = 6-0228 X 10®® mole"*. 

Boltzmann’s constant k = 1-3806 X lO"** erg deg.-' 

(Values from R. T. Birge, Beporta on Progreu in Phyaka, vol. viii, p. 90, 1941.) 
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Table IV 

Velocity, Momentum, and Wave-length of Electrons 

V = accelerating potential, v = velocity of electron. j8 = vjc. Hr = electronic momentum, 
if the electron describes a circular path of radius r in a imiform magnetic field of strength H. 
(This table has been calculated from the values of the electronic constants given above, 
and using the relativistic equations.) 


V (volts) 

1 

V(l-i3=) 

rXlO-i® 

(cm. sec.-^) 

Hr 

(oersted cm.) 

A 

(Angstrom units) 

1 

1-0000020 

0-005932 

3-372 

12-26 

10 

1-0000196 

0-01876 

10-66 

3-878 

20 

1 0000391 

0-02653 

15-08 

2-742 

30 

1 -0000587 

0-03250 

18-47 

2 239 

40 

1-0000783 

i 0-03752 

21-33 

1-938 

50 

1-0000978 

0-04195 

23-85 

1-7.35 

60 

1-0001174 

0-04595 

26-13 

1-583 

70 

1-0001370 

0-04963 

28-22 

1-465 

80 

1-0001565 

0 05306 

30-16 

1-371 

90 

1 1-0001761 

0-05628 

31-99 

1-293 

100 

1-0001957 

0-05932 

33-73 

1-226 

200 

1-000391 

0-08388 

47 71 ’ 

0-8668 

300 

1 000587 

0-1028 

58-46 

0-7075 

400 

1 -000783 

0-1186 

67-48 

0-6127 

500 

1-000978 

0-1326 

75-47 

0-5479 

600 

1-001174 

0-1453 

82-70 

0-5000 

700 

1-001370 

0-1569 

89 35 

0-4629 

800 

1-001565 

0 1678 

95-55 

0-4328 

900 

1-001761 

0-1779 

101-3 

0-4080 

1,000 

1-001957 

0-1873 

106-7 

0-3877 

2,000 

1-00391 

0-2645 

J50-9 

0-2740 

3,000 

1-00587 

0-3234 

184 9 

0-2237 

4,000 

1-00783 

0-3730 

213-7 

0-1935 

5,000 

1-00978 

0-4166 

239-1 

0-1730 

6,000 

1-01174 

0-4555 

262-0 

1 0-1578 

7,000 

1-01370 

0-4911 

283-0 

1 0-1461 

8,000 

1-01565 

0 5245 

302 8 

0-1366 

9,000 

1-01761 

0 5554 

321-3 

0-1287 

10,000 

1-01957 

0-5846 

338 9 

0-1220 

2.10* 

1-0391 

0-8151 

481-6 

0-08588 

3 

1-0587 

0-9846 

592-7 

0-06978 

4 

1-0783 

1-1216 1 

687-5 

0-06014 

5 

1-0978 

1-237 

772-2 

0-05355 

6 

1-1174 1 

1-338 

850 1 

0-04865 

7 

1 1370 

1-427 

922-0 

0-04485 

8 

1-1565 

1-506 

990-3 

0-04177 

9 

1-1761 

1-578 

1055 

0-03919 

10 

1-1957 

1-644 

1117 

0-03702 

2.10* 

1-3915 

2-084 

1649 

0-02508 

3 

1-5873 

2-329 

2101 

0-01968 

4 

1-7830 

2-482 

2515 

0-01644 

5 

1-9785 

2-588 

2911 

0-01421 

6 

2-174 

2-663 

3292 

0-01256 

7 

2-370 

2-718 

3662 

0-01129 

8 

2-565 

2-761 

4027 

0-01027 

9 

2-761 

2-795 

4388 

0-009423 

10 

2-957 

2-822 

4742 

0-008720 

2.10* 

4-915 

2-935 

8200 

0-005044 

4 

8-830 

2-979 

1 14950 

0-002765 

6 

12-74 

2-989 

21660 

0-001909 

8 

16-65 

2-993 

28340 

0-001459 

10 

20-57 

2-995 

35030 

0-001181 


4914 


Mxn 
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LIST OF SYMBOLS 


The dot and prime system is used throughout the book to denote differentiation. 
One or more dots (*, ") indicate the first or higher derivative with respect to time 
(e.g., z = dzjdti z = dhjdt^). One or more primes (', similarly represent deriva- 
tives with respect to axial distance (F' = dVJdz; V" = dWjdz^). Derivatives of 
higher order than the third are usually indicated by an index in small Roman 
numerals (e.g., dWJdz^ — F*^). 

Vector quantities, when it is necessary to distinguish them, are printed in heavy 
type. The scalar product of two vectors (A and B) is then indicated by a dot 
(A.B) and their vector product by a cross (Ax B). 


Symbol 

A 

A 

Ay, ^21 

A 

a, A, Af 

a 

a 

dry d^^y d^ 

B 

by bf, By Bi 
■B(fc) 

Cy Ci2i Clixy Cx2 

G 

Cc 

Cs 

c 

ClJ C2, C^y Cp 

D 

D 

dy dgf dji 

d 

d 

d, 

Egy Ent E 

Ext Ey, E^ 

Er 

E 

E 

e 

. F 

Frt F,y F^ 

F 

F 

Fc 

Fc 


Significance 

— Angstrom unit (10~® cm.) 

= magnetic vector potential. 

= components of magnetic vector potential in cylindrical coordi- 
nates. 

= aberration coefficient. 

= constants. 

— form constant of magnetic field. 

= linear acceleration. 

= components of acceleration in cylindrical coordinates. 

= aberration coefficient. 

= constants. 

= coefficient of Bessel’s function. 

= constant (usually of int(;gration). 

= aberration coefficient. 

= parameter of chromatic aberration. 

= parameter of spherical aben*ation. 

= velocity of light. 

= constants in ray eciuation. 

= aberration coefficient. 

= diameter of aperture. 

= linear separation. 

= form constant of magnetic field. 

= crystal lattice spacing. 

= linear resolving power. 

= electric field strength. 

= electric field strength in rectangular coordinates. 

= radial electric field strength. 

= charge of an ion. 

= aberration coefficient. 

= electronic charge. 

= base of natural logarithms (= 2-71828...). 

= force (usually, vector sum of electric and magnetic forces). 

= components of force, in cylindrical coordinates. 

= potential function. 

= aberration coefficient. 

= coil factor. 

= focal length of lens or mirror. 

= centripetal force. 
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Symbol 

Fm 

f 

/. 

0 

o 


9f 9i* 92> 9z 

H, 

Hr, H,, 

H,, Hy, H, 


Hr. 


rHr. 

flr. 


H 

h 


hf hi, h^, hg 

i 


i 

J 

Jq 

K 

K 

k 

k 

k 

L 

L 

L 

I 

M 

M 

M, M„ Ml 
m 

mo 
* w 

N, Ni, N, N„ 

Hfz, Hxyx 

N(W) 

N 

n 

n 

P 

P(W) 

P 

P^ Pi* Pq 

Q 

Q 


Significance 

= magnetic force. 

= frequency of oscillation. 

= resonant frequency. 

= aberration coefficient 
= potential function. 

= special solution of ray path C3quation. 

= magnetic field strength 

= magnetic field strength in cylindi’ical coordinates. 

= magnetic field strength in rectangular coordinates. 

= maximum field strength on axis of magnetic lens. 

= magnetic field strength at any j)oint {r,z). 

= magnetic field strength at any point [z) on the axis. 

= radial magnetic field at a point {r,z). 

= axial magnetic field at a point {r,z). 

= aberration coefficient. 

= Planck’s constant. 

= special solution of ray path equation. 

= cuiTent. 

= current density. 

= direction of measurement displaced through one right angle 
with respect to reference direction. 

= angle of incidence. 

= aberration coefficic^nt. 

= Bessel’s function of z(3ro order. 

= Kelvin scale of temperature. 

= field function (in Hamiltonian theory). 

= constant. 

= lens fxjwer parameter. 

= Boltzmann’s constant. 

= optical path length. 

= linear separation. 

= fi(‘ld function (in Hamiltonian theory). 

= length of deflecting plat(j. 

= mass of an ion. 

= field function (in Hamiltonian theory). 

— magnification. 

= electronic mass. 

= electronic rest mass. 

= refractive index in rotating meridional plane. 

= refractive index of successive mt^dia. 

= refractive index at point {r,z) or {x,y,z). 

= distribution of kinetic energies, among electrons. 

= field function (in Hamiltonian theory). 

= integer. 

= normal vector. 

= field function. 

= probability that a state of given energy W will be occupied. 

= object distance. 

= momentum. 

= meridional potential of electromagnetic field, 

= field fimction (in Hamiltonian theory). 
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Symbol 

? 

R 

Rf Rj^, i?Q 

r, Rf Rg, 


r» Tj, r^, 


Significance 

= image distance. 

= ray path parameter. 

= potential function. 

= radius of curvature. 

= angle of refraction. 

= radius vector. 


^m* 

f’n* ^0» 

r„, rj3. ry 

5 


T 

T 

T 

Uh 

U 


u 

u, Ug, itj, 

V 

V,Vt 


y, 

yj. 

y<,.y,.y,.....K = 
r. 

= 


V, Vf = 

Vj, Vyf Vf = 

TF = 

W, WifWafW,fW^ = 

ti; := 


X, X*, Xi, Xo 

!/» 2/i. Vl* Vo 

Y 

Y 


Zf Z^f Zjjf Zq 
2/ 

Zp 

a 


OCf OCgf OCp 


a 

a 

P 

P 

y 

8 

8 

8 


radial distance from axis. 

special solution of ray path equation. 

Seidel’s characteristic function (eiconal). 
linear separation, 
field function. 

Hamiltonian characteristic function (angle eiconal). 

temperature on Kelvin scale. 

time. 

equivahmt electrostatic potential of magnetic lens. 

object distance. 

complex number (= X:^iy). 

Hamiltonian characteristic function (point eiconal). 

potential at a point. 

potential at any point (x,?y,s). 

potential at any point (r, z). 

potential at a point on the z -axis. 

potential difference in kilovolts. 

peak V oltage of an alternating supply. 

potential of successive electrodes. 

work function of surface at 0° K. 

emission voltage of thennionic eh^ctrons. 

image distance. 

linear velocity. 

components of velocity, in rectangular coordinates. 

Hamiltonian characteristic function (mixed eiconal). 

energy of electron. 

optical path function. 

distance on x-axis. 

distance on 2/-axis. 

linear deflexion, in cathode ray tube. 

Neumann function, 
distance on z-axis. 

distance from centre of lens to principal focus, 
distance from centre of lens to principal plane, 
an angle. 

angular width of electron beam. 

angular resolving power. 

aberration coefficient (distortion). 

aberration coefficient (curvature of field). 

ratio of particle velocity to velocity of light (v/c). 

aberration coefficient (astigmatism). 

angle of deviation. 

rotational aberration coefficient. 

aberration coefficient (coma). 
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Symbol 

Significance 

A 

— finite increment of a variable. 

*A, ®A,.,., etc. 

= second, third, etc., difference between values of a variable. 

c 

= aberration coefficient (coma). 

{ 

= aberration coefficient (spherical). 

Of &lt ^2» ^8 

= angular displacement. 

K 

= ray path parameter. 

A, Aq 

= wave-length. 

/A 

= coil factor. 


= refractive index. 

V 

= frequency. 

f 

= ray path parameter. 

TT 

= ratio of circumference to diameter of circle. 

P 

= charge density per unit volume. 

9 

= ray path parameter. 

P*Pi 

= radius of curvature. 

p,pi 

= total radial aberration coefficient. 

a 

— area. 

or 

= component of ray (in Hamiltonian theory). 

T 

— component of ray (in Hamiltonian theory). 

l> 

= component of ray (in Hamiltonian theory). 

(l>p 

= angle, or angular displacement. 

<!> 

= potential fmiction. 


= magnetic scalar potential. 

X 

= angle; angular displacement. 

0 

= potential function. 


= angle. 

«An. 0rz 

= magnetic flux. 

CO, COi 

= aberration parameters. 

V 

= {dlbx-\-dldy-\-dldz) of a quantity {S) = grad S'. 

V2 

= {d^/dx^-\-d^/dy^-\-d^(dz^) of a quantity = div grad S. 

00 

= infinity. 

oc 

= proportionality sign. 

kl 

= magnitude of r. 
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(Main treatment of an item is indicated by heavy type: e.g. 111 .) 


Abbe condition, 137, 200, 205. I 

Aberration: chromatic, 68, 138 , 205, ' 
209, 211; of electron lenses, 12, 113, 
250 ; of electron microscope, 205, 209, 
211 ; of magnetic lenses, 100, 125, 259, 
262 ; spherical, 121 , 205, 209, 211, 259. 
Aperture lens, 42, 56, 230; focal length 
of, 59; combinations of, 61. 

Applegate diagram, 239-42. 

Ardonne, v., 172, 203, 205, 207, 210, 211, 
212, 214. 

Astigmatism, 133 , 259. 

Aston, 234, 235, 237. 

Auto -electronic emission, 162. 

Bachman, 210, 211, 214. 

Bainbridge, 236, 237. 

Baird, 166. 

Beam power valve, 232. 

Bedford, 76. 

Benjamin, 163. 

Borgmaun, 91, 112. 

Bertram, 20, 41. 

Beta-ray spectrometry, 2, 87, 215 , 233. 
Betatron, 2, 226 . 

Birge, 264. 

Boersch, 212, 214. 

Berries, 147. 

Boiiwers, 80, 112. 

Brainerd, 236, 248. 

Braun tube, 3, 159, 

Brillouin, 220, 222, 236. 

Britton, 236. 

Brockway, 199. 

de Broglie, 1, 2, 14, 194, 197, 249. 
Briiche, 248, 263. 

Bull, 236. 

Burch, 191, 192. 

Burton, 214. 

Busch, 1, 15, 77, 86, 87, 91, 100, 107, 112, 
263. 

Calbick, 76, 230. 

Calutron, 236. 

Campbell, 172. 

Cardinal points, 44 , 49, 53, 96-7. 
Cathode-ray tube, 2, 3, 4, 6, 12, 68, 155, 
173 ; deflexion system, 174, 184 ; 
double-beam, 175 ; high-voltage, 14, 

190 . 

Chadwick, 236. 

Christopherson, 41. 

Chromatic aberration, 68, 138, 205, 209, 

211 . 

Cochrane, 214. 

Cockcroft, 229, 236. 


Coil factor, 89. 

Corya, 136 , 269. 

Conformal mapping, 20. 

Cosslott, 199, 214, 218, 236. 

Crookes, 3. 

Cross-over, 70, 156, 158. 

Crowther, 172. 

Curvature of field, 131 , 259. 

Cyclotron, 2, 5, 12, 222. 

Cylindi’ical lens, 230. 

Davisson, 76, 194, 230. 

Deflexion: electrostatic, 174, 184 ; mag- 
netic, 174, 179, 186 ; system, 183, 
184 . 

Dempster, 235, 236, 237. 

Doutsch, 218, 236. 

Dieckmann, 167. 

Diels, 121, 147, 263. 

Diffraction, electron, 2, 194 . 

Dirac, 150, 153. 

Distortion, 130, 259. 

Dosse, 93, 94, 104, 112, 147, 163, 172. 

Du Bridge, 172. 

Ehrke, 162, 172. 

Kiconal, 249, 253, 255, 258. 

Electrolytic tank, 25 , 32. 

Electron diffraction, 2, 194 ; gun, 155 , 
176, 179; microscopy, 2, 14, 18, 68, 
90, 93, 163, 199 ; mirrors, 71 , 125, 140; 
multipliers, 168, 169 . 

Electron-volt, 13. 

Elliott, 218, 236. 

Ellis, 236. 

c/m, determination of, 7, 9. 

Emitron, 167, 177, 181 . 

Epstein, 49, 55, 76, 263. 

lilquipotential surfaces, 9, 10, 11; in 
aperture lens, 57 ; in immersion lens, 
69; in symmetrical lens, 62; in two- 
tube lens, 28. 

Evans, 218, 236. 

Eamsworth, 25, 80, 112, 136, 138, 158, 
167, 171, 172, 177. 

Fermat, 143, 249-52. 

Fermi, 150, 153. 

Field, 41, 55, 76. 

Field distribution : in immersion lens, 69, 
70; in magnetic lens, 87 , 93; in sym- 
metrical lens, 62, 66 ; in two -tube lens, 
28, 67. 

Field emission, 152, 160, 190, 192; 
microscope, 1 8, 163, 212. 

Finch, 192, 198, 214. 

Fizeau effect, 105. 
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Focal length: of combined lenses, 110; 
of electrostatic lenses, 60, 65, 70; of 
magnetic lenses, 82-4. 

Fortescue, 25. 

Fowler, 162, 172. 

Fringing, 6, 186, 189. 

Funk, 250, 254, 262. 

Gabor, 32, 41, 105, 143, 147, 236, 262. 
Gas focusing, 159. 

Germer, 194, 197. 
d© Gier, 193. 

Gill, 236. 

Glaser, 1, 79, 90, 91, 92, 94, 96, 97, 100, 
107, 112, 115, 126-9, 141, 147,249, 250, 
252, 253-5, 258-62. 

Goddard, 35, 41, 98-100, 104, 112, 125. 
Gravitational model, 38 et soq. 

Gray, 128, 147, 250, 254, 262. 

Grosser, 69, 76. 

Haeff, 246, 248. 

Hahn, 247, 248. 

Hamilton, 1, 2, 249, 250, 253, 255, 262. 
Hamilton -Jacobi equation, 249, 250, 254. 
Harvey, 236, 248. 

Heidonreich, 203, 214. 

Hell, 167. 

Henley, 193. 

Henneberg, 147. 

Hillier, 206, 209, 213, 214. 

Holst, 166. 

Hottonroth, 76. 

Hughes, 172. 

Hull, 220, 236. 

Huttor, 112. 
lams, 181, 193. 

Iconoscope, 167, 177. 

Irnage-convortor : electrostatic, 71, 136, 
138, 166; magnetic, 80, 136, 138, 167, 
177. 

Immersion lens: electrostatic, 43, 68, 
155, 173, 176; magiietic,‘89, 202, 208. 
Induction accelerator, 226. 

Induction, magnetic, 4. 

Jenkins, 163, 172. 

Johannson, 67, 69, 76, 87. 

Joluison, 163, 172. 

Jordan, 236, 237. 

Kapitza, 80. 

Kerst, 227, 228, 236. 

Kinescope, 175. 

Klanfer, 24, 41. 

Kleen, 236. 

Klemperer, 30, 37, 41, 49, 55, 76, 87, 93, 
98-100, 104, 112, 123, 125, 135, 147, 
214, 216, 236, 263. 

Kleynen, 39, 41. 

Klystron, 236, 242 ; reflex, 246. 

Knecht, 87. 

KnoU, 89, 201, 206, 214, 231, 236. 

Kohl, 214. 

Lagrange, 46, 137. 


Lammel, 112. 

Lament, 248. 

Langmuir, 34, 41, 156, 172. 

Laplace, 16-18, 68, 105. 

Law, 159, 172. 

Lawrence, 223, 236. 

Lens: aperture, 42, 56, 230; cardinal 
points, 44, 48 ; cylindrical, 230 ; gauze, 
16; ideal, 144; immersion, 43, 68, 89, • 
155, 173, 176 ; magnetic, 77, 89 ; multi- 
tube, 55 ; symmetrical, 42, 62, 210-13 ; 
two-tube, 16, 18, 28, 36-8, 42, 52, 67, 
155, 166; univoltage, 42, 62, 210-13. 

Livingston, 223, 224, 236. 

Lubszynski, 181, 19.3. 

McGee, 181, 193. 

MacGregor -Morris, 193. 

Magnetic hold measurement, 93. 

Magnetic lens: electrostatic equivalent, 
104; immersion, 91, 202, 208; short, 
77, 80, 158; solenoidal, 77, 167; 
spectrometer, 216. 

Magnetron, 5, 9, 219, 236. 

Mahl, 210, 211, 214. 

Maloff, 55. 76, 263. 

Matter effect, 169, 172. 

Martin, 206, 214. 

Marton, 93, 112, 206, 214. 

Mass spectrographs, 233. 

Mogaw, 236. 

Meridional potential, 103, 249, 260, 262. 

Metcalf, 247, 248. 

Microscopes: electron, 2, 14, 199; elec- 
trostatic, 68, 210 ; electrostatic pro- 
jection, 212; magnetic, 90, 93, 206; 
point -projector, 18, 163, 212; resolv- 
ing power, 199; scanning, 212. 

Mid-focal length, 47, 91, 94. 

Miller, 112, 193. 

Millman and Seely, 193, 263. 

Mirrors, electron, 71, 125, J40. 

Morton, 70, 76, 112, 135, 147, 172, 176, 
189, 193, 263. 

Motz, 22, 24, 41, 128. 

Miiller, 163, 172. 

Multipliers, electron, 9, 12, 169. 

Myers, 263. 

Nergaard, 248. 

Newton, 46. 

Nicoll, 72, 73, 76. 

Nodal points, 46. 

Nordheim, 153, 162, 172. 

Oersted, 101. 

Okabe, 222. 

Orthicon, 167, 177, 181. 

Oscillograph: cathode-ray, 12, 68, 155, 
173; high-speed, 190. 

Parr, 193. 

Pauli, 150. 

Peck, 203, 214. 

j Perrin, 3. 
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Petzval condition, 135. 

Phase-focusing, 13, 238. 

Photo-electric effe^, 7, 9, 178, 181, 182. 
Photo-emission, 152, 164. 

Pioht, 111, 249-63 passim. 

Pidduck, 236. 

Pierce, 156, 157, 172, 193. 

Planck, 14, 152, 164. 

Plass, 66, 67, 76, 128, 129, 147. 

Poisson, 17. 

Polotovski, 62. 

Post-acceleration, 177. 

Prebus, 206, 214. 

Preston, 91, 112. 

Principal points, 45, 49, 53, 95-7. 

Radio valves, 229. 

Rajchmann, 39, 41, 171, 172. 

Ramberg, 70, 76, 112, 115, 129, 135, 142, 
147, 211. 

Ramo, 210, 211, 214. 

Ray equation: combined fields, 106; 
electrostatic, 36, 64; magnetic, 84, 
97 ; special solutions, 65, 109, 118. 
Ray-tracer, automatic, 32. 

Ray- tracing: electrostatic, 30 ; magnetic, 
97. 

Rebsch, 127, 129, 142, 147. 

Recknagel, 76, 147, 248. 

Refractive index (equivalent), 10, 12. 
Relativistic mass, 13. 

Relaxation methods, 22. 

Resolving power, 199. 

Reyner, 193. 

Rhumbatron, 243. 

Richardson’s equation, 153, 161, 165, 
172. 

Ritchie, 172. 

Robinson, 193. 

Rodda, 181, 193, 236. ^ 

Rose, 181, 193. 

Rotation of imfge, 85, 108, 181. 

Rothe, 236.^^ 

Rubber model, 38. 

Ruska, 89, 92, 94, 95, 112, 125, 147, 156, 
201, 206, 214. 

Rutherford, 236. 

Salinger, 32. 

Sas-Kulczycki, 35. 

Sass, 214. 

Schade, 236. 

Scherzer, 1, 2, 24. 65-7, 76, 111, 115, 126- 
8, 147, 250, 258, 259, 261, 263. 
Schneider, 129. 
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